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Substitution Vector-Valued Integral Type Operators on Orlicz Spaces

Zahra Moayyerizadeh?

*Department of Mathematical Sciences, Lorestan University, Khorramabad, Iran

Abstract. In this paper, we consider some fundamental properties of a substitution vector-valued integral
operator T} from Orlicz space L%() to Hilbert space H by the language of conditional expectation operators.
First, we present necessary and sufficient conditions for boundedness and compactness T, from L9u) to
H. Next, we investigate the problem of conditions on the generating Young functions, the functions u, ¢
and h = d(u o ¢7')/du, under which operator T, is of closed range or finite rank. Finally, we determine the
lower and upper estimates for the essential norm of T{, on Orlicz spaces under certain conditions.

1. Introduction and Preliminaries

Let 6 : R — IR" be a continuous convex function such that
(a) O(x) = 0if and only if x = 0.

(b) limy_, B(x) = 0.

(c) im0 @ = oo.

The convex function 0 is called Young’s function. With each Young’s function 0, one can associate another
convex function 6" : R — R* having similar properties, which is defined by

0" (y) = supix|yl — O(x) : x > 0}.

The convex function 6" is called complementary Young function to 6. Let X = (X, X, u) be a o-finite complete
measure space. All comparisons between two functions or two sets are to be interpreted as holding up to a
u-null set. If 0 is a Young function, then the set of X-measurable functions

Lou) = {f :X—>C:da> O,IG(alfl)dy < oo}
X
is a Banach space, with respect to the Luxemburg norm defined by
: I/l
lIfllo = inf{5 >0 05y < 1}.
X

(L), Il - llo) is called Orlicz space. A Young function 0 is said to satisfy the A,-condition(globally) if
0(2x) < kO(x), x > xo(xo = 0), for some constant k > 0. constant
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Proposition 1.1. [14](Holder’s inequality). For all f € L(u) and g € L7 (u),

f \foldu < 21 flloligllo-
X

Let 01, 0, be two Young functions, then 0 is called stronger than 0,, which 61 > 6;[or 0, < 04], if
07(x) < O1(ax), x>x9>0,

for some a > 0 and xy, if xo = 0 then this condition is said to hold globally. Throughout this note, we assume
that O satisfies A,-condition.

The Orlicz norm on L%(y) is given by

o :={ [ fodsg €17 o, oo <1},
X
Theorem 1.2 ([1], Theorem 8.14). if O is a Young function. Then Luxemburg and Orlicz norms are equivalent:

Iflle < 1fle < 2lIfle-

If the Young function satisfies Ay-condition, then the dual space of the Orlicz space equipped with the
Luxemburg norm is isometrically isomorphic th the Orlics space generated by the complementary function
and equipped with the Orlicz norm, see [1]. Let 0 and 0" be a pair of complementary Orlicz functions.
Then each g € L7 (1) defines a bounded linear functional F, on LO(u) by Fy(f) = [ fgdu, f € L(p).

Simple functions are not necessarily dense in L%(u:). But, if 6 satisfies A;-condition, then simple functions
are dense in Ls(y). It is well-known that if A € £ and 0 < p(A) < oo then ||xalle = 1/9_1(1/H(A)) where
071(t) = inf{d6 > 0,0(s) > t} is the right continuous inverse of 8. The usual convergence in the Orlicz space
Le(y) can be introduced in term of the Orlicz norm || - [|g as x, — x in Le(y) means ||x, — x|lg — 0. Also, a
sequence {x,}* , in L%(u) is said to converges in 0-mean to x € L9(u), if

lim Ig(x, — x) = lim f O(x, — x[)du = 0.
n—oo X

n—oo

For further information on Orlicz spaces, see [12-14].

Let ¢ : X — X be a non-singular measurable transformation; i.e. uo @™ < u. It is assumed that the
Radon-Nikodym derivative h = dp o ¢! /du is almost everywhere finite-valued, or equivalently p~1(X) C &
is a sub-o-finite algebra [16]. We have the following change of variable formula:

fO(pdy=fhfdy AeX, fel'(D).
1A A

Any nonsingular measurable transformation ¢ induces a linear operator (composition operator) C, from
LO(u) into itself defined by

C(p(f)(x) = f(px);, x€X, fe LO(‘u),

where L°(X) denotes the linear space of all equivalence classes of E-measurable functions on X. Here
non-singularity of ¢ guarantees that the operator C,, is well defined as a mapping from LO(X) into itself. If
C, maps on Orlicz space L(u) into itself , then C,, is called composition operator on L?(u). Note that, in
this case C,, is bounded. The support of a measurable function f is defined by o(f) = {x € X; f(x) # 0}. For
a given complex Hilbert space H, let u : X — H be a mapping. We say that u is weakly measurable if for
each g € H the mapping x — (u(x), g) of X to C is measurable. We will denote this map by (u, g).
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Definition 1.3. Let ¢ : X — X be a non-singular measurable transformation and C, be a composition operator on
LO9(X). Alsolet u : X — H be a weakly measurable function. Then the pair (u, ) induces a substitution vector-valued
integral operator T4, : L9(u) — H defined by

(Thf, ) = fx (u,g)f o pdu,  feL(p).

It is easy to see that T, is well defined and linear.

From [4], we have that if u : X — HH be a weakly measurable function. We say that (i, ¢, H) has absolute
property, if for each f € L9(X), there exists g € D such that SUP ey fX [, HICy fldu = fX [, gIICy fldu,
and (u, g5) = €8S, g)], for a constant By.

Proposition 1.4 ([4]). Assume that (u, @, H) has the absolute property. Then

sup | <u,g>C<pfduI=supf|<u,g>llC¢fIdu.
X

geD JX g€D

Throughout of this paper, we assume that (1, ¢, H) has the absolute property.

For a sub-o-finite algebra A C L, the conditional expectation operator associated with A is the mapping
f — E7'f, defined for all non-negative f as well as for all f € LP(£),1 < p < oo, where E”f, by Radon-
Nikodym Theorem, is the unique A-measurable function satisfying

ffdy:flsﬂfdy, VA € A.
A A

For more details on the properties of E” see [11]. Throughout this paper, we assume that A = ¢~}(X) and
EF'® = E.

Recall that an atom of the measure p is an element A € ¥ with u(A) > 0, such that for each B € %, if
B C A then either p(B) = 0 or u(B) = u(A). A measure with no atoms is called non-atomic. We can easily
check the following well-known facts (see[19]):

(a) Every o-finite measure space (X, X, 1) can be partitioned uniquely as
X = (UnenAn) UB, (1)

where {A;}nen € X is a countable collection of pairwise disjoint atoms and B, being disjoint from each A,,
is non-atomic. Since (X, X, u) is o-finite, it follows that p(A,) < oo for every n € IN.

(b) Let E be a non-atomic set with p(E) > 0. Then there exists a sequence of positive disjoint Z-measurable
subsets of E, {E,;},en such that p(E,) > 0 for each n € IN and lim,,—. (E,) = 0.

The basic properties of composition and weighted composition operators on measurable function spaces
are studied by more mathematicians. For more details on these operators see [2,5,16,17]. The multiplication
and weighted composition operators are studied on Orlicz spaces in [3, 6-9]. Also, the fundamental
properties of substitution vector-valued integral operator are studied by the author et al in [4] and the
essential norm these operators investigated by the author in [10]. In this paper, we are going to present
some assertions about boundedness, compactness and essential norm of substitution vector-valued integral
operator on Orlicz spaces. Insection 2, we present some necessary and sufficient conditions for boundedness
and compactness of the substitution vector-valued integral operator on Orlicz spaces. Then in section 3, we
characterize substitution vector-valued integral operators on Orlicz spaces that have closed ranges. Also in
this section by using the compactness assertions, that is proved in section 2, we estimate the essential norm
of substitution vector-valued integral operators. Then we present two examples to illustrate our results.
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2. Boundeness and Compactness of Substitution vector-valued integral operators

In this section, we state various necessary and sufficient conditions under which the substitution vector-
valued integral operators TS, on Orlicz spaces is bounded and also, we present necessary and sufficient
conditions for compactness these type operators.

Definition 2.1. Let u : X — H be a weakly measurable function. We say that u is a semi-weakly bounded function
if for some M > 0,
[IKu, Mllo- < MIIAIl;  for each A € H.

Theorem 2.2. Let u : X — H be a weakly measurable function. If u is a semi-weakly bounded function and
h € L°(Z), then Ty, : LO(u) — H is bounded.

proof Let f € L?(u). By Holder inequality, we have

1T fll = sup | f () f o pdu

/\67‘(1

< supfl(u,/\)||f0(p|dy

/\E(]'ﬁ
< sup 2|[Gu, M-Il f o pllo

/\E(]'ﬁ
< sup 2MIANIIf © gllg
/\E(]‘Il
= 2Minf {5 > 0, e(lf (P|) <1}

J
J

=2Mir1f6>0, h6(|f|)d <1

¥

< 2M|Hllo inf{é >0, f

X
= 2M]|hllo |l flo-

This shows that T is bounded.

Proposition 2.3. Let u : X — H be a weakly measurable function. Then

(i) If for each A € Hi, the functions (u,A) are conditionable and TY is bounded. Hence forall A € H,
hE((u,A)) o o7t € L9 ().

(ii) Ty is bounded if and only if sup 4, IIRE((, 1)) © @7 |- < 0.

proof (i) Since T} is bounded, so there exists K > 0 such that for each f e L%, T fll < Kllfllp. For an
arbitrary and fixed A € H;, we define a linear functional Q, on L9(u) by Qu(f) = fX hE((u, AY) o o™t fdu. We
have

IQA(f)] = sup | fx hE(u, AY) o ™" fdu| = TS £l < KlIfllo,

AE’/‘[l

Therefore, 2, is a bounded linear functional on LY(u). By Theorem 1 in [13] there exists a unique function
g € LY (u) such that for every f € L(u), A(f) = fogdy. This implies that g = hE((u, A)) o ™' € L9 (w).
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(ii) Let K := sup, .4, IRE(Cu, A)) o @7 lg- < oo and f € LO(u). Hence, by Holder inequality and change of
variable formula we have

ITY fll = sup | hE(u, A)) o @' |fldu
/\67‘(1 X

< 2sup [IRE(u, A)) © 9~ le-llfllo
AEWl

and this implies that T}, is bounded.

Conversely, we let that T}, be bounded. Define Q,(f) = fx hE({u, A)) o ¢! fdu for an arbitrary and fixed
AeHiand f € LQ([J). Thenby a similar argument as in proof of (i), it is easy to see that hE((u, A))op~! € LY (W)
for each A € H;.

@
u

Theorem 2.4. The substitution vector-valued integral operator T,
any € > 0 the set

is a compact operator on LO(u) if and only if for

N, := {x € X : sup hEu, A)lo ™! > g}
/\67’{1

consists of finitely many atoms.

proof Assume the contrary. Then N, either contains a non-atomic subset or has infinitely many atoms.
Hence there exist 6 > 0 and Ay € H; such that the set C := {x € N : hE[(u, A1)|op~! > 6} has positive measure.
In both cases, we can find a sequence of pairwise disjoint measurable subsets {E,} with 0 < u(E,) < oo for
eachn € N. Put f, = II;?(EE:HQ' Note that Is(f,) = fXG(Ifnl)dy =1, whence f, € Le(y) and ||f,lle = 1. For each
n,m € IN, we have

T fu = Tt full = sup f €, Ml fm = ful © e
X

AE?‘ﬁ

> fx Kt A fn = il o o
_ fx HE(Gut, AYl) © 9V fn — fuldp

2 f RE(Ku, AD)D) 0 @M o = fuldu
E,UE,

:f hE(Ku,/\l)DO(P*ld
Ey X, llo

+f hE(I<u,)\1>I)°<P‘1d
E, lIxe,llo

1 1
> 26((En® 1(m)) + u(Eq0 1(m))) > 26M

where M = y(EmG‘l(ﬁ) + y(EnG‘l(ﬁ) > 0. This implies that the sequence {T{ f,}, does not contain a

convergent subsequence and this follows that T§, f,, is not compact.

Conversely, by Theorem 2.10 in [4], it is easy to see that if for each ¢ > 0 the set N, = {x € X :
Sup gy, RE(Ku, A)l) o @' > &} consists of finitely many atoms. Consequently Ty is a compact operator
on Lo(u).

3. Substitution vector-valued integral operators with closed-range and their essential norm

In this section, first we are going to investigate closed-range substitution vector-valued integral opera-
tors on Orlicz spaces. Next, we determine the essential norm these type operators.
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Let (B1, || - llg,) and (B, || - I5,) be two Banach spaces and T be a bounded linear operator from B; into B,.
There exists a constant ¢ > 0 such that ||Tx||p, > cllx||p, for all x € By if and only if ker T = {0} and T(B;) is
closed in B,.

Now, we characterize the closedness of range of a substitution vector-valued integral operator from
LO(u) to H.
We start by the following lemma. Put | := U,cgy, 0(hE([(u, A)| 0 71).

Lemma 3.1. Let T}, be a bounded substitution vector-valued integral operator from LO(u) to H and there is a constant
¢ > 0 such that SUp,cqy, hE([(u, AY o ™! > con ], then T? |y is injective.

proof Let f be a non-zero element in ker T}, |;. Then, we have

0=I|Tf||=supfhE(Ku,A)IO(P_l)lfldu
AeH, VX

> sup fhE(Ku,/\)l o Hfldu

/\6'7’(1 ]

> cf}lfldy.

This means that f = 0 on | and this completes the proof.

Theorem 3.2. Let T', be a bounded substitution vector-valued integral operator from LO(u) to H. Then, the following
statements are hold.

(i) Suppose Ti from LO(u) to H has closed range and x < O then there is a constant ¢ > 0 such that
SUp gy, ME(, DY 0 @71 2 coon |.

(ii) If there is a constant ¢ > 0 such that SUP gy, RE(Ku, AY o 7! > con [ and 6 < x, then Tffrom LQ([J) to H
has closed range

proof (i) Suppose that T! has closed range. Since x < 6, so for some a > 0, x < 0(ax). Then there
exists a constant 6 > 0 such that IITffII > Ollflle, for any f € Le(y). Take ¢ = g LetE ={xe]:
Sup gy, RE(Ku, A)l) © @' <c}. If (E) > 0, we can find a measurable set F C E such that xr € LY |; (). Itis

easy to see that x < ﬁ(l) It is known that ||xrllg = ﬁ. Hence, we get that
x w(F)

IT% xell = sup fhE(Ku,/DI) o~ xrdu
/\67'{1 ]

a
<cu(F) < 09_1— = ollxrllo

1
()

and this is a contradiction. Hence p(E) = 0 and this completes the proof.
(ii)) Assume that there is a constant ¢ > 0 such that

sup KE(u, )| o ™' > ¢
/\67’11

on J. Since 0 < x so for some a > 0 we have 0(x) < ax. Hence

If1 alf|
fxe(afxifldu)d“ - fx(afxlfldy)d“ -
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This implies that ||f|lo < a fx |fldu. Therefore, for every f € L? |; (1), we have

IT?)| = sup f RE(, AY) 0 -
AeH; VX

= sup fhE(I(u,/\)I) ) (p_ldy + supf hE([{u, y)) o go‘ldy
yeH V] AeH, IX\]

C
> e f \fdy > Iifllo
] a

Now, consider T{ |;. By using Lemma 3.1, T |; is injective. In view of the above calculation , we conclude
that T} |; (u) is closed in H. Since ker T}, = LY [x\; (1), Ty (L (1)) must be closed in H.

In following, we give equivalent conditions with conditions of Theorem 3.2.

Lemma 3.3. Let B be the collection of all X-measurable sets E such that
(i) W(E) < oo and

(ii) whenever F € ¥ satisfies F C E and sup 4, f(ﬂ_l(F) [{u, Mldp = 0, then u(F) = 0.
Suppose that E € X and u(E) < oco. Hence, E € B if and only if E C |.

proof (=) Obviously, F := E \ U,ey, 0(hE([(u, A)| 0 ¢ 1) is a X-measurable subset of E. Also,
sup [(u, AY = sup [ hE(Ku, D)o ™" = 0.
AeH, Y o !(F) AeH, JF

Since E € 8B, property (ii) implies that u(F) = 0.
(&) It suffices to show that (ii) holds. Assume that F € X with F C E and sup, ¢, \f(‘p’l(F) hE(Ku, A) o ™! = 0.

We claim that p(F) = 0. Suppose not, then it follows from F C E C Ujcqy,0(hE([(, A)]) o 1) that for some
0>0,

p(fx € F: sup hE([(u, AY) o ™% > 6}) > 0.
/\E(}'ﬁ

Put My, := {x € F: hE(|(u, A1)]) o ™! > 6} and also H(My,) > 0. Consequently, we get that

sup [u, A)ldp = sup | RE(Ku, AY)) o o~ 'du
AeH; Jo I (F) AeH; JF

> [ e a0 o 9l
My

> 0u(M,,) > 0.
and this contradicts our assumption on F. Therefore u(F) = 0.

Proposition 3.4. The following statements are equivalent.
(i) There is a constant ¢ > 0 such that SUp, cqy, RE((u, AY) o™t > con J.

(ii) There is a constant a > 0 such that SUP g4, f(p,1 ©) [{u, A)ldu > ap(E) forall E € B
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proof (i) = (ii) Assume that there is some ¢ > 0 such that sup,,, hE(Ku, A)| o @ l'>con]. Take E € B, we
have E C | by Lemma 3.1. It implies that

sup f [(u, AYldu = sup f KE(|(u, AY) o @~ *dy > cu(E).
/\67‘{1 (Pil(E) /\67‘(1 E

This proves (ii).
(ii) = (i) Suppose (ii) holds. We claim that the set E := {x € ] sup,4, hE(u, A)]) 0 Pl < 5} has zero
u-measure. If not, then p(E) > 0. Since (X, X, 1) is o-finite space, we may assume that u(E) < co. Now, by

Lemma 3.1, we have E € 8. However,

sup [, ida = sup [ HEQw D) 0 g7 < uE) < o)
AeH; JoY(E) AeH VE

which contradicts our original assumption. This shows that sup, 4, hE(I(u, A)]) © > 5, a.e.on ], and (i)
is proved.

Let B be a Banach space and K be the set of all compact operators on B, the essential norm of T means
the distance from T to K in the operator norm, namely

(1Tl = inf{|IT = S|| : S € K}.

Clearly, T is compact if and only if ||T]|. = 0. As is seen [15], the essential norm plays an interesting role in
the compact problem of concrete operators. Many researchers have computed the essential norm of various
concrete operators see [6, 10, 15, 17].

Theorem 3.5. Let T, be a bounded operator on LO(u). Also let & = inf{r > 0,N, consists of finitely many atoms}
and N, = {x € X := sup, . IRE(Ku, A))) 0 ™' > r}. Then we obtain that

@) ITNle = 0 if and only if & = 0.

(i) ITSlle > Lo where 6 < x(i.e. for some a > 0 we have O(x) < ax. In particular ifa < 1 we have ||T}l > a

(iii) || TY|l. < aa where x < O(i.e. for some a > 0 we have O(x) < ax.In particular if a < 1 we have T < a

proof Theorem 2.4 implies that T;, is compact if and only if & = 0. So (i) is a direct consequence of Theorem
24.

(ii) Take ¢ > O arbitrary. The definition of a implies that G = N, either contains a non-atomic subset
or has infinitely many atoms. If G contains a non-atomic subset, then there are measurable sets G,,1n € IN,

such that G,4+1 € Gy C G, t(Gp1) = 2% For n € N define f, = ”)?G#”O Then ||fullo = 1 for all n € IN. We claim

that f, — 0 weakly. For this we show that fX fug — 0 for all g € LY (u), where 6" is the complementary
function to 6. Let E € G with 0 < y(E) < co and g = xg. Then we have

gL 1,
| fx fuedu| = 07 (WG N B < 207

asn — oo. Since simple functions are dense in LY (1), thus f,, is proved to converge to 0 weakly. Now assume
that G consists of infinitely many atoms. Let {G,}, be disjoints in G. Again put f, as above. If u(G,) — 0,
then by using the similar argument we had fx faxedp — 0. Otherwise, u(G) > p(UG,) = ¥ u(G,) = +o0 and
it implies that for each E C G with 0 < u(E) < oo we have u(E N G,) — 0, as n — oco. Consequently in both
cases fx fugdu — 0. Now, take a compact operator T on L?(u) such that NTO —T) < |1 T%)l, + 5. The definition
of G = No-¢ implies that there exists A € H; such as A1 such that hE[(u, A1)| o pl>a—-¢eonG. Since 6 < x
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so for some a > 0 we have 0(x) < ax. Thus x < a6~!(x). Therefore for each n € N and A; € H;, we get that

ITElle > ITY = Tl = & 2 1T} fu = Tfull - ¢
2 \T5 full = ITfull =

=sup | KE(Ku, M) o 7' |fuldu —~ ITfull - &
/\67‘(1 X

thE(I<u,)\1>I)°<P_1”XG"” dp —ITfull — &

> (@=0) [ 07 () uITfll-
W(Gy) = ITFll - &

>(a—e)6‘( G
>(”‘ ) _\Tfl - e.

Since a compact operator maps weakly convergent sequences into norm convergent ones, it follows
ITfull = 0. Therefore T > ;(a — €) — €. Since € was arbitrary, we get that TN > %a.

(iii) Take ¢ arbitrary. Put A = N4y and v = yau. The definition of a implies that A consists of finitely
many atoms. So we can write A = {A1,A,,..., A} are distinct. By a similar argument as in proof of
[[10], Theorem 2.4], it is easy to see that TY is a finite rank operator on Le(y). Notice that T¢ is a compact
operator. Thus, we have

Ty = Toll = Tyl = sup ITy_ £l
Iflos1

= sup sup | hel((1 - xa)u, )o@ |fldu

[Ifllo<1 AeH;
= sup sup [ hEIGu, Mo g7 flda
[Ifllo<1 AeH;
<(a+¢) sup f |fldu
[Ifllo<1 \A

<a(a+¢) sup L\A 6()ldu

lIfllo<1
<a(a+¢)

Since ¢ was arbitrary, so T, < aa.

Example 3.6. Let X = [1,100] and u be the Lebesque measure on X. Define ¢ : X — X as ¢(x) = 1x. If we set
O(x) = (1 + x)log, (1 + x) — x for each x € [1,100]. It is easy to verify that O < x for a = 1. Also, put H = R and
Let u : X — R be defined by u(x) = 1. Then, for any A € R, we have

1Al

<, Dlle- = llAllg- = inf{d > 0,f 0" (5)dp < 1} < MiA;
X

where M = u(X)0*(1). Hence, by Theorem 2.2, we deduce that T, : L%u) — R is a bounded operator. Direct
computation shows that h = 2. Moreover, sup g hE[(u, A)| o @' = h, where Ry is the closed unit ball of R. Now,

by using Theorem 3.2(ii), we conclude that T{, has closed range and also by using Theorem 3.5 (ii), ||T%|l. > 2.
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Example 3.7. Let X = (-1,0] U (1,2,3,4,5,6} and u be the Lebesque measure on (—1,0] and p({n}) = 2%, if
n=1,2,3,4,56. Definep: X — Xas

1
@ =3xn) +4xp3 +5xus + 06X t+ 3XX 1.0

If we set O(x) = e — x — 1 for each x € X. It is easy to verify that x < O for a = 1. Also, put H = R? and Let
u: X — R be defined by u(x) = 1. Then, since 6*(1) < 1 so for any A € R?, we have

. A
lI<e, Ml = lIAllg- = inf{6 > 0,f 0 (| l)du <1} < MIAj;

x 0
where M = u(X) > 0. Hence, by Theorem 2.2, we deduce that T - L9u) — R is a bounded operator. Direct
computation shows that

5
h =4y +6x14 +3x5 + S X6 + 3X(-1,01-

Moreover, sup, gz hE(u, A)] o @' = h, where R} is the closed unit ball of R*. Now by using Theorem 3.5(iii), we

obtain that | T} |l < 2.
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