(S

Filomat 36:1 (2022), 151-164

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2201151U

University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2 S
) @
b, &
Ty xS’

5
TIprpor®

Slant Helices in Minkowski 3-Space E; with Sasai’s Modified Frame
Fields

Siraj Uddin®, Mica S. Stankovié?, Mohd Igbal¢, Sarvesh Kumar Yadav¢, Mohd Aslam®

*Department of Mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah 21589, Saudi Arabia
bDepartment of Mathematics, Faculty of Sciences and Mathematics, University of Nis, Serbia
¢Department of Mathematics, Jamia Millia Islamia, New Delhi-110025

Abstract. In this paper, we study slant helix using modified orthogonal frame in Minkowski space IE3 with
timelike, lightlike and spacelike axes. We also study a general slant helix with the Killing vector field axis.

Furthermore, we give a non-trivial example and find the relations for curvature and torsion of f-biharmonic
slant helix.

1. Introduction

In differential geometry curves and surfaces play an important role. Many important curves such as
general helix, slant helix, Mannheim curve, Bertrand curve etc were investigated. The characterizations
of such curves in different ambient spaces have been studied. In classical differential geometry general
helices are defined as a regular space curves whose tangent T makes a constant angle with a fixed direction
U, called the axis of the helix [10]. These are geodesics of cylinders shaped over a plane curve. Recently,
general helices with different slope axis were investigated in [5, 18, 19]. Slant helices are the successor
curves of the general helices [15]. Slant helices were introduced by Izumiya and Takeuchi [12]. A regular
curve @(s) with non-zero curvature k and torsion 7 is said to be slant helix if the principal normal vector
makes a constant angle with a fixed axis. Some characterizations of slant helices in Euclidean space were
investigated in [13].

In 2011, Ali and Lopez [2] studied slant helices and gave a useful characterization of slant helices in
Minkowski space [E3. The slant helices in E? is defined as follows.

Definition 1.1. A unit speed curve @ is called a slant helix if there exists a non-zero constant vector field U in E3
such that g(N, U) = ¢ (a constant).

Ergut et al. [6] obtained some results on k-slant helices in Minkowski 3-space. Next, Barros [10, 11]
discussed slant helices in the three-dimensional sphere S* and anti-de Sitter space H? with the Killing vector
field along the curve with constant length.
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In [17], T. Sasai defined an orthogonal frame in IE® called a modified orthogonal frame {T, N, B}, correspond-
ing to the classical Frenet frame {t, n, b} which satisfies

T 0 1 0 T
N |=| ¥ & = N |,
B 0 -1 % B

where (T, T) = 1, g(N,N) = k?, g(B, B) = k2. It is noted that the modified orthogonal frame coincides with
Frenet-Serret frame for k = 1. Thus modified orthogonal frame generalizes Frenet-Serret frame.

The modified orthogonal frame in Minkowski space [E} was investigated by Bukcu and Karacan in [4].
In [9], M. S. Lone and E. S. Hassan studied helices and Bertrand curves with modified frames in Euclidean
3-space. M. Najdanovic and Ljubica Velimirovic [16] discussed the second order infinitesimal bending of a
circle and helix in Euclidean 3-space.

In this paper, we characterize the timelike, pseudo null and null slant helices by using the modified
orthogonal frame and generalizing some results of [2]. Further, we find some useful relations for the
curvature of the slant helices with lightlike, timelike and spacelike slope axes and provide a non-trivial
example. Finally, we also give some useful relations for curvature and torsion relation of a f-biharmonic
slant helix.

2. Preliminaries
Minkowski space IE3 is the Euclidean 3-space endowed with the standard indefinite flat metric given by
g = —U101 + U0 + U303,

for any two vectors u = (uj,up, u3) and v = (v1,v,v3) in ]Ef Any vector u € ]E? can have three causal
character namely: spacelike, timelike and lightlike if g(u,u) = 1, g(u,u) = =1 and g(u, u) = 0 respectively.
In particular vector u = 0 is spacelike.

The following theorem represents a modified orthogonal frame in Minkowski 3-space [E;.

Theorem 2.1. [4] Suppose @ be a unit speed curve in Minkowski 3-space. The relation between the modified
orthogonal frame {T, N, B} and the classical Frenet frame {t,n, b} at non-zero points of k are

T=t, N=kn, B=kb.

If @ is timelike curve, then the modified orthogonal frame is

T 0 1 0 T
N/' =l K £ T || N |, (1)
B 0 -7 ’% B

where g(T, T) = -1, g(N,N) = k? and g(B, B) = k.
If ¢ is a spacelike curve with a spacelike principal normal vector N, then the modified orthogonal frame
is

T 0 1 0O T
N/' =| -k £ T || N| )
B 0 =1 % B

where g(T, T) = 1, g(N,N) = k* and g(B, B) = -k
If ¢ is a spacelike curve with a spacelike binormal vector B, then the modified orthogonal frame is

’

T 0 1 0 T
N: =| K % T N |, 3)
B 0 = ’% B
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where ¢(T, T) = 1, g(N,N) = —k? and g(B, B) = k°.
If ¢ is pseudo null curve, then the orthogonal modified frame is given by

0 1 0
= 0 "7+T 0
-k 0 E-z

T T
N’ N |, (4)
B’ B

where ¢(T,T) = 1, g(N,N) =0, ¢(B,B) = 0and g(N, B) = k2.
If ¢ is a null curve, then the orthogonal modified frame is given by

T 0 1 0 T
NI' =| kt & —k || N |, (5)
B 0 -t k B

where ¢(T, T) = 0, g(N,N) = k?, g(T,B) = k and g(B, B) = 0.
Biharmonic map is defined as the critical point of a bienergy functional [7]

Exg) = 3 [ In(o)Pdo, ©

As a generalization of biharmonic map, f-biharmonic map is defined as the critical point of f-bienergy
functional.

EZ,f((P):% fM flt(p)Pdo,.

A curve @ parametrized by the arc length ’s” is a f-biharmonic unit speed curve in IE? if and only if [8]

’ "

2f f _
ViV1VrT + f ViVrT + TVTT =0. (7)

3. Slant helices with the modified orthogonal frame

In this section, by using the modified orthogonal frame, we obtain some relations for the curvature and
torsion of a slant helix. First, we prove the following.

Theorem 3.1. Let ¢ : I — IEJ be a unit speed lightlike curve with modified orthogonal frame. Then ¢ is a slant helix
if and only if

) b2

where ¢ and cq are constants.

Proof. Suppose ¢ is a lightlike slant helix, then the constant slope axis U can be written as
U= 6T + 5NG) +a:(6)BE) ©)

Differentiating U and applying modified orthogonal frame (5) for lightlike curve, we obtain

/ /

k
E:0, a1 —c— —az1(s) =0, aé+a3——£:0. (10)

ooy = Kk
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From the last relation of (10), we obtain

s+

as k ’ (11)
Next, from the second relation of (10), we find
kK 1
a; = = + %(cs +c1). (12)
Then, from first relation of (10) together with (12), we get the required result (8)
Conversely, let ¢ be a unit speed timelike slant helix and (8) holds identically. Define
U- [ﬁ+f(s+ C—l)]T+£N+@B (13)
ek k2 ko
By differentiating U with respect to ’s” and using (5) we get
, koot 1y T kK 1 ¢s+cy,
U = [(k_3+ E(S"r ?)) +E]T+[E(CS+C1)— E +(T) ]B (14)

Now, making use of (8), we get U’ = 0 i.e U is a constant vector. Furthermore g(N,U) = constant. This
concludes the proof of the theorem. [

In particular, if k = 1 in above theorem, then we have following special case of Theorem 3.1.

Corollary 3.2. [2] Let ¢ : I — IE3 be a unit speed lightlike curve in I . Then ¢ is a slant helix if and only if the
torsion is

a

=—) 15
T s+ op (15
where a, b and c are constants with bs + ¢ # 0.

Next, we have the following result.

Theorem 3.3. Any pseudo null curve ¢ with a modified orthogonal frame is slant helix if ke® 794 = constant.

Proof. Let the slope axis U is given by
U = a1(s)T(s) + ax(s)N(s) + az(s)B(s). (16)

Differentiating U and using the modified orthogonal frame (4) for pseudo null curve, we obtain
’ 2 ’ ' ’ Kk
ay —azk” =0, a2+a2? +a,t+a; =0, a3+a3(?—7):0. (17)

From third relation of (17), we have

B e&2 fT(s)ds 18

az = 2 (18)
Therefore, from (18) and (16) together with (4), we get

(U, N) = ket ] 70, (19)

where ¢, € R. Hence, if ke® Jrds — constant, we conclude that ¢ is a slant helix. [

Now, for the timelike slant helix, we have the following result.
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Theorem 3.4. Let ¢ : I — IE3 be a unit speed timelike curve such that {T,N, B} be the modified orthogonal frame
along the curve. Then ¢ is a slant helix if and only if

ck’)? c2 CT cl c2
() VS - - G -a)| ) \/“‘ G| o)
2 _ TZ) k _ 72) [
where ¢ and ¢y are constants.
Proof. Let ¢ be a slant helix and the slope axis U be a constant vector. Then we have
U = a1(s)T(s) + ax(s)N(s) + az(s)B(s). (21)
Since ¢ is a slant helix, then from (1) g(U, N) = k?ay(s) = ¢ (constant). Hence, we find
c
a(s) = 7 (22)
Therefore, U can be expressed as
=a(s)T(s) + = N(s) + az(s)B(s). (23)

Differentiating (23) and using the modified orthogonal frame (1) for timelike curve, we derive

/ /

aj+c=0, ag+a3%+ck—2:0, al—c%—a;ﬂ(s):O. (24)
Since g(U, U) = ¢; (constant), then from (21), we have
—(@) + (@)’ + (@)K = c1. (25)
Using (22) and third relation of (24), we obtain
() £ EE — (2 - )G ~ 1)
(k> - TZ) '

(26)
Consequently, second relation of (24) together with (26) provides (20). Converse directly follows similar as
in Theorem 3.1. O

Particularly, if k = 1 in above theorem, then we have the following result as a special case of Theorem
34.

Corollary 3.5. [2] Let ¢ : I — IE3 be a unit speed timelike curve . Then ¢ is a slant helix if and only if either of the
next two functions

2 ’ 2 ’
- (3) or _k -(7) 27)
(k2 - 72)3 \k (12 —k2)3 \k
is constant everywhere provided t> — k* does not vanish.

Next, taking the curvature constant, we have the following result from Theorem 3.4.

Corollary 3.6. Let ¢ : I — IE? be a unit speed timelike curve such that {T, N, B} be the modified orthogonal frame
along the curve with constant curvature. Then, @ is slant helix if and only if

(kzr[—zf = ¢ (constant). (28)
- T 2
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4. Slant helices with lightlike, timelike and spacelike slope axes

In this section we obtain the necessary and sufficient condition for a slant helix to have a lightlike, a
timelike and a spacelike slope axis by using the modified orthogonal frame in IE3.

First, we prove the following useful results.

Theorem 4.1. Let ¢ : I — E be a unit speed spacelike slant helix in I3 with a modified orthogonal frame and a
spacelike principal normal. Then, the slope axis of (s) is a lightlike, a timelike or a spacelike axis fore = 0,-1 or 1,
respectively if and only if

(s) 1
(fk()d —lz) (s+l)2——+k2, (29)

where ¢, 1y and I, are constants.
Proof. Let ¢(s) be a slant helix and the constant slope axis U is given by
U = a1(s)T(s) + a2(s)N(s) + az(s)B(s).
Since @(s) is a slant helix, thus we have g(U, N(s)) = k?ay(s) = ¢ (constant). Then, we find
=m(s)T(s) + — N(s) + a3(s)B(s). (30)

Differentiating (30), w.r.t. s’ and using the modified orthogonal frame (2) for the spacelike curve, we obtain
’ _ ' _ ! kl T _
a;—c=0, al—ck—3+a3T—O, a3+a3%+clz—0. (31)

Solving first and third relations of (31) and using the obtained values of 4; and a3 in (30), U can be written

as
T(S) 1)
_'(fkw> 'FHB' >
Since g(U, U) = ¢, then we have

j‘@d e\ e ap e, 1 (33)
k(s) c)] c 2k

which provides (29) with/; = 2 and [, = 2
Conversely, let ¢(s) be a unit speed spacelike slant helix in [E? with a modified frame and a spacelike
principal normal N. Suppose that (29) holds then from (32), we find

(cs+c1)T(s)+ N(s) [\/(S+%)2_% %]B

which gives g(U, U) = € and therefore U is a constant vector. []

=(cs+¢1)T(s) + N( )+

Proposition 4.2. Let ¢ : I — [E2 be a unit speed spacelike slant helix in I3 with a modified frame field and a timelike
principal normal. Then, the slope axis of @(s) is a lightlike, a timelike or a spacelike axis for € = 0, =1 or 1, respectively
if and only if

©) 1
(f;() +l) =c£2_(s+ll)2+l§’ (34)

wherely = = and I, = 2 are constants.
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Proof. The constant slope axis of spacelike slant helix with timelike principal normal is given by
U = a1 (s)T(s) - ]éN(s) +a5(3)B(s). (35)

Differentiating (35) w.r.t. s and using the modified orthogonal frame (2), we obtain

K , K T
c=0, a1—3ck—3+a31=0, a3+a3z—cﬁ:0. (36)

’

a

Solving the relations of (36) for a4; and a3 and use them in (35), thus U can be written as
- _c (16,
U = (cs + c1)T(s) 2 N(s) + [k (f k(s)ds + . )] B. (37)

Since g(U, U) = ¢,, then we derive

7(s) Co 2_ € a\V: 1
(f@ds+?) —C—Z—(S-I‘?) +k—2, (38)

which gives (34) with I; = ¢ and I, = 2. Converse follows directly like Theorem 4.1. [J

Theorem 4.3. Let ¢ : I — IE3 be a unit speed spacelike curve in I with a modified frame field and a lightlike normal
vector.
(i) If c = 0, then

(a) The slope axis is a constant lightlike vector if and only if the normal component of the slope axis is given by
Czef ’L'dS'
(b) The slope axis is constant spacelike vector if and only if

ap = %(czef”is —e s fkeffdsds).

(c) There does not exist any pseudo null slant helix with the constant timelike slope axis.
(ii) If ¢ # 0, then the slope axis is given as

cs? - c
U=(cs+c1)T - 7+cls+ N + —B. (39)

2c k2
Proof. Let ¢(s) be a slant helix and the constant slope axis U is given by
U = a1(s)T(s) + az(s)N(s) + a3(s)B(s). (40)

Since ¢(s) is a slant helix and N is a lightlike normal, then we have g(U, N(s)) = az(s)k? = ¢ (constant). Using
this fact, (40) can be written as

c
U = a1(s)T(s) + a2(s)N(s) + ﬁB(S). (41)
Differentiating (41) w.r.t. ’s” and using the modified orthogonal frame (4) for pseudo null curve, we find
, , K c k
a, —c=0, a1+a2+a2(E+T):0, k—2(?+7):0. (42)

From the third relation of (42), two cases arise:
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Case (i). If ¢ = 0, then from first relation of 42, we obtain a; = ¢;. Hence, we write
U=cT+aN.
Since, g(U, U) = €, then we have

(a) If U is a constant lightlike vector, then we have g(U, U) = 0, which implies ¢; = 0 and hence a; = 0.
Now, from second relation of (42), we derive

1
a, = cz%efms.
Therefore,
1
U=o¢ EedesN.

Hence, the normal component of lightlike slope axis is cpel .
(b) If U is a constant spacelike vector, then g(U, U) = 1, which implies ¢; = +1 and hence a; = +1.
Now, from second relation of (42), we get

a = %(Cze—ffds _ e—frds fkefmsds),
which gives

U=T+ %(cze_ms e fkefmsds)N.

(c) If U is a constant timelike vector, then g(U, U) = -1, which implies c% = —1 and which is a contradic-
tion.

Case(ii) If ¢ # 0, then (& + 7) = 0.

First two relations of (42) yield

2
m=cs+c and ap = —(CE + €15 + ¢p).

Therefore, we find

cs? c
U=(s+c)T—-|—+c1s+c2|N+ =B. (43)
2 k2
—e
Furthermore, since g(U, U) = €, which gives c; = -— and hence we derived the required Eq. (39) [

Theorem 4.4. Let ¢ : I — IE be a unit speed lightlike slant helix in IE3 with the modified frame field. Then, the slope
axis of ¢(s) is a lightlike, a timelike or a spacelike axis for € = 0,—1 or 1 respectively if and only if

7(s) B 1 1 €
f@ds R TR (ﬁ - c_Z)’ (4

where, I, = 2 and I} = 7 are constants.

Proof. Let ¢(s) be a slant helix and the constant lightlike slope axis U is given by

U = a1(s)T(s) + aaN(s) + asB(s). (45)
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Since ¢(s) is a slant helix, then we find
g(U,N(s)) = K2a(s) = ¢ (constant).
Then, (45) will be

U = a1(s)T(s) + kc—zN(s) + a3B(s). (46)
Differentiating (46) and applying the modified orthogonal frame (5) for a lightlike curve, we derive
, T . kKaz ¢ ck
a1+?=0, a3+T—E=O, al—ﬁ—ﬂ:;’f_o (47)
Solving (47) for a; and a3 and using the obtained values in (45), we find
T c (cs + ¢2)
U:(—cfEds+c1)T+ k—2N+ . B. (48)
Since g(U, U) = €, then we obtain
7(s) 1) 1 ( 1 € )
——ds——=—— |5 -5 49
fk(s)s c s+ )\ a) (49)

which is (49) with [, = 2 and [; = <. Converse follows similar as in theorem 4.1 [J

Finally, we have the following result.

Proposition 4.5. Let ¢ : I — E3 be a unit speed timetlike slant helix in IE3 with the modified frame field. Then, the
slope axis of (s) is a lightlike, a timelike or a spacelike axis for € = 0, =1 or 1, respectively if and only if

(s) 1
(fk()d +z2) =§+(S+Zl)2—,;/ (50)

where I = ?2 and l] = % are constants.

Proof. Let ¢(s) be a unit speed timelike slant helix and U is given by (23). By solving first and third relation
of (24) and using the obtained values of 4; and a3 in (23), U can be written as

7(s)

o +—) (51)

= (s + 0)TE) ~ SN + 5 f

Since g(U, U) = ¢, then we derive

f@ds+c—22—£+(s+c—l)2—l (52)
k(s) c) e c K2’

which is (50) with [; = 2 and I, = 2. The converse follows directly. [
Example 4.6. From [1], the curve is given by
P(t) =< %[(3 —2V2)sinh(1 + V2)t — (3 +2V2) sinh(1 — V2)t + 2sinh ],
1
_ >
42 cosh(V2t)

From Proposition 4.5, we have

é[(s —2V2)cosh(1 + V2)t — (3 + 2 V2) cosh(1 — V2)t + 2 cosh ],

e . . _ . s
is a timelike slant helix having curvature k = 1 and torsion T = Nk

7(s)
= 1,
f o s =5+ (53)
Hence, (50) is satisfied for the constantly =1,e = 1and ¢ = 1.
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5. Killing vector field along spacelike and null general slant helix

A regular curve ¢(s) in IE] is said to be a general slant helix if there is a Killing vector field U along with
constant length such that it make constant angle with principal normal vector N [14]. U is called an axis of
the general slant helix.

The vector field U(s) is said to be a Killing vector field along ¢ if the following conditions are satisfied
[11]

ook _or
0z 0T 9770 T 9 =0

where v is the velocity of the curve ¢. From [14], it is easy to see that U(s) is a Killing vector field along a
spacelike curve ¢ with spacelike principal normal if and only if it satisfies the following conditions:

=0, (54)

(@) g(U,T)=0,
(b) g(U”",N)k=0, (55)
€ gtu” -Lu” +kU,B)r=0.

Finally, in case of null curves the vector field U(s) is a Killing vector field along ¢(s) if the following
conditions are satisfied
@ ¢(U,T)=0,
(b) g(U”",N)=0, (56)
(c) g(U” —7U,B)=0.

Now, we have the following result.

Theorem 5.1. Let ¢(s) be a spacelike general slant helix with a Killing vector field U(s) in IE3 with the modified

orthogonal frame {T,N, B}. Then
ka2 + ¢ — k2

c
U(s) = (cs +¢c1)T + k_zN + 2

B (57)
and the relation between curvature and torsion is given by

1 , 3 k/ 2 k"’
E(ﬂaT) = (k4) —et 1, (58)

Va2 +c2-12

k2

where a3 = +

Proof. Let ¢(s) be a spacelike general slant helix with the Killing vector field U(s) and the constant slope
axis U(s) is given by

UE) = mETE) + 5NE) +a:(5)B(6), (59)

where a1(s), a3(s) are differentiable functions and ’c” is a nonzero constant. Since g(U, U) = 1, then from (59)
we obtain

22, 2 142 _ 12
k“al + c= —k*a5 = k%,

which implies that

az = ikl—zwlkza%-l‘cz—kz. (60)
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From (59) and the modified frame (2), we get

4 4
U =|a] =T+ (m —ck—3+w3)N+(;—§ +u;+%)B.

Making use of first Killing Eq. (55), it yields
a) =c.

Integrating (62) with respect to ’s’, we obtain
ay = cs +c1.

Therefore, we find

ket + 2 - k2

k2 B

U:(cs+c1)T+k%Ni

which is (57), and also we find
k/ k/
U = (a1 - Ec+w3)N+(;—§ +aj + %)B.

Furthermore from the condition U’ = A(T X U), we have
c
U = /\(—ZB - u3N).

Using (64) and (65), we find

_om K , kK¢
/\+T——£+a3?, ﬂ3+?a3—k—2(A—T).

By solving the above equation for A, we find

o) = _m ck’/ ﬂékz kk’as
as  azk® c c

Again differentiating (65), we derive

” Tt K ck’/
U’ = A[a3k2T+(k—2 —a; —a3E)N—(a31:+ k—3)B]

Making use of second killing Eq. (55) gives
, K ct
a, + ﬂ3? - k_2 =0.
Using (69) in (68) and differentiating again, we get

a37) + a3T— +

U’ =A [(a3k2)’T + (ﬂ3k2 —as7% — v

k3

Then, from (65), (68) and (70) together with the third killing Eq. (55), we derive

1 , 3(kz)2 kK’
E(ﬂ3"[) = k_4 — k_3 + 1.

which is (58). Hence, the proof is complete. [

’ ’ ’” 7\2
CkT)N_(( Ko ok’ 2e(k') B

161

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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Next, we prove the following result.

162

Theorem 5.2. Let ¢(s) be a lightlike general slant helix with killing vector field U(s) in E3 with the modified

orthogonal frame field (T, N, B}. Then U(s) is given by

k2 — 2 c cs + ¢y
U=-——° 1+ N+E795,
2k%(cs + ¢1) k2 k

and the relation between curvature and torsion is given by

(ai + %) = T(Illl + %) - (alk’c - Ci; — azkt?

where a1, az are given by

’

k= L_Gsta
T 2%(cs+c1) 0k

Proof. Let the constant slope axis U for lightlike general slant helix be given by

a

U(s) = a1(s)T(s) + ]éN(s) + a3(5)B(s).

From (73) and the modified frame (5), we have

U = (a'l + E)T+(111 + kEc—aﬂ)N+(—£ +aj+ k—ﬂ3)B.

k k
From the Killing Eq. (56), we obtain
o sta
3T T

Since g(U, U) = 1, then we find

aas = l(1— é)
2k k2
Using (75) and (76), we derive
-2
" W(es+or)

Therefore the axis of the null slant helix will be

K> —c? c cs + ¢
(=2 =% 1+ EN+ (29
v (Zkz(cs+c1)) +k2N+( k )

which is (71). Now, differentiating (71) and using (75), we obtain

a

. , cty , ¢t K ck’ ck’ '
U :(a1+?)T+[a1+?+?(a1—k—3—a3"c)+(a1—k—3—a37)]N—k(

Making use of second Killing Eq. (56), it follows

, ¢t K ck’ ck’ '
a1+?+? al—k—S—a3T+a1—k—3—a3’( =0.

Further differentiating (74) and using the third Killing Eq. (56), we obtain

” kK 4
(ai + C—T) - T(ﬂi + C—T)— (alkr+ 2z —Ll3k"[2) =0,

k k k2
which provides (72). O

C
4 — — —a37

(71)

(72)

(73)

(74)

(75)

(76)

(77)
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6. f-biharmonic slant helix
In this section we prove the following result.

Theorem 6.1. Let ¢ : I — IE3 be a unit speed lightlike f-biharmonic slant helix. Then, the curvature and torsion
satisfies the following relation

(LY (1) 2 2 -

C2k3 %

where k = clf‘% and T = kcs.

Proof. Let ¢ : I — EJ be a unit speed lightlike f-biharmonic slant helix curve with the modified orthogonal
frame in ]E‘i’ Then from (5), we have

ViV1T = VN = (kT)T + %N — kB, (78)
K\ (k)
ViV1rVtT = Vi VN = (kTI + 2k’T)T + [Zk’[ + (?) + (?) ]N - 3k’B. (79)
For the curve ¢ to be f—biharmonic then, we have
2f/ f/l 3
VTVTVTT + —VTVTT + —VTT =0. (80)
f f
Using Egs. (78) and (79) in (80), we get
e 2 KY L (KY 2K
(2k7+k1 + f kT)T+ 2kT+(?) +(%) +W + 7 N
2f
—[3k" + =—k|B =0. (81)
f
Equating the coefficients of T, N and B, we obtain
2 ’
2k't + kT’ + ]J: kTt =0, (82)
’ 2
k/ k, 2flk/ f// B
2kt + (E) + (%) + Fr + 7 =0, (83)
2 ’
3k + f k=0. (84)
f
By Eq. (84) it follows
K 2f
A 85
k 3f’ (85)
which yields k = ¢; f~2/3. By using (82) and (84), we have 7 = kc,. Now from Eq. (83), we have
AN LA )
(%) - 2(?) + 7 = —2C2k . (86)

From (85), it follows that

9k 3K\
FeilE) 55 &7
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Then from (86) and (87), we obtain
’ 2
K K
z(?) - (?) = 80, (58)
which on solving gives

3
o V8K 4 ek (89)
2

On the other hand, From Theorem 3.1, for a lightlike slant helix, we have

)23

Using (89) and (90), the result follows immediately. [
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