Filomat 36:1 (2022), 1-14
https://doi.org/10.2298/FIL2201001A

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

Multivalued Hardy-Rogers Type 3o-Contraction and Generalized
Simulation Functions

Ahsan Ali?, Azhar Hussain?, Zoran D. Mitrovié®

*Department of Mathematics, University of Sargodha, Sargodha-40100, Pakistan
YFaculty of Electrical Engineering, University of Banja Luka, Patre 5, 78000 Banja Luka, Bosnia and Herzegovina

Abstract. The purpose of this paper is to introduce the notion of multivalued Hardy-Rogers 3e-contraction
in the sense of generalized simulation functions and to present the corresponding fixed point results with
some examples. Moreover, we study the strict fixed point and well-posedness, data dependence, as well
as, the Ulam-Hyres stability of the fixed point problem. As an application, we prove the existence of the
solution for nonlinear fractional differential equation involving Caputo fractional derivative.

1. Introduction

A wide variety of mathematical and practical problems can be solved by reducing them to an equivalent
fixed point problem. In fact, by introducing suitable operators, it is possible to solve an equilibrium
problem by searching the fixed points of such operators. Moreover, the solutions of differential equations
can be obtained in terms of fixed points of integro-differential operator, also the above solutions sets can be
characterized by a stability analysis of fixed points sets. These facts are sufficient motivations to increase
the interest of mathematicians to establishing extensions and generalizations of the celebrated Banach fixed
point theorem [4], which is universally recognized as the fundamental result of metric fixed point theory,
see also[15, 23, 24]. In this paper, we continue this study by stating existence of fixed point theorems for
multivalued operators, in the setting of complete metric spaces. More precisely, we work with Hardy-
Rogers type conditions which present one of the most interesting generalizations of Banach fixed point
theorem. We combine the original idea of Hardy-Rogers [7] with the recent concept of ®-contraction
provided by Jleli and Samet [8], by involving generalized class of simulation functions [2, 11, 12, 14, 17, 25].

2. Perliminaries
Let (N, p) be a complete metric space. P(N) denotes the family of all non-empty, CL(N), the family of all
non-empty, closed and CB(R), the family of closed and bounded subsets of N.

Let A be a non-empty subset of a metric space 8. For x € N, define

D(x, A) = inf{p(x, y); y € A}
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Suppose that A, B are two subsets of CB(N). We define the functional gap 6 : P(X) x P(X) = R, by
O0(A, B) = sup{D(x, B); x € Al.
The Pompeiu-Hausdorff functional, $ : P(N) x P(8) — R is defined as

H(A, B) := max{sup D(a, B), sup D(b, A)}.
acA beB

Hardy and Rogers [7], proved the following important result:

Theorem 2.1. [7] Let (N, ¢) be a complete metric space and 3 a self mapping on N satisfying the following condition
forx,yeN

9(3x, 3y) < a p(x, y) + B 9(x, Ix) +y 9(y, Ty) + 6 p(x, Ty) + L p(y, Ix), ey
where a, B,y,0, L are nonnegative and a + f+y + 6 + L < 1. Then 3 has a unique fixed point.
Jleli and Samet [8] introduced the following class of functions:
Definition 2.2. [8] Let © : (0, o0) — (1, 00) be a function satisfying
(®1) O is increasing;

(®,) for each sequence {a,} € R,
lim O(a,) = 1ifand only if lim a, = 0;

O(a)-1
@1 =1

(®3) there exist k € (0,1) and I € (0, 00) such that lim,_,g+
The class of functions © satisfying (©1 — ©3) is denoted by V.

Using the function ©, Jleli and Samet in [8] defined that “A self map J on a complete metric space along
with a function ©® € W and k € (0, 1) satisfying for all x, y € N,

9(Jx, Jy) > 0 = O(p(Ix, Ty)) < [O(p(x, Y)I*

possesses a unique fixed point”. Such mappings named as @-contractions. Later, Xin-dong Liu et al. [13]
proved some fixed point theorems for ®-type Suzuki contractions. In 2017, Ahmad et al. [1] extended the
results of Jleli and Samet [8] by replacing (©3) with

(®3) © is continuous on (0, =),

and proved some fixed point theorems for Suzuki-Berinde type @-contractions.
The class of functions © satisfying (©1, @,, ©}) will be denoted by Q.
Khojasteh et al. [11] introduced a function 7 : [0, o0) X [0, o) — R, satisfying;:

(m) 1(0,0) = 0;
(m2) n(t,s) <s—tforallt,s>0;

(n3) If {t,}, {sn} are sequences in (0, o) such that lim ¢, = lim s,, > 0 then

n—o0o n—oo

lim sup n(t,,sn) < 0.

Definition 2.3. [11] Let (N, 9) be a metric space, 3 : 8 — N a mapping and 1 a simulation function. Then 3J is
called a 3-contraction with respect to 1 if it satisfies

n(9(3x,3y), p(x,y)) 2 0 forall x,y € N.
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Example 2.4. [11] Let 1; : [0, 00) X [0, 00) = R, i =1,2,3 be defined by
(i) m(t,s) = As —t, where A € (0,1);

(i) na(t,s) = sp(s) —t, where @ : [0, 00) — [0, 1) is a mapping such that tlin} sup P(t) < 1forallv > 0;

(iif) nz = s —1(s) —t, where P : [0, 00) — [0, o0) is a continuous function such that P(t) = 0 if and only if t = 0
Then n; for i = 1,2,3 are simulation functions.

Rolddn-Lépez-de-Hierro et al. [25] modified the notion of a simulation function by replacing (113) by (175),

(73) if {t.}, {s,} are sequences in (0, o) such that lim, . t;, = lim s, > 0 and ¢, < s, then
n—00

lim sup n(t,, sn) < 0.
n—oo

The class of functions 7 : [0, ) X [0, 00) — R satisfying (11,2, 13) is called simulation function in the sense
of Rolddn-Ldpez-de-Hierro and we denote it by A.

Definition 2.5. [2] A mapping ©® : [0, c0) X [0, 00) — R is called a C-class function if ® is continuous and satisfies
the following conditions:

1) G, t)<s;
(2) 6(s,t) = s implies that either s =0 ort =0, for all s, t € [0, +00).

Definition 2.6. [14] A C-class function ® : [0, 00) X [0, 00) — R has the property Cg, if there exists € > 0 such
that

(®1) 6(s,t) > Cg implies s > t;

(62)) 6(s,t) < Cg, forall s € [0, +00).

Some examples of €-class functions that have property &g are as follows:
@ 6, t)=s—t, € =71,7 € [0, +00);

(b) G(s, ) =5 - T, € =

() G, t) = k>1,C5 = r>2.

1+kt’ 1+k’

For more examples of €-class functions that have property Cg see [3, 6, 14].

Definition 2.7. [14] A C simulation function is a mapping 1 : [0,00) X [0,00) — R satisfying the following
conditions:

1) n(t,s) < (s, t) forall t,s > 0, where ® : [0, +c0)> — R is a €-class function;

(2) if {t,}, {su} are sequences in (0, +00) such that lim t, = lim s, > 0, and t, <s,, then hrn n sup N(tn, sn) < Ce.

n—-o0o n—oo

Some examples of simulation functions and €g-simulation functions are:

(@ n(t,s) = = —tforallt,s>0.

s+1

(b) n(t,s) =s—¢(s) —tforallt,s >0, where ¢ : [0, +o0) — [0, +o0) is a lower semi continuous function and
¢(t) = 0if and only if t = 0.

For more examples of simulation functions and €g-simulation functions see [3, 11, 14, 17, 25, 26].
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3. Main results
We begin with the following definition:
Definition 3.1. Let (X, ) be a metric space, n € A and © € Q. A mapping

() I :N — Nis called Hardy-Rogers 3¢-contraction if there is k € (0,1) such that for all x,y € N

N@(p(Ix, Iy)), @R (x, y))") = €, ()

where
Rx,y) = a p(x, y) + B o(x, Ix) +y 9(y, Jy) + 6 p(x, Jy) + L 9(y, Ix),
a+f+y+20=1y+#1landL > 0.

(i) I :N — CB(N) is called multivalued Hardy-Rogers 3&-contraction if there is k € (0,1) such that for all x, y € N

N@(9(3x, Iy)), OR(x, ) = Cs, (3)

where
Rx,y) =a o, y)+p D, Ix)+y Dy, Jy) + 6 D(x, Jy) + L D(y, Ix),

a+p+y+20=1y#1and L >0.

Example 3.2. Let 8 = [0,1] and p(x,y) = |x — y|. Define

Sx=[1_x 2—x]

2 7 2 4)

forall x,y € N. Let (¢, s) = %s —t, (s, t) =s—tforalls,t €[0,00), € = 0and O : (0, 0) — (1, o) is defined by
O(t) = e'. Then forall x,y € N and k € (0,1), we have that $H(Ix, Jy) = @ and

B 2alx =yl +pBx =1 +y By =1+ 06 12x — y| + L |2y — x|
= 5 .

R(x, v)

This gives
AO(S(Ix, Ty), Ok, ) = 12 () = e
and
GO, y))), O(S(Ix, Iy))) = (") = 3.
Taking nonnegative values of o, B, y,0,L such that a + B+ + 20 = 1,L > 0 we get that

0 < n(@(H(Ix, Iy), OER(x, ))) < GO (x, )", O(H(Ix, Iy)))- )

®

®—contmctzon.

Hence, from (5) it is clear that 3 is multivalued Hardy-Rogers 3

Theorem 3.3. Let (N, ) be a complete metric space and 3 : 8 — CB(N) be a multivalued Hardy-Rogers 38—
contraction. Then J possesses a fixed point.

Proof. Define a sequence {x,} in 8 by x,+1 € Ix, for all n > 0. If there exists an ng such that x,, = Xpy+1, then x,,
is a fixed point of 3. Consequently, assume that x, # Xn.1 for all n, then 9(x,, Xu41) > 0, for all n = 0,1, .... Taking
X = Xp—1 and y = x,, in (3), we get

NOH(Ixu-1, Ixn)), (O (X1, %)) = C.
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Since 8 is multivalued Hardy-Rogers 33-contraction, we have

Cs < NOSOx4-1, Ix)), (OR(xu-1, %))
< BO®RE-1, %)), O(H(Txu1, Txn))).
Using ©1, we get
O(H(Txu-1, Ixn)) < (OR(X-1,x)))". (6)
Since, we have D(x,, Ix,) < H(Ixy—1, Ixy). Also by using (6), we obtain
O(D(xn, Ixn)) O(H(Txy-1, Ixy))
OR(xn-1, %))
= (O(a p(xn-1,%1) + B D(xp-1, Bxy-1) +y D(xn, Jxy)
+6 D(x-1, Ix,) + L D(x, Ix,_1)))
©(a p(xn-1,%n) + B 9(Xn-1,X1) + ¥ 9(Xu, Xn+1)
+6 (X1, Xur1) + L 9, %)))*
O(a p(xu-1,%n) + B 9(Xn-1,Xn) + ¥ 9(Xn, Xns1)
+0 {(©(n-1, %) + 9(X, X)) + L (0))
= (O(a p(xn-1,xn) + B 9(Xn-1,%n) + ¥ 9(Xn, Xn+1)
+0 {001, ) + (n, X))
= (O((@+ B+ 0)P(Xu1,Xu) + ( + 0)p(xn, X411))"
= (O((1 =y = 0)p@n-1,%u) + (y + O)9(xu, xus1)). @)

We claim that 9(x,,, Xp41) < 9@(X4-1, Xn). On contrary, suppose that

IA

IA

IA

P(Xn, Xns1) > 9(Xn-1, Xn)-
Consequently, from (7) we have
OD(xs, Ix)) < (O((1 =y = 8)P(Xn-1, %) + (¥ + 0)9(Xn, X41))),
" O(p(xn, X141)) < (O((L =y = O)P(Xns1,%n) + (1 + 0)P(X, X)),
this implies
O(P(xn, Xn11)) < (O(P(Xns1, 1)), ®)

a contradiction. Therefore, 9(xn, Xp41) < 9(Xn-1,%,), n = 1. Hence, 9(x,-1,%,) is a non-increasing sequence with
positive terms. Thus, there exists L > 0 such that

1}2}}@ P(xp-1,x0) = L. )

We claim that L = 0. Suppose on contrary that L > 0. Letting s, = 9(Xps1,%y) and t, = 9(xy, Xn-1), Using
inequality (3) and Definition 2.7, we have

Cp < lim sup NOD(xns1, Ixu), (O(9(n, xu-1)))) < Co,

which is contradiction. Thus, L = 0. We now prove that the sequence {x,} is Cauchy. If {x,} is not a Cauchy sequence
in N, then there exist € > 0 and two sequences {m(k)} and {n(k)} of positive integers such that n(k) > m(k) > k and
the following sequences tend to €* when k — +oo:

P, Xn®)r PCmE), Xn@+1)r P Xn-1, Xn)r @ Xm -1, Xno+1)r @ Xm@E)+1, Xn+1)-
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Particularly, there exists ny € IN such that for all k > ny we have
€ €
O (Xm), Xnge) > 5> 0 and ©(Xm(k+1), Xn(kes1)) > ke 0.

Since 3 is multivalued Hardy-Rogers 33-contraction with respect to 1), together with (10), we get that

Cs < NOGSxmpy, Ixuw)), (OR Xy, Xng)F)
GOR Xy, Xu)), OD(I X, Ixnqry)))-
Letting k — oo, using (9) and (10), we get

%1_{2 P, Xn@+1) = €.
Using (9), (11), (12) and Definition 2.7, we have

Ce < O Xy, Fxuw)), OR Xy, Xn))) < €,

(10)

(11)

(12)

which is a contradiction. As a consequence, {x,} is Cauchy. Since (N, ¢) is a complete metric space, there exists x € N

such that

lim p(x,, x) = 0.

(13)

Suppose x ¢ JIx. It means that x, & 3x, foreachn > 0, by taking x = x,,, y = x in inequality (3) and using Definition

2.7, we have

G < lim supn(@(H(Ixy, Ix), (OR(x, 1)) < Cs .

Hence contradiction raised in (14). Thus, we get x € IJx. [
Now, we present an example of Theorem 3.3.

Example 3.4. Let 8 ={1,3,5,7} and p(x,y) = |x — y|. Define

(1,5} ifx=1
Jx=3{1) ifx=3
{3,7} otherwise .

(14)

Let n(t,s) = %s —t, ®(s,t) =s—tforalls,t €[0,00), €5 = 0and © : (0, c0) — (1, ) is defined by O(t) = ¢'. Now

forany x,y € 8 with x # y, we will discuss the following cases:
I forx=1andy =3
P(x,y) =2,D(x,3x) = 0,D(y, Jy) = 0
D(x, By) =0,D(y, Ix) =2,9(3x,Ty) = 4
IL forx=1andy =5
p(x,y) = 4, D(x, 3x) = 0, D(y, Jy) = 2
D(x, By) =2,D(y, Ix) = 0,H(Ix, Jy) =2
II. forx=1andy =7

P, y) =6,D(x,3x)=0,D(y,3y) =0
D(x,3y) =2,D(y, Bx) =2,9(Tx,Jy) =2
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IV. forx =3andy =5
o(x,y) = 2,D(x, Ix) = 2, D(y, Ty) =2
D(x, Iy) = 0, D(y, Ix) = 4, 9(Ix, Jy) = 2
V. forx=3andy =7
p(x, y) =4, D(x, Ix) = 2,D(y, Jy) = 0
D(x, Jy) = 0, D(y, Ix) = 6, H(Tx, Ty) =2
VI forx=5and y =7
9(x,y) =2,D(x, Ix) =2,D(y, Jy) = 0
D(x, Ty) =2, D(y, Ix) = 0, 5(Ix, Ty) = 0.
Takinga =y = 0.5, =6 =0, L = 3 and k = 0.8, we have that
G(OMR(1,3))",O(H(I1,93)) > n@OSH(I1,I3)), (OR(1,3)))
= g(@(in(l,s)))o-S - 0O(H(J1, 93)) =170.76 > 0
G(OR(1,5),0(H(T1,35)) > n@(H(I1,I5)), (OK(L,5))")
= Z(@(m(1,5)))°~8 - 0O(5(31,95) =1.79 > 0
G(OR(1,7)),0(H(31,37)) > 1n(@(H(31,37)),(@R(L,7)))
= g(@)(iﬁ(l, 7)) —e($H(J1, I7)) = 1108.80 > 0
G(OR(3,5)),0(H(T3,35)) > 1(O(H(I3, I5)), (OKG,5)))
= 2(8(9%(3,5)))0'8 — O($(93, I5)) = 60934.64 > 0
G(ORG,7)),0(9(T3,37)) > n@(H(I3,37)),(OR3,7))")
= Z(G)(‘.R(S, 7))%8 — @(H(I3, 7)) = 7405084.71 > 0
G((OR(5,7)), O(H(T5,37)) > 1n(@(H(I5,37)), (OK(G, 7))
= 2(@(91(5, 7))%8 — @(H(I5,I7)) = 0.86 > 0.

\

Hence, 3 is an multivalued Hardy-Rogers 3§-contraction and all conditions of Theorem 3.3 are satisfied. Thus, J
has two fixed points 1 and 7 in N.

Taking @ =1and g =y = 6 = L = 0, in Theorem 3.3, we obtain following result:

Corollary 3.5. Let (N, p) be a complete metric space and let I be a multivalued 3§-contraction. Assume that 1 € A
and © € Q such that

NO(©(Ix, Iy)), ©(p(x, ) = Cs, (15)
forall x,y € Nand 3x # Jy. Then Fix(J) # 0.

Further, puttinga = 6 = L = 0and f+y = 1and  # 0, in Theorem 3.3 we obtain the following generalization
of Kannan result:
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Corollary 3.6. Let (N, ) be a complete metric space and let I be a multivalued Kannan 3§-contraction. Assume
that n € A and © € Q such that

n@(H(Ix, Iy)), (OB D(x, 3x) +y Dy, I))") = C, (16)
forall x,y € N and Ix + Ty, where B,y € [0,+co[, B+ 7y =1,y # 1. Then Fix(3) + 0.

Also, a version of the Chatterjee type fixed point theorem is obtained from Theorem 3.3, by putting
a=p=y=0andd=L=1.

Corollary 3.7. Let (N, 9) be a complete metric space and let 3 be a multivalued Chatterja 3&-contraction. Assume

that n € A and © € Q such that

NOS(S¥, 3), (O3 D(x,3y) + 5 Dy, IO > Cs, 17)

forall x,y € 8,3x # Jy. Then Fix(J) # 0.
Finely, if we choose 6 = L = 0, we obtain a Reich type theorem.

Corollary 3.8. Let (N, 9) be a complete metric space and let I be an multivalued Reich 33-contraction. Assume
that n € A and © € Q such that

O3z, Iy)), (O(a p(x, y) + f D, Ix) +y D(y, Iy)) = Cs, (18)
forall x,y € 8,3x # Ty, where a, B,y € [0, +oo[, a + B+y =1,y # 1. Then Fix(J) # 0.
The case for a mapping to be self in Theorem 3.3, we can derive the following fixed point theorem:
Corollary 3.9. Let (N, 9) be a complete metric space and 3 be a self Hardy-Rogers Sg—contmction. Then 3 has a

unique fixed point.

4. Strict fixed points and well-posedness

The set of fixed point of the mapping J is defined as Fix(J) := {x € N : x € Jx} and that of strict fixed
point is defined as SFix(J) := {x € N : {x} = Jx}. It is clear that SFix(J) C Fix(J). We start the section with
the following definition:

Definition 4.1. (See [18, 24]) Let Y € P(N) where (N, p) is a metric space and I : N — CL(N) be a multivalued
operator. Then the fixed point problem is well-posed for 3 with respect to D if:

(a1) Fix(J) = {x};
(az) for a sequence {x,} in Y, D(x,, Ix,) = 0as n — oo, then p(x,,x) — 0asn — oo.

Definition 4.2. (See [18, 24]) Let Y € P(N) where (N, p) is a metric space and I : N — CL(N) be a multivalued
operator. Then the fixed point problem is well-posed for 3 with respect to § if:

(1) Fix(3) = {x};
(by) for a sequence {x,} in Y, H(xy, Tx,) = 0asn — oo, then p(x,,x) — 0asn — oo.

It is to be observe that a fixed point problem, which is well-posed for J with respect to D then the it is
well-posed for 3 with respect to 9.
Now we state main result of this section:

Theorem 4.3. Let (N, ) be a complete metric space and 3 : 8 — CL(N) be a multivalued operator. Suppose that 3
is multivalued Hardy-Rogers 3$—contmctive operator with L = 0 and SFix(8) # 0. Then Fix(3) = SFix(J) = {x},
and fixed point problem is well posed with respect to H.
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Proof. First we show that Fix(J) = {x}. Suppose that u,x € Fix(3) with u # x.
Since J is Sg—contmction, we obtain

Cs < NO(H(Iu, Ix), (OR (1, ))) < G(OR (1, x))", OH(Iu, Ix)),

where k € (0,1). Using ®1, we have

O(H(Ju, Ix)) < (OR(u, x)))". 19)
So,
O(D(Ix,u)) =O(p(x,u) < O(H(Ju, Ix))
< (OR(u,x))
= (O(a p(u,x) + B D(u, Tu) + y D(x, Ix) + 6 D(u, Ix)))
= (O((a + 6)p(x, u))

< O((a+0)p(x,u))

therefore, we have
P, u) < (1-p-0)p(x,u),
that is
B+ 0)p(u,x)<0.
This implies 0 < p(x, u) < 0. Hence Fix(3) = {x}.

Now, let x € SFix(3) and {x,}nen such that D(x,, Ix,) — 0, as n — co. Since I is an multivalued Hardy-Rogers
3&-contractive operator with L = 0, therefore

Co < N(O(H(Tx5, Ix)), (OR(xy, 1)) < HOR(x,, X)), O(H(Ix, Tx))).
Using ®, we have,
O(9(3x,, Tx)) < (OR(x, x)))". (20)
5o,

O(p(xn, x)) = O(D(xy, Ix)) (OR (x4, 1))

= (O(a p(xn,x) + p D(xn, Ixn) +y D(x, Ix)
+0 (x,, Ix))

< (O((a +0) P(xn, X) + B D(xy, Ix)))k

O((ar + 0) P(xu, X) + p D(xn, Ixn)) (21)

A

implies
P(xn, X) < (@ +0) P(xn, X) + B D(xn, Ixy)

(1 —a-=0)p(xy,x) < B D(xy, Ixy)

B
P(xn, x) < T-a=s D(xy, 3x,).

Taking limit as n — oo, we obtain that p(x,,x) — 0. O
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5. Data dependence

This section is devoted to the study of data dependence of fixed point set for the multivalued Hardy-
Rogers 3 g;-contraction.

Theorem 5.1. Let 31, 3, be two multivalued operators on a metric space (N, ), if

1. 8; is multivalued Hardy-Rogers Sg-contmction forie{l,2}.
2. H(J1x, J2x)) < ' forall x € N, where o’ € R,.

Then

1. Fix(3;) e CL\N), fori=1,2,
2. 3y and 3, are multivalued Hardy-Rogers Sg—contmctive operators and

a)l

H(Fix(31), Fix(32))) <

1 — max{vy, v2}’

Proof. From Theorem 3.3, we have Fix(3;) # ¢ for i = 1,2, Fix(3) is closed. Choose a sequence {x,} in Fix(J) such
that x, = x asn — oo, for x = x,_1 and y = x,, we have

NOH(Txs-1, 3x0), (OR (-1, x1)))) = C. (22)
From 2.7, we have,
Co < NOS(Txn-1, Ix0)), @R (X1, %))
< B(O®R -1, %0))), OS(Ix-1, Ix)))-
Using ®, we have

O(H(Ixu1, Ixn)) < (OR (X1, x)))". (23)
Since O(D(x,,, Jx,)) < O(DH(Tx,-1, Ixy)). So

1<OD(x, Ix,) < (OR(x-1, %))
= (O p(xn-1,%1) + B D(xy-1, Ixn-1) + ¥ D(xn, Ixz)
+0 D(xp_1, Ixy) + L D(xp, Ix-1)))
< (O(a 9(xn-1,Xn) + B 9(Xu-1,%n) + ¥ 9(Xn, X+1)
+6 9(xXn-1, Ixa) + L (X, X))
< (O(a 9(xn-1,Xn) + B 9(Xu-1,%n) + ¥ 9(Xn, X41)

+0 {(9(xn-1,Xn) + 9(Xn, Xn41)} + L (0)))k
= (©a+p+0) pn-1,x,) + ( +06) P(xy, Xns1))

O((a + B+ 0)9(xXu-1,Xu) + (¥ + O)9 (X, Xn+1)))- (24)
As n — oo, we get that 1 < O(D(x, Ix)) < 1, so, O(D(x, Bx)) = 1, this implies D(x, Ix) = 0. Since Jx €
CL(N) therefore x € 3x. Hence x € Fix(3). Secondly, 3 possesses a fixed point by the argument those given
in Theorem 3.3. Let € € (1,+00) and choose an arbitrary xo € Fix(31). Then there exists x1 € Jxq such that
9(x0,x1) < €H(T1x0, Jaxg). Now for x1 € Joxg there exists x, € Foxq such that (x1,x2) < €H(Taxo, Jox1). Since
x1 € Joxg, D(x1, Joxo) = 0 < 9(xo, x1). Therefore

P(x1,%2) < EH(T2x0, Jox1) < Lva P(x0, x1).
In a similar fashion, a sequence of successive approximation for 3, starting from x, can be obtained which satisfies

Xp1 € Ix, and 9(xu, Xn1) < (C02)” p(x0, 1), ¥ 12 1.
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Hence foralln > N and, p > 1

PXnip, Xn)) < 90, Xne1) + 91, Xns2) + oo + P(Xi4p-1, Xutp)

< ()" o(x0,x1) + (Cv2)" P (x0, x1) + ... + (L02)" P (0, x1)
(tvy)"
< 12, ©(xo, x1)- (25)

Choosing1 < € < min{&, Ulz} and taking limit asn — oo, the sequence {x,} is Cauchy in (N, ¢). From the completeness

of N, there exists x* € N such that x, — x* as n — oco. We show that x* is a fixed point of 3,. Suppose on contrary
that x* ¢ Jox* and X,q) & JoXnwy. Setting x = Xy, y = X" in (3) and using Definition 2.7, we have

Cp < lim Sup[n(@(H(Tox", Toxuw)), ORW, xu)))] < €5, (26)

a contradiction. Hence x* € Tox*. Thus x* € Fix(33). Taking p — co in (25). We have p(x*, x,) < g‘ijgzz ©(xo, x1) for

each n € IN. Then p(xg,x*)) < %mp(xo, x1) < 12’{)2, Similarly, for each x;, € Fix(3,) there exists x € Fix(31) such

that p(x;, x)) < %m]wp(xa,x;) < %. Hence

. ‘ o’
H(Fix(31), Fix(J2)) < 1 = max{tvy, Cv,}

Taking € — 1 we obtain the desire result. Moreover, we have that 3J; is L operator,i=1,2. [

1-v

6. Ulam-Hyers Stability
This section describes the stability of fixed point inclusion.
Definition 6.1. Let (N, ¢) be a metric spaceand 3 : 8 — CL(N) be a multivalued operator. The fixed point inclusion
x€ Jx),xeN (27)

is called generalized Ulam-Hyers stable if and only if there exists an increasing function ® : R, — Ry which is
continuous at 0 and ©(0) = O, such that for each € > 0 and for each solution y* € N of the inequality

D(y,Jy) < e (28)
there exists a solution x+ of the fixed point inclusion (27) such that
P(xx, yx) < D(e).

If there exists C > 0 such that ®(t) = C-t, for each t € R, then the fixed point inclusion (27) is said to be generalized
Ulam-Hyers stable.

Theorem 6.2. Let (N, ) be a complete metric space and 3 : 8 — CL(N) a multivalued mapping such that:
1. forany x,y € N and k € (0, 1) operator 3 satisfy

N@(9(3x, Iy)), (OR(x, »))) = € (29)

where
R(x, y) = a px,y) +  D(x, Ix) +y D(y, TJy) + 6 D(x, Jy),

a+p+y+20=1,y€(0,1).
2. SFix(3) # 0,

then the fixed point problem is generalized Ulam-Hyers stable.



A. Ali et al. / Filomat 36:1 (2022), 1-14 12

Proof. By Theorem 3.3 and 4.3, we have SFix(J) = {x+}. Let ¢ > 0 and yx be a solution of (28). Then

O(p(xr, y+) = O(D(Txs, yv)) < (OR(xr, y+))*
= (O(a p(x+, y*) + p D(xx, Jxx) +y D(y=*, Jy)
+6 D(xx, Jy»)))k
< (O((a+6) plxs, y*) + (y + 6) D(yx, Ty»))
< O((a+0) plxx, y*) + (y +6) D(y*, Jy=)), (30)

this implies
Pxx, y#) < (a +0) plax, y*) + (¥ +06) D(y*, Ty=)

and hence
( ) < y+o
Pl y B+y+06 &
Thus by taking C = ﬁf:—;ib > 0, we derive that the fixed point inclusion is generalized Ulam-Hyers stable. [

7. Application to Fractional Calculus

First, we recall some notions (see[10]). For a continuous function g : [0, ) — R, the Caputo derivative
of fractional order f is defined as

t
CDP(g(t)) = fo (t—s)"Plg"W(s)ds n—1<p<nn=[p]+1)

1
I(n—p)

where [f] denotes the integer part of real number § and I is gamma function.
In this section, we present an application of Corollary 3.9 to show the existence of the solution for
nonlinear fractional differential equation:

DF(x(t)) + f(t,x(t) =0 0<t<1,<1) (31)

via boundary conditions x(0) = 0 = x(1), where x € C([0,1],R). C([0,1],R) is the set of all continuous
functions from [0,1] into R and f : [0,1] X R — R is continuous function (see[20]). Recall Green function
associated to the problem (31) is given by

- (t1 =s)* 1 —(t—s)*1 if0<s<t<1,
(k) = — ifo<t<s<l.
Now we prove the following existence theorem:

Theorem 7.1. Suppose that
(i) There exist a continuous function f : [0,1] X R — R and t > 1 such that

f(tx) = ft, )l < e Rx, y)
forallt € [0,1] and x, y € C([0, 1], R). Where
Rx,y)=alx—yl+Blx—3x+yly—Jyl+06|x—-Jyl+L|y—- Jx|,
a+p+y+20=1y+#1landL > 0.
(ii) There exists x € C([0, 1], R) such that for all t,s € [0, 1], where I : C([0,1], R) — C([0, 1], R) is defined by

1
5x(t):](; G(t,s)f (s, x(s))ds.
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Then, problem (31) has at least one solution.

Proof. First, let x,y € X = C([0, 1], R) a metric space defined as

P, y) = lIxllee = sup [x(t) — y(@)I.

te[0,1]

It is easy to see that x € Nis a solution of (31) ifand only if x € N is a solution of equation Ix(t) = fol G(t,s)f(s, x(s))ds
forall t € [0,1]. Then the problem (31) is equivalent to finding x* € N which is fixed point of 3. Now let x, y € N and
p,q > 1 such that % + }—7 = 1. By (i) and (ii), we have

1

[5x(t) - Sy(t)] =

1
G(t,s)f(s,x(s))ds—f(; G(t,s)f(s, y(s))ds

1
sj‘mwﬂuaﬂm—f@y@m@
0

1 S ;
< (f IG(t,s)lqu) (f [f(s,x(s)) = f(s, y(s))lpds) (Holder’s inequality)
0 0

1 | ;
S(f IG(t,s)lqu) (f (e_ti]%(x(s),y(s)))’”ds)

(f |G(t, s)lqu) (f (e (o sup [x(s) — y(s)| + B sup |x(s) — Tx(s)|+
tel0,1] te[0,1]

P

y sup |y(s) — By(s)l + 6 sup |x(s) — Jy(s)l + L sup |y(s) — Tx(s)]))’ds
te[0,1] te[0,1] te[0,1]

1 i
= (f IG(t, S)|qu) e lap(x,y) + B p(x, Ix)+
0
1
VM%SW+5MMSW+LM%5ﬂK£ds

<e'R(x, y) sup (f IG(t, s) |"ds)

te[0,1]
<eR(x,y),

where
R, y) = aplx, y) + B o = Ix) +y p(y, Ty) + 6 p(x, Ty) + L p(y, Ix).
Thus for each x, y € N, we have

9(Jx, 3y) = 19x — Tyllee = sup |Tx(t) — Fy(t)| < e ' R(x, ).

te[0,1]

Let O(t) = eVt e Q, t >0, we have

e\/&?(ﬂxﬂy) < e\/e*“ﬁ(x,y) = e V‘R(x,y)]k, Vx,yen,

where k = Vet. Since t > 1, therefore k € (0, 1). Then for n(t,s) =As—t, A €(0,1)and G(s,t) = s —tand Cs =0,
we have

0 < n(®(p(Ix, Iy)), @R (x, )" < G(OWR(x, )", BP(Ix, Iy))) (32)
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where x,y € N. So, it is proved that 3 is an self Hardy-Rogers 3§ -contraction. Hence all the conditions of Corollary
3.9 satisfied. Thus we concluded that there exists x* € N such that Ix* = x* and so x* is a solution of the problem
(81). This completes the proof. [
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