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Generalized Inverses — Idempotents and Projectors

Zhimei Fu?, Kezheng Zuo?, Hui Yan?, Honglin Zou?, Yang Chen?

?Department of Mathematics, Hubei Normal University, Hubei, Huangshi, China

Abstract. In this paper, we present necessary and sufficient conditions for X to be idempotent and
orthogonal idempotent, where Xe {A®,AD , APt ATD ,A@}. Several characteristics when X is idempotent
and orthogonal idempotent are derived by core-EP decomposition. Additionally, we give some equivalent

conditions when matrix A is orthogonal idempotent, using the properties of some generalized inverses of
A.

1. Introduction

Idempotent and orthogonal idempotent matrices are very important concepts in linear algebra, which
have been widely used in matrix theory [16], physics [14], statistics and econometrics [18], or numerical
analysis [10]. A similar statement can be made about the generalized inverses of matrices, which is a
useful tool in areas such as cryptography [12], chemical equations [19], optimization theory [11] and so on.
Recently, Baksalary and Trenkler studied characterizations of matrices whose Moore-Penrose is idempotent
by the Hartwing-Spindelb6ck decomposition [2]. And some original features and new properties have been
given in [2]. The present paper is devoted to investigating characterizations for some generalized inverses
to be idempotent and orthogonal idempotent by utilizing the core-EP decomposition.

Let C"™" be the set of m X n complex matrices. We denote the identity matrix of order n by I,, range
space, null space, conjugate transpose and rank of A € C"™" by R(A), N(A), A* and r(A), respectively. The
index of A € C"™" denoted by ind(A) is the smallest integer k > 0 such that r(A¥) = r(A¥*!). Let C*" be the
set consisting of 7 X n complex matrices with index k.

For the readers’ convenience, we first recall the definitions of some types of generalized inverses. For
A € C"™", the Moore-Penrose(MP) inverse of A is the unique matrix A" € C™" satisfying the four Penrose
equations [16]: AATA = A, ATAAT = AT, (AA") = AAT, (ATA) = ATA.

The Drazin inverse of A € C;*", denoted by AP [7], is defined to be the unique matrix X € C"™" satisfying
the following equations :

XAX =X, AX = XA, XA = Ak,
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In particular, the Drazin inverse of A is called the group inverse of A which is denoted by A* if ind(A) < 1.
Recall that the existence of the group inverse is restricted to the matrices of index 1(known also as the core
matrices). For results on Drazin inverse and idempotents, see [4, 5, 13].

In addition, in this paper we use some properties of core-EP inverse, DMP inverse, dual DMP inverse
and weak group inverse. Definitions of these generalized inverses are listed below.

For a matrix A € C}", the unique solution X € C™" of the following equations

XAX = X, R(X) = R(X) = R(A¥),

is called the core-EP inverse of A written as AD [17].
The DMP inverse of A € C" is defined as the unique matrix X € C"" that satisfying:

XAX =X, XA=APA, AKX = AFAT

Such solution X is denoted by AP'. Moreover, it was certified that APT = APAAT. Also, the dual DMP
inverse of A is defined to be the matrix A"P = ATAAP [15].
In 2018, Wang and Chen [21] defined the weak group inverse X of A € C**" satisfying:

Ax2 =X Ax=A®a,

denoted by A®. Moreover, it was proved that A® = (A®)2A.
For convenience, we adopt the following notations: C& and CSF will stand for the subsets of C"™"
consisting of idempotent matrices and Hermitian idempotent matrices, respectively, i.e.,

o CC={A|AecC™m A2 = A};
e CP={A|AcC™ A2=A=A")={A|AcCP A=A = At}

The present paper is organized as follows. In Section 2, some necessary and sufficient conditions for
characterizing 2 X as idempotent are given, where X € (AD, AP, AP* AP A} In Section 3, some new

properties of X are obtained, when X is orthogonal idempotent. In Section 4, we list some equivalent
conditions when A is orthogonal idempotent, in terms of some generalized inverses of the matrix A.

2. Characterizations of matrices whose some generalized inverses are idempotent

In the section, some necessary and sufficient conditions for the idempotency of AD AP ADH AtD and
A are investigated. We start with the core-EP decomposition.

Wang proposed a new decomposition of A € C;*", which is referred to as core-EP decomposition [20].
It can be given in what follows.

Lemma 2.1. [20](core-EP decomposition) Let A € C”". Then A can be written as the sum of matrices Ay and Az,
ie., A=A+ Ay, where

(a) Ay e CM
(b) Ak =
(C) A;Az = A2A1 =0.

Lemma 2.2. [20] Let the core-EP decomposition of A € C"™" be as in Lemma 2.1. Then there exists a unitary matrix
U such that:



Z. Fu et al. / Filomat 36:1 (2022), 207-219 209

T S

Al:u[o 0

* _ 0 0 *
]u, AQ—U[O N]u, @.1)

where T is nonsingular, 7(T) = r(A¥) = t and N is nilpotent of index k. Furthermore, the core-EP inverse of
Ais

T 0],
A®=u[ 0 O]u. 2.2)

The decomposition of A, A = A; + A, where A; and A; are given by (2.1), is unique [19, Theorem 2.4].
Matrices A and A; are called core part and nilpotent part, respectively. It is easy to verify that A; = AAD4,

Lemma 2.3. [9] Suppose that A € C™" is given by A = Ay + Ay, where Ay and A, are given by (2.1). Then

-1 k+1y-17
AP = u[ = ()T ]u*, 2.3)
0 0
— k1 , —
where T = Y, TISN*='7I. Furthermore, T = 0 if and only if S = 0.
j=0
Lemma 2.4. [6] Suppose that A € C;™" is given by A = Ay + Ay, where Ay and A, are given by (2.1). Then
i A —T*ASN? .
A= u[ (Lt — NtN)S'A N* = (I,_s - NtN)s asNt | Y (2.4)
where A = (TT* + S(I,—y — NTN)S*)~L.
According to Lemma 2.2 and Lemma 2.3, a straightforward computation shows that [9]
-1 k+1\-1T ANt
0 0
A TATT
AP — U —|u 2.6
[ (Ii—t = N'N)S*A  (I,—s — NTN)S*AT*T 26)
Lemma 2.5. [21] Suppose that A € CP" is given by A = Ay + Ay, where Ay and Aj are given by (2.1). Then
-1 -2
AW u[ To TOS ]u*. (2.7)

It’s easy to prove that the group inverse of A is idempotent if and only if A is idempotent. In [1], the
authors gave that the core inverse of A is idempotent if and only if A is idempotent. Baksalary and Trenkler
have shown that, in general, the idempotency of a matrix is not inherited by its Moore-Penrose inverse(see
[2]). These authors have given some equivalent conditions for A" to be idempotent. The following results

are given for X to be idempotent, where X e {A®,AD JADY AtD A@}.
Theorem 2.6. Suppose that A € CP" is given by A = Ay + Az, where Ay and A, are given by (2.1), X €
(AD, AP AD* A Then X is idempotent if and only if any of the following statements is satisfied:

(a) T=1I; (b) AF = AF+L.

(c) AX =X; (d) AX* =X~

(e) AKXk =X; (/) XAk = Ak,
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Proof. (a). By (2.2),(2.3), (2.5) and (2.7), it is easy to verify that AD AP APt and AW are idempotents if and
only if T = I.

T S .
(D). ByA—U[ 0 N]U,wehave
v T T
A—U[ 0 O}U, (2.8)
~ k=1 .
where T = Y, T/SN¥17/. Thus, we get that
=0
k_ gkt ™" T . T 1T |, ..
A=A «zu[oo]u_u[o 0 u
— T=1I.
(c). By (2.2), (2.3), (2.5) and (2.7), we have
_ T! X1 .
X = U[ 0 o0 ] us, (2.9)

where X; € {0, (TF)-1T, (T*1)"'TNN*, T-2S}, in the case when X € {A®,AD,AD’+,A@}, respectively.
Thus, we obtain that

_ I, TX; . T-1 X1 .
AX=X < U[O 0 ]U—U[ 0 0 ]U

— T=1I.

(d) . By (2.9), it follows that

(2.10)

—k —k+1
Xk:u[ T-* Tk1X, ]u*,

0 0
where X; € {0, (Tk“)‘ff, (Tk+1)_1TNN+, T-2S}, in the case when X € {A®,AD,AD'+,A@}, respectively.
Since AX* = X*, it follows that

T—k+1 T—k+2X T—k T—k+1X

k _ vk 1 * 1 %

AXF = X" U[ 0 0 ]U—U[ 0 0 ]U
— T=1I.

(e) and (f). These proofs are similar to that of (d). [

If A™P is idempotent, it can be verified that each of the statements (a), (b) in Theorem 2.6 holds. However,
we can see that any of the four statements (c), (d), (¢), (f) in Theorem 2.6 is not satisfied when X = A™P is
idempotent. We now give the following example to illustrate it.

Example 2.7. Consider the matrix

1 0 1 -1
011 -1
A= 00 0 1
|0 0 0 O
We have that ind(A) = 2, and
i -3 30 (1 010 ¢ -1 Lo
-1 2 10 0110 -1 2 19
A+,D — 3 3 3 , A2 — , (A+,D)2 — 3 3 3
% % % 0 0 0 0O % % % 0
0 0 00 |0 0 0 O 0 0 00
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It is easy to see that AAYP # AVP, A(ATP)?2 £ (AVP)?, A2(ATP)? # AYP and ATPA? + A2
Now, the equivalent conditions when A"P is idempotent are given in what follows.

Theorem 2.8. Suppose that A € C*" is given by A = Ay + A,, where Ay and A, are given by (2.1). Then AP is
idempotent if and only if any of the following statements is satisfied:

(@) T=1; (b) Ak = A1,
(c) AYPA = A™D; (d) (APP)FA = (APP);
(e) (A+,D)kAk — AJr,D,. (ﬂ AkATD = Ak

Proof. (a). Since (A"P)? = A'AP, we have that A™P is idempotent if and only if AP = ATAP. Premultiplying
ATAAP = ATAP by A, we obtain that AAP = AP. By the point (b) of Theorem 2.6, we get T = I;.

Conversely, if T = I, it can be directly checked that A™P = ATAP from (2.3), (2.4) and (2.6).

(b). This follows similarly as in the point (b) of Theorem 2.6.

(c). If A*P is idempotent, then (A"P)" is also idempotent. It is noteworthy that (A"P)* = (A")PA*(A")' =
(A")P*. Thus we now have (A*)P" is idempotent, then it follows from condition (c) in Theorem 2.6 that
A*(A"PF = (A1P1. By taking the conjugate transpose of A*(A*)Pt = (A*)P*, we now obtain that A"PA =
A"P_ The above proof is completely reversible.

The proofs of the last three conditions are similar to point (c). [

Remark 2.9. If A"P in Theorem 2.8 is replaced by AP, Theorem 2.8 is still valid.

We know that AP € CF doesn’t satisfy each of the four statements (c), (d), (¢) and (f) in Theorem 2.6. Next
theorem gives the necessary and sufficient conditions such that all four statements are satisfied.

Theorem 2.10. Suppose that A € C™" is given by A = Ay + Ay, where Ay and Ay are given by (2.1). Then the
following assertions are equivalent:

(a) T =1 and N(N) C N(S); (b) AATP = A'D;
(c) A(A+/D)k = (A*«D)k; (d) Ak(A+,D)k — A’r,D/.

(e) AVPAF = AK,

Proof. (a) = (b). Notice that N(N) C N(S) is equivalent with S(I,—; — N'N) = 0. If T = I;, then the result can
be directly checked by (2.6).

(b) = (c). It is evident.

(c) = (a). Note that (ATP)*=A*(APY*"L. By (c), we have AAT(AP)*! = AT(AP)k-1. Thus, it follows from
(2.3) and (2.4) that

T*ATJHl T*AT72k+1F'1:

T—k+1 T—2k+1j~‘
| (et = NTN)S AT (I, — NTN)S*AT 21T |

0 0

_ k1 ,
where T = Y, TISN*1-J/. Hence T*A = I, (I,—; — NTN)S* = 0, which implies T = I;, N(N) € N(S).
j=0
(b) = (d). Combining AA™P = AAP with AA™P = A" immediately leads to the conclusion that
Ak(A+,D)k — (AD)kAk — ADA — AAD — A+’D.
(d) = (e). By (d) and the fact that AK(AYP)F = AAP, we get that AVP Ak = AK(APP)EAF = AAD AF = Ak,
(e) = (b). Postmultiplying AP A* = Ak by (AP)* we have that A™P = AAD = AAYP. O
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Similarly, we can also deduce that A®, AP and A® dont satisfy any of the four conditions (c), (d), (e)
and (f) in Theorem 2.8 as will be shown in the next example:

Example 2.11. Consider the matrix

10 1 2

01 1 2

A= 0 0 2 4

0 0 -1 -2

We have that ind(A) = 2, and

10 00 1 01 2
®_40+_{0 1T 00 > |0 1 1 2
AT =AT = 00 0 0} A 0 0 0O
0 0 0O 0 0 0O

As in the Example 4.3, we can get that X'A # X', (X' A # (X')?, (X'?A? # X" and A’X’ + A’ for X’ € 1AD Ay,

Example 2.12. Let

1 01 -1

011 1

A=10 0 0 1

00 0 O

We have that ind(A) = 2, and

1 01 -1 1 010
@®_ @2 |01 1 1 > o112
A_(A)_OOOO’A_OOOO
0 00 O 0 0 0O

It is easy to see that ADA = A®, (A®)24 = (ADY2, (A®)242 & A® 47 424D + A2,

The following theorems present some conditions such that A®, AP and A® satisfy (c), (d), (e) and (f)
of Theorem 2.8.

Theorem 2.13. Suppose that A € C™" is given by A = Ay + Ay, where Ay and Ay are given by (2.1). Then the
following assertions are equivalent:

(@) T=1Iand S =0; ) ADa = AD.
©) (ADya = ADy, @) (ADyak = A®.
(e) AXAD = Ak,

Proof. (b) & (a). From (2.2), it follows that

®a_ 1® L TS|, ._ Tt 0],
AVYA=A <=>U[O 0 u=u 0 OLI

— T=1I,5=0.

(c) © (a). The proof is similar to (b) © (a).
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(d) © (a). From (2.2) and (2.8), we obtain that

ONTV NG, I T |,._ T 0],.
Dy Ak = 4 <=>u[0 J|w=ul ol

.
& T=1I, T=0where T Z SN7)
j=0

— T=1IL 5=0.
(e) © (a). Similar as the part (d) & (2). O

Theorem 2.14. Suppose that A € C™" is given by A = Ay + Ay, where Ay and A are given by (2.1). Then the
following assertions are equivalent:

(@) T =1, and N(N*) € N(T); (b) ADYA = AP,
(c) (AD,’r)kA — (AD,’r)k/. (d) (AD +)kAk AD t.

(e) AKAPY = AK,

k1
where T = Y, SN/.
=0

Proof. (a) = (b). We know that N(N*) € N (T) is equivalent to T(I,—; — NN') = 0. Thus the result can be
directly verified by (2.5).

(b) = (c). Evident.

(c) = (a). Using (2.5), by (APH)FA = (APH)K, we get that

T*1 T+ T-2TN | _[ T* T2TNN!
0 0 | o 0

Hence T = I;, T(I,—; — NN¥) = 0, which is equivalent to T = I;, N(N*) € N(T).

(b) = (d). Combining APTA = AP with APTA = APA immediately leads to the conclusion that
(AD+)kAk_AAD_ADA ADt

(d) = (e). Since (APHk = (AP)F-1AT. By (d), if k = 1, we get that AFADH = AK(ADFY AR = AK(APY-1ATAF =
AATA = A. Tf k > 2, we have that AFADH = AKADH AR = AR(APY-1AT AR = AP A2ATAF = AF,

(e) = (b). Multiplying AFAP* = A¥ by (AP)F we have that APt = APA = APYA. O

Theorem 2.15. Suppose that A € C™" is given by A = Ay + Ay, where Ay and Ay are given by (2.1). Then the
following assertions are equivalent:

(@) T =1, and SN = 0; () A®A =AY,
(©) (AD)A = (AD); @) (AB)eak = 4D,
(e) AKAD = Ak,

Proof. (b) & (a). From (2.7), it follows that

I, T71S+T2SN . T T7258 .
0 0 ]u - u[ 0 0 u
— T=1, SN=0.

ABA - A® — y
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(c) © (a). Similar as (b) © (a).
(d) © (a). From (2.7) and (2.8), it follows that

@y gk — 4D L T, [T T3S,
(AY)Y'A*=A <:>U|O 0 u=u 0 0 u

= T'=1,T=S
— T=1I, SN=0.
(e) © (a). Similar as (d) & (a). O

Remark 2.16. If the integer k in Theorems 2.6, 2.8, 2.10, 2.13, 2.14 and 2.15 is placed by I(1 > k), all the Theorems
are still valid.

3. Characterizations of matrices whose some generalized inverses are orthogonal idempotent

It is widely known that CP ¢ €. Meanwhile, it follows from (2.2) that AD € COP if and only if
AD e CP. Therefore each of the six terms listed in Theorem 2.6 is equivalent to AD ¢ CYP. Then the main
aim of this section is to investigate some characterizations for A®, AP, AP* and AP to be an orthogonal
idempotent.

We will discuss some equivalent conditions for A® and AP to be an orthogonal idempotent.

Theorem 3.1. Suppose that A € CI’ZX” is given by A = Ay + Ay, where Ay and A, are given by (2.1), X, € (AP, A@}.
Then Xj is orthogonal idempotent if and only if any of the following statements is satisfied:

(@) T=1Iand S = 0; (b) A* = AAK;

(c) AX, = X (d) XoA = X3

() AX; = A2AD; P XA = 2249;
(g) AFX; = AK; (h) XyA* = A;

(i) ADA=a®, () AAD = Ak,

k) (ADyak = A®. 1) (ADya = ADy,

Proof. (a). By (2.3) we get that AP is an orthogonal projector if and only if T = I; and T=0,ie,T=1and
S = 0. Similarly, by (2.7) we have that A® ¢ COP ifand only if T = I;and S = 0.
(b). Suppose A* = A*A¥. Using (2.8), it follows that

[T" T]_[ T*T* T*f}
0 0] | sT ST |
Hence T* = I; and T = 0, which is equivalent to T = I; and S = 0. The sufficient condition can be easily
checked.

(c). Assume X, € C7, it’s easy to verify that AX, = (Xp)".

On the contrary, from (2.3) and (2.7), we have

(3.1)

T' W .
P
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where W € {(TH1)IT, T-2S}. If AX, = (X»)", it follows from (3.1) that
L TW] [ (@) o
0 0 B w0 [’
where W € {(TF1)'T, T-25}. It implies T = I; and S = 0 since T is nonsingular.

(d), (e) and (f). These proofs are analogous to that of (c).
(9). By (2.8) and (3.1), it follows that

kov e Ak "Iy +TW* 0 |, _,, [ TF T1, .
ANXp) = A <:>U[ 0 OU—U 0 OU
e T=0,TT 'y =TF
— §=0,T=1I.
(h). By (2.8) and (3.1), we have that X;Ak = Ak is equivalent with,

Ty T | ., T,
u[ wre wr [YTH 0 o |Y

where W € {(T¥*1)~1T, T-25}, which is equivalent with T = I, S = 0.
(1) = (I). Note that X, is orthogonal idempotent if and only if T = I; and S = 0. Thus, these can be directly
demonstrated by Theorem 2.13. [

Secondly, several sufficient and necessary conditions for AP € CS* are given in the following theorem.

Theorem 3.2. Suppose that A € C> is given by A = Ay + Ay, where Ay and Ay are given by (2.1). Then AP is
orthogonal idempotent if and only if any of the following statements is satisfied:

(a) T =1I;and SN = (; (b) AAD* = (AP
(c) APAA = A®; (d) AAD = AD;

(e) A®A = A®, () AAD = Ak,

() (ADyAk = AD; (h) (ADyA = (4D,

Proof. (a). By (2.5) it is easy to verify that AP* € COP if and only if T = I; and TNN* = 0, i.e., T = I; and
SN =0.
(b). By (2.5) we have that AAP* = (AP1)* is equivalent with

_ (T Yy 0

I, T*TNN' Y
- ((Tk+1)—1TNN+)* ol

0 0

which is further equivalent with T = I; and SN = 0.
(c). By (2.5) and (2.7), it follows that

DA s _ 4D L T, [T T3S,
APTA = A :»u[o o |u=ul T, T |u
= T'=1I, T*T=T72s

— T=1I,SN=0.

(d). The proof follows directly by (c).
(e) = (h). The proof follows by (a) and Theorem 2.15. O
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Finally, some equivalent conditions for A™P € C{' are given in the following theorem.

Theorem 3.3. Suppose that A € CP" is given by A = Ay + Ay, where Ay and A, are given by (2.1). Then the
following assertions are equivalent:

(a) AYD ¢ CnOP;
() T=Land T = S(,_; - N'N);
(c) T =1, and ATA* = (ATP)".
Proof. (a) = (b). Since AP € CQP € CF, we have by Theorem 2.8 that T = I,. It follows from (2.6) that

A Ai:

AP =Uu =
(In-t = N'N)S*A (I—s = N*N)S*AT

u, (3.2)

— k=1 —
where T = Y. SN/ and A = (I; + S(I,—s — NTN)S*)7L. Since A" € C$¥, we get that T = S(I,—; — N*N).
=0
(b) = (). It follows by a direct calculations with the use of (2.4), (2.6) and (2.8).
(c) = (a). Since T = I;, we get

. A ~ASN' ek B T,
4 ‘U[ (Lt - N'N)S'A N — (I, - NtN)stasnt |U7 A =Ul g o Y-

Thus, it follows from AtAF = (A*P)* and (3.2) that

(T)'s  (T)'S(Iu—t — N'N)

A Ai:
(Ii-t —= N'N)S*A  (I,—s - NTN)S*AT

A AS(I,_; — N'N) ]

Hence T = S(I,_; — N*N). Consequently, we have A*? € COF. [

Corollary 3.4. Suppose that A € CZX” is given by A = A1+ Ay, where Ay and A are given by (2.1), X, € (AP, A@}.
If Xy € CSP, then any of the following statements is satisfied:

(a) APt ¢ CnOP;
() AP e COP,

Proof. It's evident from Theorems 3.1, 3.2 and 3.3. [

Remark 3.5. If the integer k in Theorems 3.1, 3.2 and 3.3 is placed by I(I > k), all the Theorems are still valid in the
section.

4. Further properties of orthogonal idempotent

In this section, we study equivalent conditions for a matrix A to be orthogonal idempotent in terms of
some other generalized inverses, like core-EP, Drazin, DMP and dual DMP and weak group inverse.

Theorem 4.1. Let A € C*" and X € {AD AP ADP* AtD A®) Then A is orthogonal idempotent if and only if
X € CP and A! = A", forsomel € N, | > k.
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T S
0 N

N = 0. Thus we can easily conclude that XeCland Al = A",
Conversely, if X € CI;, we have T = I; by Theorem 2.6. We now obtain that

Proof. Suppose that A is given by A = U[ ] U, it’s clear that A € C{ if and only if T = I;, S = 0 and

I S|, .
A:u[é N]u. 4.1)

By Al = A%, it’s easy to verify that S=0and N =0. [J

Theorem 4.2. Suppose that A € C*" is given by A = Ay + Ay, where Ay and A, are given by (2.1) and let
X e {(AD, A®, AD}. Then A is orthogonal idempotent if and only if any of the following statements is satisfied:

(a) A"X = A% (b) XA* =A%
(c) ADTA* = A%; (d) A*AYP = A,

Proof. It is noteworthy that we just have to verify that each of the four conditions is equivalent to T = I;,
S=0and N =0.

(a) and (b). According to (2.2), (2.3) and (2.7), it’s not difficult to demonstrate that statement (2) and (b)
are equivalentto T =1;, S=0and N = 0.

(c). By (2.5), we obtain that

—17= k+1y-1T AN T C* k+1\=1TTATNTTN* +
AP A = A e U T T+ (T"*)"'TNN'S* (T*™*')"'TNN'N U =U T* 0* U
0 0 S N
= TT'=T,8=0N=0
— T=I,5=0 N=0.
(d). Suppose that A*A"P = A*, it follows from (2.6) that
(T")2A (T'aT*T [T o
ST*A + N*(Li-; = NTN)S*A  ST*AT*T + N*(L_; - NTN)S*AT*T | | S N* |’
Since T and A are nonsingular, we now deduce that (T*)*A = T, T =0and N* = 0. Combining these three
equations, we obtain that T = I;, S = 0 and N = 0. The reverse is obvious. [J

Notice that we can imply A*AP* = A* and A"PA* = A" if A € C{® in Theorem 4.1. But, the converse is
invalid. We present the following example to illustrate that.

Example 4.3. Consider the matrix

101 -1
01 1 -1
A4=10 00 o0
000 0
We have that ind(A) =1,
1000 i
0100 -z ¢ L -1
ADY — 00 0 0l APD = 2 1 3 3
5 5 5 5
1 1 2 2
0000 -5 —5 —5 3

It is easy to see that A*APY = A", AYPA* = A*and A? = A, but A* # A.
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In the following theorem, we are going to give some new equivalent conditions such that the reverse is
also true.

Lemma 4.4. [2] Assume that A € C™". Then A is orthogonal idempotent if and only if both A and A" are idempotent.

Theorem 4.5. Suppose that A € C*" is given by A = Ay + Ay, where Ay and A, are given by (2.1). If A" is
idempotent, then A is orthogonal idempotent if and only if any of the following statements is satisfied:

(a) A"APY = A%;

(b) ATPA* = A"
Proof. Combining Theorem 4.1 and Lemma 4.4, we just have to prove that each of the two statements is
equivalent to the fact that A is idempotent, which is also equivalent to the requirement that T = I; and

N=0.
(a). From (2.5), it follows that

e SR | + .
Tsr*;qu Z*E§k+1;—1%zz+ }U* = ll[ ’g»f 13* ]U*
= TT'=T,N=0
— T=I, N=0.
(b). By (2.6), it follows that

AAPF = A = u[

% % —kT o ek TN T* %
A4 A e U T*A(T* + T7*TS") T*T*TN ] *=U[T 0 }u*

(it = NTN)S*A(T* + T*TS*)  (Iy—s — NTN)S* AT *TN* S N
— TAT+T*TS)=T",N" =0
& T=I,N=0.

O

Theorem 4.6. Suppose that A € CZX” is given by A = Ay + Ay, where Ay and A, are given by (2.1), Xo € {AD,A@}.
Then the following assertions are equivalent:

(a) Ais idempotent and X, is orthogonal idempotent;

(b) A is idempotent and A is either Hermitian, EP, or normal ;
(c) A is core matrix and X, is orthogonal idempotent;

(d) Ais orthogonal idempotent.

Proof. (a) = (b). Obviously, condition (4) in the theorem can be equivalently expressed as the conjunction
T =1, S =0and N = 0. Therefore, the point (b) is apparently satisfied.

(b) = (c). We know that idempotency of A is equivalent with T = I; and N = 0. Then, A can be expressed
in the following form

I S| .
A_u[0 O]U. (4.2)
Thus, if A is either Hermitian, EP, or normal, we get S = 0. From Theorem 3.1, it follows that Xj is orthogonal
idempotent.

(c) = (d). Because A is core matrix, we get that N = 0. It can be verified directly by Theorem 3.1 that A
is orthogonal idempotent.

(d) = (a). The proof is obvious. [

Corollary 4.7. Suppose that A € CZX” is given by A = Ay + Ay, where Ay and A, are given by (2.1). If A € C?t,
then A is orthogonal idempotent if and only if any of the following statements is satisfied:
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@) ADA = D, ) AAD = Ak
©) (ADyak = A®; d) (ADyA = ADy,

Proof. From (2.1), it’s easy to prove that A € C}, if and only if T = I;, N = 0. By Theorem 2.13, we have that
each of the four statements given in the theorem is equivalent with S = 0. Thus the corollary holds. [J

Remark 4.8. If the integer k in Corollary 4.7 is replaced by I(1 = k), Corollary 4.7 still holds.
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