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Abstract. This paper deals with the problem of finding some upper bound estimates for the maximum
modulus of a univariate complex polynomial on a disk under certain constraints on the zeros and on the
functions involved. A variety of interesting results follow as special cases from our general results.

1. Introduction

Let P, denote the space of all complex polynomials P(z) := Z?:o ajz) of degree n and P’(z) is the derivative
of P(z). For brevity, we introduce the following notations:

ot Rai=(S0E) “al R = (S <ol
R+kY' Rk+1\"
ey = (S wom=(S1)

where a € C is such that |a| < 1. Note that

R+k\" Rk+1Y"
(r+k) —|a| >0 and (rk+1) —|a| >0 for R>r.

The study of comparison inequalities that relate the norm between polynomials on the disk |z| = R, R > 0,
is a classical topic in analysis. The extremal problems of analytic functions and the results where some
approaches to obtaining the classical inequalities are developed on using various methods of the geometric
function theory are known for various norms and for many classes of functions such as polynomials with
various constraints, and on various regions of the complex plane. A classical result due to Bernstein [3] is
that, for two polynomials f(z) and F(z) with degree of f(z) not exceeding that of F(z) and F(z) # O for |z| > 1,
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the inequality |f(z)| < |F(z)| on the unit circle |z| = 1 implies the inequality of their derivatives |f’(z)| < |F’'(z)]
on |z| = 1. In particular, this result allows one to establish the famous Bernstein inequality [2] for the
sup-norm on the unit circle: namely, if P(z) is a polynomial of degree 7, it is true that

max
z|=1

y P’(z)| < nmax |P(z)(. )

On the other hand, concerning the maximum modulus of P(z) on the circle |z| = R > 1, we have another
classical result known as Bernstein-Walsh lemma ([20], Corollary 12.1.3), which states that, if f(z) and F(z)
are two polynomials with degree of f(z) not exceeding that of F(z) and F(z) # 0 for |z| > 1, the inequality
|f(2)] < |E(z)| on the unit circle |z| = 1 implies that |f(z)| < |[F(z)| for |z| > 1, unless f(z) = e’F(z), 0 € R. From
this, one can deduce thatif P € P,,, thenforR > 1,

max |P(z)‘ <R" max |P(z)). ()

The inequalities (1) and (2) are related with each other and it was observed by Bernstein [3] that (1) can also
be deduced from (2) by making use of Gauss-Lucas theorem and the proof of this fact was given by Govil
etal. [4].

If we restrict ourselves to the class of polynomials P € P, with P(z) # 0in |z| < 1, then (1) and (2) can be
respectively replaced by

n
’ <z
max|P @) <3 max IP@)|, (3)
and
R +1
< .
max |P2)| < =5 — max PG| @

Inequality (3) was conjectured by Erd6s and later proved by Lax [9], where as inequality (4) was proved by
Ankeny and Rivlin [1], for which they made use of (3). Jain [6] generalized both the inequalities (3) and (4)
and proved that if P € P, with P(z) # 0in |z| < 1, then for every |f| < 1 and |z| = 1,

2P (2) + %p(z) < g{ 1+ g + ‘g'}rlrg IP@), 5)
andR >1,
P(Rz) + 5(%) P()| < % IS +ﬁ(¥)n i '1 ; 5(%) ]Iﬁg{( IP@). ©)

As refinements of (5) and (6), Jain [7] also established that if P € P, with P(z) # 0 in |z| < 1, then for
every |f| < land |z| =1,

2P'(2) + %ﬁp(z) <2 [{‘1 + g + g‘}rﬂglx IPG)| - {‘1 + gl - ’g‘}’g}iﬁ‘ IP(z) ] @)
and
‘P(Rz) + ‘3(¥)n P(z)| < %[{ R" &+ ‘8(%)71 + ‘1 +ﬁ(¥)n }Illzllfi( |P(Z))
e s (S e (5 e ®
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Other classical majorization results for polynomials and related functions can be found in the com-
prehensive books of Milovanovi¢ et al. [14] and Rahman and Schmeisser [20]. Mezerji et al. [10] besides
proving other results also obtained a result concerning minimum modulus of polynomials. In fact, they
proved that if P € P, and P(z) has all its zeros in |z| < k,k < 1, then forevery |f| < 1and R > 1,

1
kn
In the same paper, Mezerji et al. generalized the inequality (8) by proving that if P € P, and P(z) # 0 in
|z| <k, k>1,thenforevery|f|<land R >1,

min |P(Rz) + ppi(1, R)P(z)| > —|R" + Bpi(1, R)| min IP2)| ©)

max |P(RI2) + Bus(L, R)P(2)| < % [{k”|R” + B, R)| + 1+ ﬁ¢k(1,R)|} min [P(2)|

_ {kn| R" + (1, R)| - [1 + ﬁ¢k(1,R)|} 1‘25{1 |P(z)|}. (10)

Although the literature on polynomial inequalities is vast and growing and over the last four decades
many different authors produced a large number of different versions and generalizations of the above
inequalities, including inequalities for polar derivatives. One can see in the literature (for example, refer
[8], [10]-[19]), the latest research where some approaches to obtaining polynomial inequalities are developed
on applying the methods and results of the geometric function theory. Recently, Kumar [8] found that there
is a room for the generalization of the condition R > 1 in the above inequalities to R > r > 0, and proved
the following results.

Theorem A. If P € P, and P(z) has all its in |z| < k, k > 0, then for every |B| <1, |zl > 1,and R > r, Rr > k2,
r‘r‘ligl |P(Rz) + popi(r, R)P(rz)| > k%(R" + Box(r, R)| rlrlg? IP2)|- (11)

Equality holds in (11) for P(z) = az", a # 0.
Theorem B. If P € P, and P(z) # 0, |z| <k, k > 0, then for every |p| < 1and R > r, Rr > 1/k*, |z| = 1,

|P(RK*z) + Bui(r, R)P(rk*z)| < %[{kn‘ R™ + Byi(r, R)| + [1 + puu(r, R)|} max 16]

_ {kn| R™ + By(r, R)| = |1 + puy(r, R))} lgllgcl |p(z)1]. (12)

Equality holds in (12) for P(z) = az" + bk", |b| > |al.

While thinking for the generalization of the above inequalities, we consider a more general problem of
investigating the dependence of |P(szz) — aP(rk*z) + By(r, R, oz)P(rkzz)) on the maximum of )P(z)| onlz| =k
for every |a| < 1, |B] < 1, and develop a unified method for arriving at these results.

2. Main results

We first prove the following general result which as a special case provides a generalization of Theo-
rem A.

Theorem 2.1. IfF € P, and F(z) has all its in |z| < k, k > 0 and P(z) is a polynomial of degree at most n such that
|P(z)| < |F(z)| for |zl = k.
Then for la| <1, |8l <1, R > r, rR > k? and |z| > 1, we have
|P(Rz) — aP(rz) + Bi(r, R, a)P(rz)| < |F(Rz) — aF(rz) + p(r, R, a)F(rz)|. (13)
Equality holds in (13) for P(z) = €V F(z), y real and F(z) has all its zeros in |z| < k.
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We now present and discuss some consequences of Theorem 2.1. If we apply this theorem to polynomials
P(z) and (z"/k") rlrllgcl |P(z)|, we get the following generalization of (11).

Corollary 2.1. IfP € P, and P(z) has all its in |z| <k, k > 0, then for |a| <1, |8l <1, R >, rR > k* and |z| > 1, we
have

|P(Rz) — aP(rz) + Bx(r, R, a)P(rz)| > @( R" — ar" + rigy(r, R, a)| min IP)|- (14)

Equality holds in (14) for P(z) = yz", y # 0.

Remark 2.1. For a = 0 Theorem 2.1 reduces to Theorem A. If we take r = k, then inequality (14) takes the
form

|P(Rz) — aP(kz) + oi(k, R, a)P(kz)| > Izl”|% —a+ pou(k, R, o) Iﬁirkl |P(z)].

Several other interesting results easily follow from Theorem 2.1 and here, we mention a few of them.
Setting F(z) = z"M/k", where M = r‘n‘a]f |P(z)| in Theorem 2.1, we get the following result.
z|=,

Corollary 2.2. If P € P, then for every a, B with |a| <1, |f| < 1,and k > QwithR > r, rR > K, |z| = 1, we have

|P(Rz) — aP(rz) + Bx(r, R, a)P(rz)| < i—L(R" —ar" + pr'u(r, R, a)| max IP)|- (15)
Equality holds in (15) for P(z) = yz", y # 0.

Again, if we choosea = r =1, k < 1, in Corollary 2.2, divide the two sides of (15) by R —1, making R — 1
and noting that

¢(1, R, 1) .
R-1 14k’

we get the following result.
Corollary 2.3. If P € P, then for every |f| <1,k <1,R>1land |z| > 1,

p
1+ T+ rlge:llz( |P(z)|. (16)

nlz["

kn

2P(2) + ﬂp(z)‘ <
1+k -

Equality holds in (16) for P(z) = yz", y # 0.

Suppose P € P, and P(z) # 0 in |z| < k, the polynomial Q(z) = z"P(1/Z) € P, and Q(z) has all its zeros in
|z| < 1/k. Note that

Q@) = 5 |P0)] for fi=

Applying Theorem 2.1, with F(z) replaced by k"Q(z), we get the following result.

Corollary 2.4. IfP € P, and P(z) # 0 in |z| <k, k > 0, then for every |a| < 1, |8 <1, R > 1, ¥R > 1/k?, |z| > 1, we
have

|P(RK*z) — aP(rkz) + By(r, R, a)P(rkz)| < K"|Q(Rz) — aQ(rz) + By(r, R, a)Q(r2)

, (17)

where Q(z) = z"P(1/2).
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Next, we establish the following generalization of inequalities (5) and (6).

Theorem 2.2. If P € P, and P(z) # 0 in |z| < k, k > O, then for every |a| <1, || <1, R>r,rR > 1/k* and |z| = 1,
we have

|P(RK*z) — aP(rk%z) + B(r, R, a)P(rk?2)| < %{k”|R" —ar" + pryp(r, R, a)|
+]1—a+ punlr, R,a)|} max |P@)|. (18)

Equality holds in (18) for P(z) = z" + k".

Remark 2.2. If we take @ = k = r = 1 in Theorem 2.2 and divide both sides of (18) by R —1 and make R — 1,
we get (5). Also, if we take @ = 0 and r = k = 1 in Theorem 2.2, we get (6).

Instead of proving Theorem 2.2, we prove the following result which not only strengthens inequality
(18) but also provides a generalization of Theorem B.

Theorem 2.3. If P € P, and P(z) has no zeros in |z| < k, k > 0, then for every |a| <1, || <1,R > r, ¥R > 1/k* and
|z| = 1, we have

|P(szz) — aP(rk’z) + ui(r, R, a)P(rkzz)|

< %{k“h{” —ar” + riyn(r, R, Ol)| + ‘1 —a+ P R, a)|}r|1}e_1lz( ‘P(z)|
_ %{knpzn —ar" + prye(r, R, a)| - [1 — a + pyn(r, R, a)|} ?Si’? |P)|- (19)

Equality holds in (19) for P(z) = z" + k".

Remark 2.3. If we take a = 0 in Theorem 2.3, we get Theorem B. Similarly as above, if wetakea =k =r=1
in Theorem 2.3 and divide both sides of (19) by R — 1 and make R — 1, we get (7), where as inequality (8)
follows by taking o = 0 and r = k = 1 in inequality (19).

3. Auxiliary results

We need the following lemmas to prove our theorems.

Lemma 3.1. If P € P, and P(z) has no zeros in |z| <k, k > 0, then for R>r, ¥R > k2, we have
R +k\"
|P(Rz)‘ > (r+_k) |P(rz)| for |zl =1.
The above lemma is due to Govil et al. [5].
Lemma 3.2. IfP € P, and Q(z) = z"P(1/z), then for |a| <1, |8l < 1,k > 0, R > r, rR > 1/k* and |z| = 1, we have
|P(RK?z) — aP(rk®z) + Byi(r, R, a)P(rk’z)| + K"|Q(R2) — aQ(rz) + Pk (r, R, @)Q(r2)|

< {kn) R = ar + Bry(r, R, @) + [1 - a + pi(r, R,a)|} max|P(z). 20)

Proof. Let M = maxp =« |[P(z)|. Then |P(z)| < M for |z| = k. Therefore, for a given complex number y with
|ul > 1, it follows by Rouché’s theorem that the polynomial F(z) = P(z) — uM does not vanish in |z| < k.
Applying Corollary 2.4 to the polynomial F(z), we get for |a| <1, || <1,R>r, 7R > 1/k* and |z| > 1,

7

|F(RI®2) — aF(rk*z) + yi(r, R, a)F(1K%2)| < K"|H(Rz) — aH(rz) + pyi(r, R, a)H(rz)
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where H(z) = z"F(1/z) = Q(z) — pMz".
The above inequality gives for |a| <1, |f| < 1and |z| > 1,

|P(RICz) — aP(ri*2) + By(r, R, a)P(ri*z) — (1 = o + pii(r, R, ) M|
< K'|Q(Rz) — aQ(rz) + i(r, R, 0)Q(r2) — (R — ar" + Br'yu(r, R, @) Mz"|. 1)
Now choosing the argument of i on the right hand side of (21) such that
k”|Q(Rz) —aQ(rz) + BYr(r, R, a)Q(rz) — p(R” —ar” + priyYi(r, R, a))Mz”(
= [uIMK" 21" [R" = ar + Br'ii(r, R, k)| = K*|Q(R2) - aQ(r2) + p(r, R, )Q(r2)
which is possible by Corollary 2.2, we get from (21) for [a| <1, |f| < 1and |z| > 1,

4

|P(RK?z) — aP(rk%z) + B(r, R, a)P(rkz)| — |ul|1 — a + B(r, R, a)|M
< UMK [z]"|R" = ar + Br'yu(r, R, a)| - K"|Q(Rz) — aQ(rz) + pyi(r, R, )Q(rz)|,

implying for |z| = 1,
|P(RK*z) — aP(rkz) + Byi(r, R, a)P(rk*z)| + K"|Q(Rz) — aQ(rz) + Py (r, R, @)Q(rz)|
< |y|Mk”|z|"|R" —ar” + priyi(r, R, zx)| + |y||1 —a+ByYr(n R, a)|M.
Letting |u| — 1 in the last inequality, we get the desired inequality (20), and this completes the proof of
Lemma 3.2. O
4. Proofs of main results

Proof of Theorem 2.1. In case R = r, we have nothing to prove. Hence forth, we suppose R > r. By hypothesis
F(z) is a polynomial of degree n having all its zeros in |z| < k and P(z) is a polynomial of degree at most n
such that

IP@)| < |F(z)| for |z =k, (22)

therefore, if F(z) has a zero of multiplicity v at z = ke'®?, then P(z) must also have a zero of multiplicity at
least v at z = kel%. We assume that P(z)/F(z) is not a constant, otherwise, the inequality (13) is obvious. It
follows by the maximum modulus principle that

|P(z)| < |F(z)| for |z| > k.
Suppose F(z) has m zeros on |z| = k, where 0 < m < n, so that we can write
F(z) = F1(2)F2(2),

where Fi(z) is a polynomial of degree m whose all zeros lie on |z| = k and F»(z) is a polynomial of degree
n — m whose all zeros lie in |z| < k. This gives with the help of (22) that

P(z) = P1(2)F1(2),
where P;(z) is a polynomial of degree at most n — m. Now, from inequality (22), we get
IP1(2)] < [F2(z)|  for |z] =k,

and F»(z) # 0 for |z| = k. Therefore, for a given complex number A with |A| > 1, it follows from Rouché’s
theorem that the polynomial P;(z) — AF(z) of degree n —m > 1 has all its zeros in |z| < k. Hence the
polynomial

f(@) = F1i(2)(P1(2) — AF2(2)) = P(2) — AF(2)



G. V. Milovanovié¢, A. Mir / Filomat 35:9 (2021), 3193-3202 3199
has all its zeros in |z| < k with at least one zero in |z] < k, so that we can write
f@) = (z-ne"H(),

where 1 < k and H(z) is a polynomial of degree n — 1 having all its zeros in |z| < k. Applying Lemma 3.1 to
H(z), we obtain for R > r, ¥R > k* and 0 < 0 < 27,

|f(Re'%)| = |Re'’ — ne”||H(Re™)|
o _ol(R
> |Re16 —ne’ ( :k) |H(r 19)|

|re — e |H (re'?) } (23)

R+ k" [Re” — e
(r+k)

|7"819 ew

Now for 0 < 6 < 27, we have

Rei0 — pel? | _ R+ 1% — 2Rncos(0 - y)
reld —nel” | 12 +n2 — 2rncos(6 — y)
R+1\?
2( n), for R>r and 7R > k2,
r+1
> (R hi k)z since 1 <k
r+k/)’ =k
This implies
Rel? —ne”| R+k
reid —nelv |~ r+k’

which on using in (23) gives for R > r, 7R > k* and 0 < 0 < 27,
; R+k i
iwe) > (B2E) e,

Equivalently,

R+k\"
|f(R2)| > (m) (24)
for R > r, 7R > k? and |z| = 1. This implies for every [a| <1,R > 7, rR > k* and |z| = 1,
R+k
R = a0 > [Ra) =l 2 > { (57 I - 102 25)

Again, since r < R, it follows that ((r + k)/(R + k))" < 1, inequality (25) implies that
If(rz)] < |f(Rz)| for |z| = 1.

Also, all the zeros of f(Rz) lie in |z] < k/R, and R? > rR > k%, we have k/R < 1. A direct application of
Rouché’s theorem shows that the polynomial f(Rz) — af(rz) has all its zeros in |z| < 1, for every |a| < 1.
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Applying Rouché’s theorem again, it follows from (25) that for every || < 1, |a| < 1, R > r, rR > k?, all the
zeros of the polynomial

9) = f(R) - af(rz) + § {(R—”‘) - Ial}f(rz)

r+k
— P(Rz) — af(rz) + B {(1%:) - |a|} P(rz) - A [F(Rz) — aF(r2) + B {(%) - Ial} F(rz)] (26)

lie in |z| < 1, for every A with |A| > 1, and this clearly implies that for [z| > 1 and R > r with 7R > K2,

R+k

‘P(Rz) — aP(rz) + 5{(m)n - lal}p(=) R+k

< ‘F(Rz) — aF(rz) + 5{(m) - |a|}F(rz) . 27)

To see that the inequality (27) holds, note that if the inequality (27) is not true, then there is a point z = z
with |zg] > 1, such that

R+k

F(Rzo) — aF(rz0) + ﬁ{(r—) - IaI}F(rzo)

> +k

. (28)

‘P(Rzo) — aP(rzy) + ﬁ{(l%:) - |a|}P(rzo)

Now, because by hypothesis all the zeros of F(z) lie in |z| < k, all the zeros of F(Rz) lie in |z| < k/R < 1, and

therefore if we use Rouché’s theorem and arguments similar to the above, we will get that all the zeros of

F(Rz) — aF(rz) + ﬁ{(l%:) - IaI}F(rZ)

lie in |z| < 1 for every R > r, rR > k?, that is,

R+k

F(Rz0) — aF(rzo) + 5{(H—k) - |0z|}F(rzo) 0

for every zp with |zg| > 1. Therefore, if we take

~ P(Rzp) — aP(rzo) + p {(H)n - Ial} P(rzo)

r+k

F(Rzo) — aF(rz0) + p{(2%)" - lal} F(rzo)
then A is a well defined real or complex number and in view of (28) we also have |A| > 1. Therefore, with this
choice of A, we get from (26) that g(z9) = 0 for some z, satisfying |zo| > 1, which is clearly a contradiction
to the fact that all the zeros of g(z) lie in |z| < 1. Thus, for R > #,rR > K2, inequality (27) holds for |z| > 1, and
this completes the proof of Theorem 2.1. [J

Proof of Theorem 2.3. Let m = miny, |[P(z)|. If P(z) has a zero on |z| = k, then m = 0 and the result follows
from Theorem 2.2 in this case. Henceforth, we assume that P(z) has all its zeros in |z| > k, so that m > 0.
It follows by Rouché’s theorem that h(z) = P(z) — Am does not vanish in |z| < k, for every A with ] < 1.
Applying Corollary 2.4 to the polynomial h(z), we get for every |a| <1, |8l < 1,R > r, ¥R > 1/k*, and |z| > 1,

7

|h(RI@z) — ah(rk*z) + Bu(r, R, a)h(rkzz)‘ < k”|T(Rz) —aT(rz) + pr(r, R, a)T(rz)

where T(z) = z"h(1/z) = Q(z) — Amz".
Equivalently,

|P(RK*2) — aP(rk*2) + By(r, R, @)P(rk*2) = A(1 = o + Bupe(r, R, ) Jm|
< k"(Q(Rz) — aQ(rz) + Bu(r, R, ®)Q(rz) — Z(R” —ar" + Br'yYi(r, R, a))mz”

, (29)
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every |a| <1, |8l <1, R>r rR > 1/k* and |z| > 1. Since all the zeros of Q(z) lie in |z| < 1/k, we may

apply Corollary 2.1 to Q(z) and get for every |a| <1, |5| <1, rR > 1/k* and |z| > 1,

|Q(Rz) — aQ(rz) + py(r, R, 0)Q(rz)| > lzI"K"|R" — ar" + Buu(r, R, )| min [0(z)
= |z|n‘Rn —ar" + BY(r R, a)| rlglli? |P(2)]. (30)

Now, choosing the argument of A on the right hand side of (29) such that

k”|Q(Rz) —aQ(rz) + BYr(r, R, @)Q(rz) — /_\(R” —ar'" + priyn(r, R, a))mz"|
= k”|Q(Rz) —aQ(rz) + (R, a)Q(rz)| - k”|/\||R” —ar” + priyYi(n, R, oz)|m|z|",

which is possible by (30), we get from (29) for every [a| < 1,|8| <1,R>r,rR > 1/k* and |z| = 1,

|P(RK*z) — aP(rkz) + By(r, R, a)P(rk*z)| — Al |1 — & + Bu(r, R, @)|m
< K'|Q(Rz) - aQ(r2) + Bi(r, R, 2)Q(rz)| = K"|AI[R" — ar + Bry(r, R, a)|m. (31)

Letting |A| = 1in (31), we obtain for every |a| <1, |8 <1, R>7, rR > 1/k* and |z = 1,

|P(RK*z) — aP(rkz) + Byi(r, R, a)P(rk*z)| — K"|Q(Rz) — aQ(rz) + Py (r, R, @)Q(r2)|

< —{k”(R" —ar" + By R, )| - [1 - o + Bk R, a)|}m. (32)

Also, by Lemma 3.2, we have for |z| = 1,

|P(RK*z) — aP(rkz) + Byi(r, R, a)P(rkz)| + K"|Q(R2) — aQ(rz) + Py (r, R, @)Q(r2)|

< {k")R" —ar’ + Briy(r, R,a)| + |1 —a+pyYr(n R, oz)’} Ilizlleiz( |P(Z)|. (33)

Finally, adding (32) and (33), we get (19) and this completes the proof of Theorem 2.3. [

Proof of Theorem 2.2. The proof of this theorem follows by combining Corollary 2.4 and Lemma 3.2. We omit
the details. [
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