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Abstract. We consider almost Riemann and almost Ricci solitons in a D-homothetically deformed Ken-
motsu manifold having as potential vector field a gradient vector field, a solenoidal vector field or the Reeb
vector field of the deformed structure, and explicitly obtain the Ricci and scalar curvatures for some cases.
We also provide a lower bound for the Ricci curvature of the initial Kenmotsu manifold when the deformed
manifold admits a gradient almost Riemann or almost Ricci soliton.

1. Preliminaries

Riemann and Ricci solitons are stationary solutions of the Riemann and Ricci flow, respectively [9].
In recent years, various geometric properties of different types of solitons have been studied, by proving
the existence and obstructions on curvature. More or less natural generalizations of these geometric soli-
tons (∗-Ricci solitons, η-Ricci solitons, generalized Ricci solitons, Ricci-Yamabe solitons, Ricci-Bourguignon
solitons, Newton-Ricci solitons, Cotton solitons, Schouten solitons etc.) have been introduced on (pseudo)-
Riemannian manifolds carrying an additional structure such as almost product, almost complex, almost
contact, statistical structure and treated the cases when the potential vector field of the soliton is pointwise
collinear or orthogonal to the Reeb vector field of the structure, or when it is a conformal vector field.

In the present paper we consider almost Riemann and almost Ricci solitons in a D-homothetically
deformed Kenmotsu manifold. D-homothetic deformations were introduced by Tanno [13] in order to
obtain results on the second Betti numbers and harmonic forms. In almost contact metric geometry, a D-
homothetic deformation preserves the property of a structure (φ, ξ, η, 1) of being K-contact or Sasakian. The
name derives form the fact that the metrics restricted to the contact distribution D := ker(η) are homothetic.

After a short preliminary section, in Section 2 we give a brief description of the D-homothetically
deformed Kenmotsu structure, deducing also the expressions of the Hessian, gradient, divergence and
Laplace operators with respect to the deformed metric. We also provide the relation between the Hilbert-
Schmidt norm with respect to the two metrics. In Sections 3, 4 and 5 we consider almost Riemann and
almost Ricci solitons in the deformed manifold having as potential vector field the deformed Reeb vector
field, a gradient vector field, i.e. equal to the gradient of a smooth function, or a solenoidal vector field, i.e.
divergence-free, and in the gradient Riemann and gradient Ricci case, we estimate the norm of the Ricci
tensor field. Similar properties of gradient η-Ricci, η-Einstein and η-Yamabe solitons have been discussed
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in [1], [2] and [3]. Notice that gradient vector fields and solenoidal vector fields often appear while
modeling physical phenomena. Important examples of solenoidal vector fields are the magnetic vector
fields, whose trajectories are magnetic curves. They describe the magnetic influence of electric charges in
magnetic media, having practical applications. It’s obvious that the harmonic functions provide examples
of solenoidal vector fields of gradient type, namely, if ∆( f ) = 0, then grad( f ) is a solenoidal vector field.

2. Deformed almost contact metric structures

An almost contact metric manifold is an odd dimensional Riemannian manifold (M, 1) with a (1, 1)-tensor
field φ, a vector field ξ (called the Reeb vector field) and a 1-form η satisfying [12]:

φ2 = −I + η ⊗ ξ, η(ξ) = 1, η = iξ1, 1(φ·, φ·) = 1 − η ⊗ η.

From the definition one gets:

φξ = 0, η ◦ φ = 0, 1(φ·, ·) = −1(·, φ·).

An almost contact metric manifold (M, φ, ξ, η, 1) is called Kenmotsu manifold if for any X, Y ∈ X(M), the
Levi-Civita connection ∇ of 1 satisfies

(∇Xφ)Y = 1(φX,Y)ξ − η(Y)φX. (1)

Let (M, φ, ξ, η, 1) be a (2n + 1)-dimensional almost contact metric manifold and denote by D := ker(η)
the contact distribution. For a a positive constant, we define the D-homothetically deformation [6]:

φ = φ, ξ =
1
a
ξ, η = aη, 1 = a1 + a(a − 1)η ⊗ η.

Then (M, φ, ξ, η, 1) is also an almost contact metric manifold.

In the rest of the paper, we will consider D-homothetic deformations of a Kenmotsu manifold and we
shall characterize some particular types of solitons in the deformed manifold, with a special view towards
curvature.

For a (2n+1)-dimensional Kenmotsu manifold (M, φ, ξ, η, 1), if we set Y = ξ in (1), by a direct computation,
we get:

∇ξ = I − η ⊗ ξ, £ξ1 = 2(1 − η ⊗ η), div(ξ) = 2n.

Then the Levi-Civita connection ∇ of the deformed structure is

∇ = ∇ +
a − 1

a
(1 − η ⊗ η) ⊗ ξ,

whose Riemann curvature tensors of type (1, 3) and (0, 4), Ricci curvature tensor and scalar curvature are
respectively given by

R(X,Y)Z = R(X,Y)Z +
a − 1

a
[1(φY, φZ)X − 1(φX, φZ)Y],

R(X,Y,Z,W) = aR(X,Y,Z,W) + (a − 1){η(Z)[η(X)1(Y,W) − η(Y)1(X,W)]−

−1(X,Z)[1(Y,W) − η(Y)η(W)] + 1(Y,Z)[1(X,W) − η(X)η(W)]}, (2)

Ric = Ric +
2n(a − 1)

a
(1 − η ⊗ η), (3)

scal =
1
a

scal +
2n(2n + 1)(a − 1)

a2 . (4)
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Moreover, by a direct computation, we get:

(∇Xφ)Y = (∇Xφ)Y −
a − 1

a
1(φX,Y)ξ, ∇ξ =

1
a
∇ξ, £ξ1 = £ξ1, div(ξ) =

1
a

div(ξ)

and for any f ∈ C∞(M), the Hessian, the gradient, the divergence and the Laplace operators with respect to
1 satisfy:

Hess( f ) = Hess( f ) −
a − 1

a
ξ( f )([1 ◦ ∇ξ),

grad( f ) =
1
a

grad( f ) −
a − 1

a2 ξ( f )ξ,

div = div,

∆( f ) =
1
a

∆( f ) −
a − 1

a2 ξ( f ) div(ξ) −
a − 1

a2 ξ(ξ( f )).

Therefore

Proposition 2.1. In a (2n + 1)-dimensional D-homothetically deformed Kenmotsu manifold, we have:

(∇Xφ)Y =
1
a
1(φX,Y)ξ − η(Y)φX,

∇ξ =
1
a

(I − η ⊗ ξ),

£ξ1 = 2(1 − η ⊗ η), (5)

div(ξ) =
2n
a
. (6)

Moreover, for any f ∈ C∞(M), the Hessian, the gradient, the divergence and the Laplace operators with respect to
1 satisfy:

Hess( f ) = Hess( f ) −
a − 1

a
ξ( f )(1 − η ⊗ η), (7)

grad( f ) =
1
a

grad( f ) −
a − 1

a2 ξ( f )ξ,

div = div,

∆( f ) =
1
a

∆( f ) −
2n(a − 1)

a2 ξ( f ) −
a − 1

a2 ξ(ξ( f )). (8)

Remark 2.2. From (8), we notice that a ∆-harmonic function f is also ∆-harmonic if and only if Hess( f )(ξ, ξ) =
−2nη(grad( f )).

Let Ei = 1
√

a
Ei, for i ∈ {1, . . . , 2n}, and ξ = 1

aξ define two orthonormal basis with respect to 1 and 1,
respectively. Then for any symmetric (0, 2)-tensor fields T1 and T2, computing the inner product with
respect to 1 and 1, we obtain:

〈T1,T2〉1 =
1
a2 〈T1,T2〉1 −

a2
− 1

a4 T1(ξ, ξ) · T2(ξ, ξ),

hence the Hilbert-Schmidt norms of a symmetric (0, 2)-tensor field T with respect to 1 and 1 satisfy

|T|2
1

=
1
a2 |T|

2
1 −

a2
− 1

a4 [T(ξ, ξ)]2
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and taking into account that

〈1, 1〉1 = 2n + 1, 〈1,Ric〉1 = scal, 〈1,Hess( f )〉1 = ∆( f ), 〈1, η ⊗ η〉1 = 1,

〈Ric,Hess( f )〉1 =

2n∑
i=1

Ric(∇Ei grad( f ),Ei) + Ric(∇ξ grad( f ), ξ),

〈Ric, η ⊗ η〉1 = −2n, 〈Hess( f ), η ⊗ η〉1 = ξ(ξ( f )), 〈η ⊗ η, η ⊗ η〉1 = 1,

by a direct computation, we obtain:

Proposition 2.3. In a (2n + 1)-dimensional D-homothetically deformed Kenmotsu manifold, we have:

〈1,Ric〉1 =
1
a2 scal +

2n(a2
− 1)

a4 ,

〈1,Hess( f )〉1 =
1
a2 ∆( f ) −

a2
− 1

a4 ξ(ξ( f )),

〈1, η ⊗ η〉1 =
1
a4 ,

〈Ric,Hess( f )〉1 =
1
a2 〈Ric,Hess( f )〉1 +

2n(a2
− 1)

a4 ξ(ξ( f )),

〈Ric, η ⊗ η〉1 = −
2n
a4 ,

〈Hess( f ), η ⊗ η〉1 =
1
a4 ξ(ξ( f )).

Also, the Hilbert-Schmidt norms with respect to 1 and 1 satisfy:

|1|2
1

=
2na2 + 1

a4 ,

|Ric |2
1

=
1
a2 |Ric |21 −

4n2(a2
− 1)

a4 ,

|Hess( f )|2
1

=
1
a2 |Hess( f )|21 −

a2
− 1

a4 (ξ(ξ( f )))2,

|η ⊗ η|2
1

=
1
a4 .

Remark 2.4. From the previous proposition, we deduce that in a (2n + 1)-dimensional D-homothetically deformed
Kenmotsu manifold, the Ricci curvature satisfies:

|Ric |21 ≥
4n2(a2

− 1)
a2 .

In particular, a can not take any positive real value, precisely, if |Ric |21 < 4n2, then a ∈
(
0, 4n2

4n2−|Ric |21

)
.

In the next sections we shall characterize almost Riemann and almost Ricci solitons in a D-homothetically
deformed Kenmotsu manifold when the potential vector field of the soliton is the deformed Reeb vector
field ξ, a solenoidal or a gradient vector field.



A. M. Blaga / Filomat 36:1 (2022), 175–186 179

3. Almost Riemann solitons

On a (2n + 1)-dimensional smooth manifold M, a Riemannian metric 1 and a non-vanishing vector field
V is said to define a Riemann soliton [10] if there exists a real constant λ such that

1
2

£V1 � 1 + R = λG, (9)

where G := 1
21 � 1, £V denotes the Lie derivative operator in the direction of the vector field V and R is the

Riemann curvature tensor. If λ is a smooth function on M, we call (V, λ) an almost Riemann soliton. Moreover,
if V is a gradient vector field, we call (V, λ) a gradient almost Riemann soliton. A Riemann soliton defined by
(V, λ) is said to be shrinking, steady or expanding according as λ is positive, zero or negative, respectively.

It was proved [8] that the Riemann and Ricci tensor fields of a (2n + 1)-dimensional Kenmotsu manifold
satisfy:

R(X,Y)ξ = η(X)Y − η(Y)X

and
Ric(ξ, ξ) = −2n.

Since the Kulkarni-Nomizu product for two (0, 2)-tensor fields T1 and T2 is defined by:

(T1 � T2)(X,Y,Z,W) := T1(X,W)T2(Y,Z) + T1(Y,Z)T2(X,W) − T1(X,Z)T2(Y,W) − T1(Y,W)T2(X,Z),

for any X,Y,Z,W ∈ X(M), then the Riemann soliton equation (9) is explicitly expressed as

2R(X,Y,Z,W) + [1(X,W)(£V1)(Y,Z) + 1(Y,Z)(£V1)(X,W) − 1(X,Z)(£V1)(Y,W) − 1(Y,W)(£V1)(X,Z)] =

= 2λ[1(X,W)1(Y,Z) − 1(X,Z)1(Y,W)], (10)

which by contraction over X and W, gives

1
2

£V1 +
1

2n − 1
Ric =

2nλ − div(V)
2n − 1

1 (11)

and further

scal = 2n[(2n + 1)λ − 2 div(V)]. (12)

From (2) and (10), we obtain:

Proposition 3.1. If (ξ, λ) defines an almost Riemann soliton in a D-homothetically deformed Kenmotsu manifold
(M, φ, ξ, η, 1), then:

R(X,Y,Z,W) = −2[1(X,W)1(Y,Z) − 1(X,Z)1(Y,W)]+

+1(X,W)η(Y)η(Z) − 1(X,Z)η(Y)η(W) + 1(Y,Z)η(X)η(W) − 1(Y,W)η(X)η(Z),

for any X,Y,Z,W ∈ X(M).

Theorem 3.2. If (ξ, λ) defines an almost Riemann soliton in a (2n + 1)-dimensional D-homothetically deformed
Kenmotsu manifold (M, φ, ξ, η, 1), then:

λ =
a − 1

a2 ,

Ric = −(4n − 1)1 + (2n − 1)η ⊗ η, (13)

scal = −8n2. (14)
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Proof. Equating (3) and (11) and using (5) and (6), we get:

Ric =
[
2naλ − (4n − 1) − 2n

a − 1
a

]
1 +

[
2na(a − 1)λ + (4n − 1 − 2na) + 2n

a − 1
a

]
η ⊗ η. (15)

Also, by equating (4) and (11) and using (6), we obtain:

scal = 2n(2n + 1)aλ − 8n2
− 2n(2n + 1)

a − 1
a
. (16)

Now, tracing (15) and considering (16), we get:

λ =
1
a
−

1
a2

which, by replacing it in (15) and (16), gives (13) and (14).

Remark 3.3. Under the hypotheses of Theorem 3.2, we get

|Ric |2 = 2n(16n2
− 6n + 1).

Proposition 3.4. If (ξ, λ) defines an almost Riemann soliton in (M, φ, ξ, η, 1), then (ξ, λ) defines an almost Riemann
soliton in (M, φ, ξ, η, 1) if and only if λ = 0.

Theorem 3.5. If (V, λ) defines an almost Riemann soliton of solenoidal type in a (2n+1)-dimensional D-homothetically
deformed Kenmotsu manifold (M, φ, ξ, η, 1), then:

λ =
2n − 1

2n
ξ(η(V)) −

1
a2 ,

Ric = [(2n − 1)aξ(η(V)) − 2n]1(X,Y) + (2n − 1)a(a − 1)ξ(η(V))η(X)η(Y) −
(2n − 1)a

2
[1(∇XV,Y) + 1(∇YV,X)]−

−
(2n − 1)a(a − 1)

2
{η(X)[η(∇YV) + 1(Y,V)] + η(Y)[η(∇XV) + 1(X,V)] − 2η(X)η(Y)η(V)}, (17)

scal = (2n + 1)[(2n − 1)aξ(η(V)) − 2n]. (18)

Proof. Equating (3) and (11) and using div(V) = 0, we get:

Ric(X,Y) =
(
2naλ − 2n

a − 1
a

)
1(X,Y) +

[
2na(a − 1)λ + 2n

a − 1
a

]
η(X)η(Y) − (2n − 1)

a
2

[1(∇XV,Y) + 1(∇YV,X)]−

−(2n − 1)
a(a − 1)

2
{η(X)[η(∇YV) + 1(Y,V)] + η(Y)[η(∇XV) + 1(X,V)] − 2η(X)η(Y)η(V)}. (19)

Also, by equating (4) and (12), we obtain:

scal = 2n(2n + 1)aλ − 2n(2n + 1)
a − 1

a
. (20)

Now, tracing (19) and considering (20), we get:

λ =
2n − 1

2n
ξ(η(V)) −

1
a2

which, by replacing it in (19) and (20), gives (17) and (18).

Corollary 3.6. Under the hypotheses of Theorem 3.5, if V is 1-orthogonal to ξ, then (M, 1) is of negative constant
scalar curvature and (V, λ) is an expanding Riemann soliton.
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Theorem 3.7. If (V = grad( f ), λ) defines a gradient almost Riemann soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then:

λ =
1

2na
∆( f ) −

a − 1
a2 η(grad( f )) +

2n − a
2na2 Hess( f )(ξ, ξ) −

1
a2 . (21)

Proof. If V = grad( f ), then 1
2 £V1 = Hess( f ) and equation (11) becomes

Hess( f ) +
1

2n − 1
Ric =

2nλ − ∆( f )
2n − 1

1. (22)

Using (3), (7) and (8) in (22) we get

(2n − 1) Hess( f ) + Ric +
a − 1

a
[2n − (2n − 1)ξ( f )](1 − η ⊗ η) =

=

[
2nλ −

1
a

∆( f ) +
2n(a − 1)

a2 ξ( f ) +
a − 1

a2 ξ(ξ( f ))
]

[a1 + a(a − 1)η ⊗ η] (23)

and tracing (23) with respect to 1, we obtain

scal = 2na(2n + a)λ− (4n + a−1)∆( f ) +
2n(a − 1)(4n + a − 1)

a
ξ( f ) +

(2n + a)(a − 1)
a

ξ(ξ( f ))−
4n2(a − 1)

a
. (24)

Now tracing (22) with respect to 1we get

4n∆( f ) + scal = 2n(2n + 1)λ

and using (4) and (8), we obtain

scal = 2na(2n + 1)λ − 4n∆( f ) +
8n2(a − 1)

a
ξ( f ) +

4n(a − 1)
a

ξ(ξ( f )) −
2n(2n + 1)(a − 1)

a
. (25)

Now, equating (24) and (25), taking into account that ξ(ξ( f )) = Hess( f )(ξ, ξ), we get (21).

Example 3.8. Consider the 3-dimensional Kenmotsu manifold (M, φ, ξ, η, 1), where M = {(x, y, z) ∈ R3, z > 1},
with (x, y, z) the standard coordinates in R3, and

φ := dx ⊗
∂
∂y
− dy ⊗

∂
∂x
, ξ :=

∂
∂z
, η := dz, 1 := e2z(dx ⊗ dx + dy ⊗ dy) + dz ⊗ dz.

Then the pair (V = ez ∂
∂z , λ = 2ez

−1) defines a shrinking gradient almost Riemann soliton [4], with V = grad( f ),
for f (x, y, z) = ez. If (V = grad( f ), λ) defines a gradient almost Riemann soliton in the D-homothetically deformed
Kenmotsu manifold (M, φ, ξ, η, 1), then

V =
1
a2 V, λ =

1
a2λ.

Corollary 3.9. Under the hypotheses of Theorem 3.7, if V is 1-orthogonal to ξ, we get

λ =
1

2na
∆( f ) −

1
a2 , scal = −(2n − 1)∆( f ) − 2n(2n + 1).

Considering (22) and computing the Hilbert-Schmidt norms, if (V = grad( f ), λ) defines a gradient almost
Riemann soliton in a (2n + 1)-dimensional D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1),
then

|Hess( f )|2
1

=
1

(2n − 1)2 [|Ric|2
1
− 4n2(2n + 1)λ

2
+ 16n2∆( f )λ − (6n − 1)(∆( f ))2]

and imposing the existence condition on λ, we get:
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Theorem 3.10. If (V = grad( f ), λ) defines a gradient almost Riemann soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric|2
1
≥ (2n − 1)2

[
|Hess( f )|2

1
−

1
2n + 1

(∆( f ))2
]
. (26)

Corollary 3.11. If (V = grad( f ), λ) defines a solenoidal gradient almost Riemann soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric|2
1
≥ (2n − 1)2

|Hess( f )|2
1
.

Replacing now Ric, Hess( f ) and ∆ from (3), (7) and (8) in (26), we obtain:

Proposition 3.12. If (V = grad( f ), λ) defines a gradient almost Riemann soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric |21 ≥ (2n − 1)2
|Hess( f )|21 − 4n

a − 1
a

scal−4n2(2n + 1)
(a − 1

a

)2

−

−
(2n − 1)2

2n + 1
(∆( f ))2

−
2(2n − 1)2

2n + 1
a − 1

a
[ξ( f ) − ξ(ξ( f ))]∆( f )+

+
2n(2n − 1)2

2n + 1

(a − 1
a

)2

(ξ( f ))2
−

2(2n − 1)2(n + na + a)(a − 1)
(2n + 1)a2 (ξ(ξ( f )))2 +

2(2n − 1)2(2n + a)(a − 1)
(2n + 1)a2 ξ( f ) · ξ(ξ( f )).

Corollary 3.13. Under the hypotheses of Proposition 3.12, if V is 1-orthogonal to ξ, we get

|Ric |21 ≥ (2n − 1)2
|Hess( f )|21 −

(2n − 1)2

2n + 1
(∆( f ))2 +

4n(2n − 1)(a − 1)
a

∆( f ) +
4n2(2n + 1)(a2

− 1)
a2 .

Moreover, if f is a ∆-harmonic function, then

|Ric |21 ≥ (2n − 1)2
|Hess( f )|21 +

4n2(2n + 1)(a2
− 1)

a2 .

Proposition 3.14. If (V = grad( f ), λ) defines a solenoidal gradient almost Riemann soliton in a (2n+1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric |21 ≥ (2n − 1)2
|Hess( f )|21 +

a2
− 1

a2 [4n2
− (2n − 1)2(ξ(ξ( f )))2].

4. Almost Ricci solitons

On a (2n + 1)-dimensional smooth manifold M, a Riemannian metric 1 and a non-vanishing vector field
V is said to define a Ricci soliton [9] if there exists a real constant λ such that

1
2

£V1 + Ric = λ1, (27)

where £V denotes the Lie derivative operator in the direction of the vector field V, Ric and scal are the Ricci
and the scalar curvature of 1, respectively. If λ is a smooth function on M, we call (V, λ) an almost Ricci
soliton. Moreover, if V is a gradient vector field, we call (V, λ) a gradient almost Ricci soliton. A Ricci soliton
defined by (V, λ) is said to be shrinking, steady or expanding according as λ is positive, zero or negative,
respectively.

Tracing (27), we obtain:

scal = (2n + 1)λ − div(V). (28)
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Theorem 4.1. If (ξ, λ) defines an almost Ricci soliton in a (2n+1)-dimensional D-homothetically deformed Kenmotsu
manifold (M, φ, ξ, η, 1), then it is an expanding Ricci soliton and:

λ = −
2n
a2 ,

Ric = −(2n + 1)1 + η ⊗ η, (29)

scal = −4n(n + 1). (30)

Proof. Equating (3) and (27) and using (5) and (6), we get:

Ric =
(
aλ − 1 − 2n

a − 1
a

)
1 +

[
a(a − 1)λ + 1 + 2n

a − 1
a

]
η ⊗ η. (31)

Also, by equating (4) and (28) and using (6), we obtain:

scal = (2n + 1)aλ − 2n − 2n(2n + 1)
a − 1

a
. (32)

Now, tracing (31) and considering (32), we get:

λ = −2n
1
a2

which, by replacing it in (31) and (32), gives (29) and (30).

Remark 4.2. Under the hypotheses of Theorem 4.1, we get

|Ric |2 = 2n(4n2 + 6n + 1).

Proposition 4.3. If (ξ, λ) defines an almost Ricci soliton in (M, φ, ξ, η, 1), then (ξ, λ) defines an almost Ricci soliton
in (M, φ, ξ, η, 1) if and only if λ = −2n.

Theorem 4.4. If (V, λ) defines an almost Ricci soliton of solenoidal type in a (2n + 1)-dimensional D-homothetically
deformed Kenmotsu manifold (M, φ, ξ, η, 1), then:

λ = ξ(η(V)) −
2n
a2 ,

Ric =
[
aξ(η(V)) − 2n

]
1(X,Y) + a(a − 1)ξ(η(V))η(X)η(Y) −

a
2

[1(∇XV,Y) + 1(∇YV,X)]−

−
a(a − 1)

2
{η(X)[η(∇YV) + 1(Y,V)] + η(Y)[η(∇XV) + 1(X,V)] − 2η(X)η(Y)η(V)}, (33)

scal = (2n + 1)[aξ(η(V)) − 2n]. (34)

Proof. Equating (3) and (27) and using div(V) = 0, we get:

Ric(X,Y) =
(
aλ − 2n

a − 1
a

)
1(X,Y) +

[
a(a − 1)λ + 2n

a − 1
a

]
η(X)η(Y) −

a
2

[1(∇XV,Y) + 1(∇YV,X)]−

−
a(a − 1)

2
{η(X)[η(∇YV) + 1(Y,V)] + η(Y)[η(∇XV) + 1(X,V)] − 2η(X)η(Y)η(V)}. (35)

Also, by equating (4) and (28), we obtain:

scal = (2n + 1)aλ − 2n(2n + 1)
a − 1

a
. (36)

Now, tracing (35) and considering (36), we get:

λ = ξ(η(V)) − 2n
1
a2

which, by replacing it in (35) and (36), gives (33) and (34).
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Corollary 4.5. Under the hypotheses of Theorem 4.4, if V is 1-orthogonal to ξ, then (M, 1) is of negative constant
scalar curvature and (V, λ) is an expanding Ricci soliton.

Theorem 4.6. If (V = grad( f ), λ) defines a gradient almost Ricci soliton in a (2n+1)-dimensional D-homothetically
deformed Kenmotsu manifold (M, φ, ξ, η, 1), then:

λ =
1
a2 Hess( f )(ξ, ξ) −

2n
a2 . (37)

Proof. If V = grad( f ), then 1
2 £V1 = Hess( f ) and equation (27) becomes

Hess( f ) + Ric = λ1. (38)

Using (3) and (7) in (38) we get

Hess( f ) + Ric +
a − 1

a
[2n − ξ( f )](1 − η ⊗ η) = λ[a1 + a(a − 1)η ⊗ η] (39)

and tracing (39) with respect to 1, we obtain

scal = a(2n + a)λ − ∆( f ) +
2n(a − 1)

a
ξ( f ) −

4n2(a − 1)
a

. (40)

Now tracing (38) with respect to 1we get

∆( f ) + scal = (2n + 1)λ

and using (4) and (8), we obtain

scal = a(2n + 1)λ − ∆( f ) +
2n(a − 1)

a
ξ( f ) +

a − 1
a
ξ(ξ( f )) −

2n(2n + 1)(a − 1)
a

. (41)

Now, equating (40) and (41), taking into account that ξ(ξ( f )) = Hess( f )(ξ, ξ), we get (37).

Example 4.7. Consider the 3-dimensional Kenmotsu manifold (M, φ, ξ, η, 1), where M = {(x, y, z) ∈ R3, z > 1},
with (x, y, z) the standard coordinates in R3, and

φ := dx ⊗
∂
∂y
− dy ⊗

∂
∂x
, ξ :=

∂
∂z
, η := dz, 1 := e2z(dx ⊗ dx + dy ⊗ dy) + dz ⊗ dz.

Then the pair (V = ez ∂
∂z , λ = ez

− 2) defines a shrinking gradient almost Ricci soliton [4], with V = grad( f ),
for f (x, y, z) = ez. If (V = grad( f ), λ) defines a gradient almost Ricci soliton in the D-homothetically deformed
Kenmotsu manifold (M, φ, ξ, η, 1), then

V =
1
a2 V, λ =

1
a2λ.

Corollary 4.8. Under the hypotheses of Theorem 4.6, if V is 1-orthogonal to ξ, the Ricci soliton is expanding and we
get:

λ = −
2n
a2 , scal = −∆( f ) − 2n(2n + 1).

Considering (38) and computing the Hilbert-Schmidt norms, if (V = grad( f ), λ) defines a gradient almost
Ricci soliton in a (2n + 1)-dimensional D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Hess( f )|2
1

= |Ric|2
1
− (2n + 1)λ

2
+ 2∆( f )λ

and imposing the existence condition on λ, we get, in this case, the same estimation (see [5], [7]):
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Theorem 4.9. If (V = grad( f ), λ) defines a gradient almost Ricci soliton in a (2n+1)-dimensional D-homothetically
deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric|2
1
≥ |Hess( f )|2

1
−

1
2n + 1

(∆( f ))2. (42)

Corollary 4.10. If (V = grad( f ), λ) defines a solenoidal gradient almost Ricci soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric|2
1
≥ |Hess( f )|2

1
.

Replacing now Ric, Hess( f ) and ∆ from (3), (7) and (8) in (42), we obtain:

Proposition 4.11. If (V = grad( f ), λ) defines a gradient almost Ricci soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric |21 ≥ |Hess( f )|21 − 4n
a − 1

a
scal−4n2(2n + 1)

(a − 1
a

)2

−
1

2n + 1
(∆( f ))2

−
2

2n + 1
a − 1

a
[ξ( f ) − ξ(ξ( f ))]∆( f )+

+
2(2n + a)(a − 1)

(2n + 1)a2 ξ( f ) · ξ(ξ( f )) +
2n

2n + 1

(a − 1
a

)2

(ξ( f ))2
−

2(n + na + a)(a − 1)
(2n + 1)a2 (ξ(ξ( f )))2.

Corollary 4.12. Under the hypotheses of Proposition 4.11, if V is 1-orthogonal to ξ, we get

|Ric |21 ≥ |Hess( f )|21 −
1

2n + 1
(∆( f ))2 +

4n(a − 1)
a

∆( f ) +
4n2(2n + 1)(a2

− 1)
a2 .

Moreover, if f is a ∆-harmonic function, then

|Ric |21 ≥ |Hess( f )|21 +
4n2(2n + 1)(a2

− 1)
a2 .

Proposition 4.13. If (V = grad( f ), λ) defines a solenoidal gradient almost Ricci soliton in a (2n + 1)-dimensional
D-homothetically deformed Kenmotsu manifold (M, φ, ξ, η, 1), then

|Ric |21 ≥ |Hess( f )|21 +
a2
− 1

a2 [4n2
− (ξ(ξ( f )))2].

Conclusions. Stationary solutions to geometric flows, Riemann and Ricci solitons still constitute a very
actual topic in Differential Geometry. The paper brings into light new properties of these types of solitons
in a D-homothetically deformed Kenmotsu manifold with solenoidal potential vector field or of gradient
type, underlying the relations between the initial and the deformed structure. Since Riemann solitons are
not yet very much investigated, any contribution in this direction can bring new points of view on the
geometry of the manifold.
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