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Abstract. In this paper, we study the following nonlinear elliptic problem
—div(a(x)Vu) = f(x,u), xeQ ue H(l)(Q) (P)

where Q) is a regular bounded domain in RN, N > 2, a(x) a bounded positive function and the nonlinear
reaction source is strongly asymptotically linear in the following sense

)
m ;

t—+co

= q(x)

uniformly in x € Q.

We use a variant version of Mountain Pass Theorem to prove that the problem (P) has a positive solution for
alarge class of f(x,t) and g(x). Here, the existence of solution is proved without use neither the Ambrosetti-
Rabionowitz condition nor one of its refinements. As a second result, we use the same techniques to prove
the existence of solutions when f(x, t) is superlinear and subcritical on f at infinity.

1. Introduction and Main Results

In this paper, let Q be a regular bounded domain in RY, N > 2 and consider the following quasi-linear
elliptic weighted problem:

{—div(a(x)Vu) flx,u) in Q,

u = 0 on dQ, 1

where a(x) is a continuous function on Q and f(x, t) is strongly asymptotically linear function:

lim fef

t—+o0 t

=q(),
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where g(x) is a bounded function. When modeling morphogenesis phenomena in Biology and the popula-
tion dynamic, Turing (1952) induce this type of equations for the interaction of species or chemicals:

o _

o — diva)Vu) = f(x,u),

u is the density and div(a(x)Vu) represents the substance of diffusion through the system and finally f
models the interaction of substances. In the stationary case and when f(x,f) = f(t) depends only on ¢
and f is asymptotically linear at +oco, that is g(x) = [ = const., the problem (1) was studied by Sdanouni
and Trabelsi in [21]. In fact the results in [21] was a generalisation of those founded by Mironescu and
Réadulescu in [10, 15, 16, 18] where a is constant with the same conditions on the nonlinearity f(¢). Their
proof of the existence of positive solutions is based on the condition f(0) > 0, since they take a positive, ct,
convex increasing real values function f. Also, with this conditions on the reaction function f and when f
is super-linear (I = +o0) the problem was studied in [5, 13, 14]. After that, the same problem (1) (and the
same conditions on f) with a(x) = const. was generated to the p-Laplace operator in [9, 20]. The problem
with the Bi-Laplacian operator was treated in [1, 2, 22, 25].

In order to study the problem for more large class of functions, Zhou in [26] consider the case when the
asymptotically nonlinear term f(x, s) depends on x and s and f(x,0) = 0. More precisely, he considered the
following conditions:

(F1) f(x,t) € C(QXR), f(x,t) = 0forallt >0and x € Qand f(x,t)=0fort <0and x € Q.

ot . o
F2) iy 22 =, i £527

and [[p(x)ll < A1, where A1 > 0is the first eigenvalue of (—div(a(x)V.), Hj(Q)).

= g(x) uniformly in a.e.x € (), where p(x) and g(x) are bounded functions

x,t

(F3) The function is nondecreasing with respect tot > 0, fora.e.x € Q.

In this paper, we will study the solvability of the problem (1) when the function a is not constant and
f(x,s) is strongly asymptotically linear.
We start by giving the definition of solution (weak solution) for the problem (1).

Definition 1.1. A function u € H}(Q) is called solution of the problem (1) if

f a(x)VuVeodx = f fx, u)pdx, (2)
o) Q

for all ¢ € HY(Q).

Our approach is variational and we consider the following functional I defined on Hj(Q2) by

um:%j)mw#w—jfmmw (3)
Q Q
where .
F(x,s):ff(x,t)dt.
0

To prove the existence of nonzero critical point of I, we use a different version of the Mountain Pass Theorem
given in [7].

Theorem 1.2. [7] Let H be a real Banach space and suppose that I € C'(H, R) satisfies the condition

max{l(0),I(e)} <a < p < ”i{llf I(u)
ull=p
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for some a < B, p >0, and e € H with |le|| > p. Let c > B be characterized by

= inf I(v(t)),
¢ := infmax (y®)

wherel :={y € C([0,1],H); y(0) =0 and y(1) = e} the set of continuous paths joining 0 and e. Then, there exists
a sequence (u,) in H satisfying the Cerami conditions:

I(u,) > ¢ as n— +oo 4)
and

(T + llun DI (wa)lle — 0 as n — +oo. 5)

In order to prove that the Cerami sequence given by Theorem 1.2 has a convergent subsequence and so the
functional I has a nontrivial critical point, it is often assumed that the nonlinearity satisfies the following
Ambrosetti-Rabionovitz condition introduced in [3, 17]:

there exist some constants 6 > 2 and M > 0 such that

(AR) 0 < OF(x,t) < f(x, D),

forall [t > M and x € Q.
But here, for the asymptotically nonlinearities, we can not suppose such condition since the condition (AR)

F(x,t)

12

implies that tlim = +o0 and as consequence
—+00
lim

fx 1)
t—+00 t

ness problem, we can refer to [6, 7, 11, 20, 23, 24, 26] and the references therein. In this paper we will prove
the compactness property for the Cerami sequence without any additive assumption or hypothesis on the
function f.

Before introducing our results, we remark that the asymptotically nonlinearities attract more and more
attention: In [12] Li and Huang consider a generalized quasilinear Schrodinger equations with asymptoti-
cally linear nonlinearities. They supposed that the nonlinearities f depend only on f and they proved the
existence of positive solutions using variational methods.

In this paper, we suppose that a(x) is positive and bounded:

= +oo which contradicts (F2). There are many other conditions imposed to solve the compact-

(A) 0<a; <alx) <ap,

for some positive constants a; and a, a.e. x € Q.

1/
Let [[ull, = ( fQ [ul? ) g denotes the [7(Q2)-norm. Consider the inner product in H(l)(Q) given by

<u,v>= f a(x)Vu.Vo dx,
o)

and the induced norm will be denoted

hll = ( fQ AVl )’

Set ¢1 a normalised positive eigenfunction associated to A; the first eigenvalue of the operator —div(a(x)Vu)
with Dirichlet boundary condition on the open domain Q.

~div(a()Ve)

P1
o, prdx = 1.

A1(p1 in Q
0 on JQ (6)
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In this paper, we define

fQ a(x)|Vu|*dx

A = in
ueHy(@u0 [ q(x)uldx

(7)

and we will see in Lemma 2.1, in the next section, that A; > 0 and it is achieved by some positive function
¢1 in Hy(Q).
Before stating our main results, let us recall the assumptions on the nonlinearity.

(F1) f(x,t) € C(ﬁle),f(x,t) >0forallf>0and x € Qand flx,t)=0fort <0and x eQ.

1 1
(F2) ltin(')l @ = p(x), tlim f(i ) = g(x) uniformly in a.e.x € ), where p(x) and g(x) are bounded functions
N —+00
and |[p(x)ll < A1, where A1 > 0is the first eigenvalue of (—div(a(x)V.), Hj(Q)).
flxt)

(F3) The function is nondecreasing with respect tot > 0, fora.e.x € Q.

Theorem 1.3. Suppose that (F1) and (F2) hold, then we have.

(i) If Ay > 1and (F3) holds, then the problem (1) does not have a positive solution.
(ii) If A1 <1, then the problem (1) has a non-trivial positive solution.
(iii)) If A1 =1and (F3) holds, then (1) has a non-trivial positive solution
u € Hy(Q) if and only if there exists a constant ¢ > 0 such that u = cdy and f(x,u) = q(x)u  a.e. in Q.

For the case when g(x) = +o0 a.e. in (), let
2N
. N—2 lf N>2
7‘{+oo if N=2 ®)
be the critical Sobolev exponent. We prove the following result.

fen

Theorem 1.4. Suppose that (F1), (F2) and (F3) hold, g(x) = +o0 a.e. in Q and f(x, t) is subcritical: tlim

Stoo -1

uniformly in x € Q, for some real r with r € (2,+*). Then the problem (1) has a non-trivial positive solution.

2. Preliminaries

Lemma 2.1. Let q(x) be a bounded non-negative function and a(x) be a positive function on Q. The following
eigenvalue-eigenfunction problem:

—diva(x)Vu) =A qglxu in Q, 9
u = 0 on dQ, ©)

has a solution (A1, ¢1) satisfying ¢1 > 0 a.e. in Q, @1 € H}J(Q), A1 >0and

A1 = inf{ f a(x)|Vul’dx, u € Hy(Q) and f g(x)u*dx = 1).
Q Q

Proof. Since the function 4 is continuous and satisfies the condition (A), By the same scheme of [Lemma 2.1,
26] we get A > 0 and there exists ¢ solution to the equation (9). If ¢; is not non-negative, we can take |¢|
and using maximum principle, we get a solution, still denoted ¢, satisfying ¢1 > 0 a.e. in Q. ]

In the proof of the mains results, we need that (Hé(Q), IIl.I) as a Hilbert space. In fact, we have the fol-
lowing result.
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Lemma 2.2. (H(l)(Q), II.Il) is a Hilbert space and the norm ||u|| is equivalent to the norm
[l y-

Proof. (H é(Q), [I-llw12(y)) is @ Banach space and the equivalence between the two norms is due to the condition
(A). O

The next lemma assures the two geometric properties for the functional I induced by (3 ) when A; < 1.

Lemma 2.3. Suppose that the function f satisfies (F1) and (F2), then the following results hold.

(i) There exist p, B > 0 such that I(u) > B for all u € H}(Q) with ||u|| =
(ii) If A1 <1, then I(t¢) — —o0 as t — +oo.

Proof. (i) Let € > 0, there exist A = A(¢) > 0 and ¢y > 1 such that for all t > ¢,
f(x,t) < At. Forr > 1, we get f(x,t) < At" and then

F&, 0 < 2 (p@lle + OF + 2™, (10)

forall (x,t) € QX R.
By choosing r such that 2 < r + 1 < ", r* given by (8), we obtain

lull*1 < Cllull"*! and then

W) = P - [ F(xu)dx
= Slple + )l ~ Al

1 1
Ml = 5Ulp)llos + )lully = 25 Cllull ™.

vV IV IV

By definition of A1, we have

1 lp()lleo + € A

) 2 51 = 3=l ~ 5 Cllulf ™.

From (F2), for ¢ > 0 small enough such that [|p(x)|l< + ¢ < A1, we can choose ||u|| = p very small in order to
get I(u) > p for a given § > 0 sufficiently small.
(if) Suppose that Ay < 1. For t > 0, we have

t2
I(t4r) = f a(x)|Vop [Pdx — f F(x, t¢y) dx. (11)
Q o)
By the condition (F2) and the definition of the function F(x, f) , we have

_Fxb) g
M= =7

Then, using the Fatou’s Lemma and the fact that ¢, is a solution for the minimization problem (7), we get

lim I(t¢1) f AV pndx - Jim f F(X;Zt@) dx
Q

t—o0
1 F t
o} fromata [ m 50

<1 f AV iz — & f AR
<1 f @IV P - 5 fg a9V

< K(Al -1) fQ a(x)|Ve1[Pdx < 0,

for A1 < 1. So I(t1) = —co as t — +oo. m]
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Remark 2.4. Assume the conditions (F1) — (F3) and suppose that the function f is subcritical with respect to t and
q(x) = +oo a.e. in Q. Then, the results of the Lemma 2.3 hold.

Lemma 2.5.  If (u,) is a convergent sequence to u in LP(Q)), for some 1 < p < +oo, then (u;}) converges to u* in
LP(Q), where u;; = max(0, u,) and u* = max(0, u).

Proof.
Il — u+||§ :f lut —ut|Pdx
Q
1 P
— o5 [ Jem =+ = e
Q

1 p
sz—pL(|un—u|+||un|—|uu) dx

p
<= (Iun —ul + |u, — ul) dx
27 Jo

1 p
< > 5 (Zlun - ul) dx
<l — ull}.

Then (u};) converges to u* in LP(Q). O

We end this section by the following elementary result that will be used in the proof of Theorem 1.4
(the superlinear linearities cases).

Lemma 2.6. Suppose that (F3) holds and (u,) a sequence in H(l)(Q) such that
I’ ()l — 0.
Then, up to a subsequence, for all t > 0 we have

1+
I(tuy,) <

+ I(uy,). (12)

Proof. |II'(uy)llx« — 0. So for all p € Hé(Q), (I'(un), ) — 0, in particular
<I’(un)/ U,y — 0.

Up to subsequence, for alln > 1,

, 1
KT (), un)| < - (13)
and then
1 1
—— < |luall — f flx,upupdx < =, ¥Yn>1. (14)
n o n
We have

1
I(tu,) = Etzuunll - f F(x, tu,)dx
Q

and from (14) we get

I(tuy) < %g + fQ [%ﬂ a0, Yty = Fx, tuy)|dx. (15)
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If we study the write hand site in (15) as a real function on ¢, we find that

I(tuy) < %% + fQ [% Fe )ity = FCx, ) |dx. (16)

From (14), we have

I(u,) > —% + fQ [% a0, )t = F(x, uy)|dx. (17)

By combining (15) and (17), we deduce that

2

1+t
I(tuy,) < -

+ I(un)/

foralln >1andt > 0. O

3. Proof of the Main Results

Proof of the Theorem 1.3 (i) By contradiction. Suppose that A; > 1 and u € Hy(Q) is a positive solution of

the problem (1). Then u satisfies the equation (3) for all ¢ € H}(Q). If we take ¢ = u, we obtain by using
(F2) and (F3) that

fa(x)qulzdx = ff(x, u)udx < f q(x)uzdx. (18)
Q Q Q
So A1 £ 1. Theorem 1.3 (i) follows.

(i1) Suppose that A; < 1 and the conditions (F1) — (F’2) hold. By lemma 2.2, there exists f; such that
the function e = o, € H(l)(Q), llell > p and I(e) < O for some B, p > 0, where I(u) > g for all u € dB(O, p) in
Hé(Q). Since the space (Hé(Q), II.II) is a Banach space and the functional I is C!, we have a Cerami sequence
(1) C HY(Q) satisfying

I(u,) = %Ilunll2 - f F(x,u,)dx - ¢ as n — 4o (19)
Q

and
A+ [fua DI (u)ll — 0 as n — +oo. (20)

The idea is to prove that (1,) has a convergent subsequence in H}(Q) and to prove that the limit will be a
positive solution to the equation (1).

Stepl ( (uy,) is bounded in Hé(Q), up to subsequence)
We argue by contradiction and we suppose that the Cerami sequence (i,,) is not bounded in Hy(€). So , up
to subsequence, ||u,|| — +00. Consider

1 1
w, = —u, =ku,, k,=— 21
" T T ey
The sequence (wy) is bounded in H}(Q). By using the compactness of Sobelev embedding Theorem, there
exists w in Hy(€), such that

w, = w weaklyin Hé(Q),



M. Dammak et al. / Filomat 36:1 (2022), 195-206 202
w, » w stronglyin L*(Q),
wy(x) = w(x) a.e.in Q.

Claim 1: w # 0. Indeed, the second Cerami condition (20) gives

I'(uy),uyy >0 as n— +oo, (22)
then
[7H]] —ff(x,un)undx —0 as n— +oo. (23)
Q
So,
IIunII—ff(x,un)undx —0 as n— +oco. (24)
Q
We obtain
1= lim f ST (25)
n—+eo ) Uy, (x)
From (F1) and (F2) there exists M > 0 such that for all > 0 and x € (), we have
,t
f(ﬁi ) <M (26)
Then,
fx,un(x)) Wy < M f (27)
Q un( )

If we suppose that w = 0, from (25) and (27), we get 1 < 0 and this is impossible. The claim 1 is proved.
Claim 2: w satisfies the following equation

f a(x)VwVedx = f g(x)w @dx, (28)
Q Q

forall € H(l)(Q). For the proof of this claim, We use the condition (F1) to define the function g,(x) on Q2 as
7u(x) = L2 if 41, () > 0 and g,(x) = 0 if uy(x) < 0. By (26), we get

0<gu(x) <M.
Since the sequence g, is bounded in L*(Q), there exists a function g in L?(Q2) such that,up to subsequence
gn— g weaklyin L[*Q),
gn(x) = g(x) ae. in Q,
0<g(x)<M forall xeQ.

Consider Q, = {x € Q; w(x) > 0}. We have u,,(x) = |[u||w,(x) = +oco for all x € Q. and so
g(x) = q(x), forall x € Q. (29)

Also,we have w, —» w in L*(Q). By Lemma 2.5, we have wj}j — w* in L?(Q) and so, we get for all
@ € L2(Q):

f IO = f (D () — f G (). (30)
Q Q Q
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Since H}(Q) is a subspace of L*(Q0), (30) is true for all ¢ € H}(QY).
From (20) we have ||I’(1,)|. — 0 and then

lim | a(x) Vi Vedx - f f(x, un)pdx =0, forall @ € Hy(Q) (31)
n—+00 Q
. 1 .
Since — 0, we obtain
llutl|
lirP a(x) Vw, Vodx — f In(X)w,(x)p(x)dx =0, forall ¢ € H(lJ(Q). (32)
n—+00 Q Q

From (32) and (30), we get

f a(x) Vw.Vodx = f g@)w* (x)p(x)dx, forall ¢ € Hy(Q). (33)
Q Q

If we take @ = w™ as a test function in (33), we get ||w~|| = 0 and so w™ = 0 a.e. in Q.

We get w > 0 and the maximum principle yields to w > 0. By using (33) and (29), we finish the proof of the
claim 2.

Since the function w € H(l)(Q) is positive and satisfies (28), we get a contradiction with the fact that A; < 1.
As a conclusion of this step, the sequence (1, is bounded in (Hé(Q), I.1D).

Step2. ((uy) converge to a function u in Hé(Q), up to subsequence)
Indeed, the sequence (u,) is bounded so by compactness Sobolev embedding Theorem, there exists
u € H}(Q) such that, up to a subsequence

u, — u weakly in H(l)(Q)
u, > u stongly in L*(Q)
U, - u aein Q.

From (20) we have ||I'(u,)|l. — 0 and so

nliTm a(x) Vu, Vo — fo(x, uy)p =0, forall ¢ € Hy(Q). (34)
That is

nlirflw —div(a(x)Vu,) — f(x,u,) =0 in D'(Q). (35)
Also

Jim <o), >t ol = [ e, =0 6)

By using (F2), we prove that f(x,u,) — f(x,u) in L?(Q2) and also

Lf(x/un)undx%Lf(x,u)udx.
So,

—div(a(x)Vu) = f(x,u) in Q, (37)
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and then by taking u as a test function in (37), we get

= [ fex = 39)
Q
with (23) in mind, we deduce that ||u,|* — [[u|*. Up to subsequence, (i1,) converge to u in Hy(Q).

Step 3. (uis a positive solution of the equation (1))
By step 2, the sequence (u,) converges to an element u in H(l)(Q). By (19) we deduce that I(u) = c. From
(20) and (31), we get I’(#) = 0 and so, u is a solution of the problem (1). From the condition (F1) and the
maximum principle, the solution u is positive on Q.

(iif) Suppose that A; = 1 and the conditions (F1) — (F3) hold. First, if u is a positive solution for the
problem (1) by taking ¢ as test function in (2), we get

fa(x)Vu.qul dx:ff(x,u)qbldx. (39)
Q Q

By taking u as a test function in (9), we obtain

fa(x)Vu.qul dxzfq(x)uqbldx (40)
Q Q

and so fQ( f(x,u) — g(x)u)p1dx = 0. Since ¢, is a positive function and the function f(x, t) satisfies (F2) and
(F3), we conclude that f(x,u) = g(x)u a.e. in Q. By a classical way introduced in the proof of Theorem 2,
section 6.5 of [8], we know that there exists a positive constant ¢ > 0 such that u = c¢;.

Conversely, suppose that u = c¢1, for some constant ¢ > 0, and f(x, u) = g(x)u. We have

—div(a(x)Vu) = —c div(a(x)Ve1)
= cq(x)P1
= q()u
= f(x,u).

Then u is a positive solution for the problem (1). m]

s
Proof of the Theorem 1.4 Suppose that g(x) = +oco and tlim f. )

S+oo -1
uniformly in x € Q). By Lemma 2.3, the Remark 2.4 and Theortem 1.2, there exists a Cerami sequence (1)
(i.e. satisfying (4) and (5)).
Following the same steps as in the proof of Theorem 1.3 (ii), we only need here to prove that the sequence
(1) is bounded in Hy(Q).
By contradiction, suppose that (i) is unbounded in H}(Q), then up to subsequence
|[ty]]| = +o0. Let d > 0 and consider the sequence

= 0, for some real r with r € (2,7,

u 1
=—"_ =k,u, where k, = ——- 41
T Al 1)

Wy
Because w;, is bounded in Hé(Q), there exists w € Hé(Q) such that, up to subsequence,
w, = w weaklyin H(l)(Q),

w, > w  stronglyin L*(Q),

W, = W a.ein Q.
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By Lemma 2.5, we have
+ +

wh > w*  stronglyin L*(Q),

and
wi(x) > w'(x) ae. in Q.

We claim that
wr(x)=0 a.e in Q. 42)

Indeed, let O = {x € Q; w*(x) = 0} and Q, = {x € Q; w*(x) > 0}.
By (41) and (F2), we have u;;(x) — +oc0 and for a given K > 0 and n large enough we have

[ u(x))

() w;s (1)) = K@* (1) (43)

From (5) we have |[I’(1,)|lx — 0 and so,

(I'(un), tny — 0. (44)
We get
. (x/ uﬂ)
11111 [||Mn||2 —f fu—(un)zdx] =0, (45)
n—+00 Q n
then
% = limyoie fQ—f (J;’:”)(wn)zdx
> limy e, D (i)
> o, ims e L5282
> K fQZ(w+)2dx

for all K > 0. So necessary, |[(Q;| = 0 and then w* = 0 in Q. We get

lim f F(x, wi (x))dx =0
n—+oo Q

and hence
lim I(w,) = L (46)
i I = 525
By using Lemma 2.6, we get, up to subsequence
1
I(wy) = Iknutn) < 5 (1 + k2 + I(ut). (47)
kn = g, then from (46) and (47) we obtain
c (48)

2=

this is for any d > 0 which is impossible and so the sequence (u,) is bounded in
HY(Q). i
0
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