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Abstract. In this paper, we study fuzzy linear conformable differential equations using the general-
ized fuzzy conformable fractional differentiability concept. We give an explicit representation of -
differentiable and gy)-differentiable solutions for appropriate differential equations. Finally, we give some
examples to illustrate our theoretical results.

1. Introduction

Derivatives of fuzzy valued mappings were developed in [1] that generalized and extended the concept
of Hukuhara differentiability (H-derivative) of set valued mappings to the class of fuzzy mappings. Using
the H-derivative the author in [2] developed a theory for fuzzy differential equations. In [3] the authors
introduced the notion of a fuzzy fractional derivative and the theory was developed in [4-9]. In [10] a
new definition of a fuzzy fractional derivative called the fuzzy conformable fractional derivative is given,
some useful results on fuzzy conformable fractional derivatives and fractional integrals are given and a
class of linear fuzzy conformable fractional differential equations is considered. For first order linear fuzzy
differential equations we refer the reader to [11].

The purpose of this paper is to consider the solutions of x?(t) = a(t)x(t) + o(t) and x@(t) + a(t)x(t) =
o(t) with x(0) = xp, where x@ denotes the g-derivative of x, a : I - R, xp € Rr, g € (0,1] and ¢ €
C(I,Rr). In this paper, we transfer the idea of a variation of constant formula to conformable differential
equations. Our results extend the representation of (1)-differentiable and (2)-differentiable solutions in
[11] to the representation of g(;)-differentiable and q)-differentiable solutions. In particular, we give the
explicit representation of qq)-differentiable and g -differentiable solutions of fuzzy conformable fractional
differential equations whena < 0and a > 0 (this is notincluded in [11] for the first differential equation). Also
under some suitable condition, gq)-differentiable and q)-differentiable solutions of the second differential
equation exist; to achieve this we construct some H-differences.

2020 Mathematics Subject Classification. Primary 34A05, 34A07.

Keywords. Fuzzy linear conformable differential equations, q()-differentiable and g()-differentiable solutions, Variation of con-
stants formula.

Received: 24 January 2021; Accepted: 15 February 2021

Communicated by Maria Alessandra Ragusa

Corresponding author: JinRong Wang

This work is partially supported by the National Natural Science Foundation of China (12161015), Training Object of High Level
and Innovative Talents of Guizhou Province ((2016)4006), Department of Science and Technology of Guizhou Province ((Fundamental
Research Program [2018]1118)), and Guizhou Data Driven Modeling Learning and Optimization Innovation Team, China ([2020]5016).

Email addresses: tyyangmath@126.com (Taoyu Yang), jrwang@gzu.edu.cn (JinRong Wang), donal.oregan@nuigalway.ie (Donal
O'Regan)



T. Yang et al. / Filomat 36:1 (2022), 255-273 256

2. Preliminaries

Denote by Rr := {u : R — [0,1]} the class of fuzzy subsets of the real line satisfying the following
properties: u is normal (i.e. Ixg € R, u(xp) = 1); u is a convex fuzzy set (i.e. u(As + (1 — A)r) = minfu(s), u(r)},
VA €[0,1], s, r € R); u is upper semicontinuous on R; [u]® = cli{x € RJu(x) > 0} is compact.

Then R is called the space of fuzzy numbers. Now, R C Rr. Let [u]* = {x € Rlu(x) > a} for0 < a <1,
u € R. Then [u]* is called the a—level set of 1, which is a nonempty compact interval for all @ € (0,1]. The
notation [u]* = [u%, u"] denotes explicitly the a—level set of u. We refer to u and u as the lower and upper
branches of u, respectively. For u € R, we use the notation diam([u]*) = u" — u® to denote the length of u.

We define the sum u + v and the produce Au as [u+v]* = [u]* +[0]* = [u® + 0%, u* +7"] and [Au]* = A[u]?,
forVa €[0,1],u,v € Rrand A € R.

The metric structure is given by the Hausdorff distance (see [12]) D : Rr X R — R, U {0}, D(u,v) =
sup max{u® — v*|,[u" — 7"|}, (Rg, D) is a complete metric space and the following properties are well
aegl0,1]
known: D(u + w,v + w) = D(u,v), Yu, v, w € Rg, D(ku,kv) = |k|D(u,v), Yk € R, u, v € Rg, D(u +v,w +¢) <
D(u,w) + D(v,e), Yu, v, w, e € Rg.

LetI = (0,b) C R be an interval. We denote by C(I, Rr) the space of all continuous fuzzy functions from
I to Rp, which is a complete metric space with respect to the metric h(u, v) = sup,, D(u(t), v(t)).

Definition 2.1 (see [11], Definition 2.1). Let u, v € Rr. If there exists w € Ry such that u = v+ w then w is called
the H-difference of u, v and it is denoted by u © v.

In this paper, we use the sign © to represent the H-difference. Note that u © v # u + (-1)v.
The generalized fuzzy conformable fractional derivative was introduced in [13].

Definition 2.2 (see [13], Definition 2). Let F : I — Rp be a fuzzy function and q € (0,1]. We say F is g-
differentiable at t € I, if for all € > 0 sufficiently close to 0, the H-differences F(t + et'~7) © F(t), F(t) © F(t — et177)
exist, and the limits (in the metric D)

F(t 1= — et
i FEtetOF® o F()SFE - et™)
e—-0* & e—0* &

1)
exist. We write (1) as T,(F)(t) or FO(t).

Definition 2.3 (see [13], Definition 3). Let F : I — Rr be a fuzzy function and q € (0,1].

(qa1)) We say F is gy-differentiable at t € 1, if for all ¢ > 0 sufficiently close to 0, the H-differences F(t+ et 1) F(t),
F(t) © F(t — et'71) exist, and the limits (in the metric D)

F(t + et 1) © F(t F(t) © F(t — et'™

lim (t+et™HOF® and lim ®He (, )

=0 ¢ e=0° €

)

exist. We write (2) as T(g,))(F)(t) or F9m)(¢).
(q@2)) We say F is qo)-differentiable at t € 1, if for all ¢ > 0 sufficiently close to 0, the H-differences F(t)©F(t + et'™),
F(t — et'=7) © F(t) exist and the limits (in the metric D)

tl-gq _ otl—g
lim F(t)o F(t + ¢t+71) ond lim F(t — et ™M) © F(t)

e—0* —& e—0* —&

©)
exist. We write (3) as T(g,))(F)(t) or F@)(¢).

Theorem 2.4 (see [13], Theorem 6). Let F: I — R be fuzzy function, where Fo(t) = [f]'(#), f3 (], a € [0,1]: ()
If F is qq-differentiable, then fi(t) and f3(t) are g-differentiable and [F90)(£)]* = [(f1)D(t), (f5)D(B)]. (i) If F is
q-differentiable, then f2(t) and f3(t) are g-differentiable and [F92)(t)]* = [(f)@(t), (fHD(B)].
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Definition 2.5 (see [11], Definition 2.2). Let F: I — Rrand fixt € I.
(i) We say F is (1)-differentiable at t, if for all h > O sufficiently close to 0, the H-differences F(t + h) © F(t) and
F(t) © F(t — h) exist, and the limits (in the metric D)

lim F(t+h)e F(t) and  lim F(tyoF(t-h) )
h—0* h h—0* h

exist. We write (4) as D1F(t) or F'(t).
(if) We say F is (2)-differentiable at t, if for all h > 0 sufficiently close to 0, the H-differences F(t) © F(t + h) and
F(t — h) © F(t) exist, and the limits (in the metric D)

i EOOEC+D) o FE-h) O F()
h—0+ —h h—0* —h

exist. We write (5) as D,F(t) or F'(t).

(5)

Theorem 2.6. Let F: 1 — Rp, q € (0,1]:
(i) F is (1)-differentiable is equivalent to F is q)-differentiable, i.e.,
Fa0)(#) = 19D E(t) = £7TF/(1).
(i) F is (2)-differentiable is equivalent to F is q()-differentiable, i.e.,
Fa)(t) = t'9D,F(t) = £9F(1).

Proof. We present the details for case (i), since the other case is analogous.

Firstly, we establish necessity. Let F is (1)-differentiable and [D1F(t)]* = [fi(t), g, (H)]. Let h = et'™.
Therefore, if 1 > 0 and a € [0, 1], we have [F(f + h) © F(£)]* = [fo(t + 1) — fa(t), ga(t + h) — go(t)]. Divide both
sides by I and pass to the limit, then by Definition 2.5, we have

a_ Ja(t + 1) = fa(®) galt+Hh) - galt)
[DiE(®]* = [fa(8), 92()] = Jim, 7 , 7 ]

i [ falt+ etl’q) — falt) galt+et'™) - ga(t)]

et ’ ef1=7
- [tq—l lim DSl oy Falt e - ga(t)]

e—0*

ems0" € e=0* €
Thus, we have

falt + ett=7) = fo(b) o Ga(t + et179) — g, (t)

. — 4l—q g7 = -9y
é_hﬂrgl+ . tf(t) and é_lﬂm - g ().
Similarly, we obtain
a(t) = falt — et t) = galt — et
m 107 f( P gy and tim 2070 ETD gy

g~>0Jr -0 &

From Definition 2.3, we get F is q)-differentiable and FU®)(t) = t'=9D; F(t) = t!79F'(t).
Next, we establish sufficiency. Let F is (q))-differentiable and [Fao)()]* = [ f;’)(t) g@(t)]. Lete = t1"h
and then h = ¢t'79. Therefore, if ¢ > 0 and a € [0, 1], we have

[F(t + et ) © F(£)]* = [fa(t + et'™) — folt), gult + et'™7) = go(£)].

Divide both sides by ¢ and pass to the limit, then by Definition 2.3, we have

Jalt + hh fa(t),tl_q lim Jalt + 1) = ga(t) .

Gw) @) @ 1-q
[FO0] = [£7(), 7 (0] = |77 lim lim .
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Thus, we have

m 2SO g1 0y ang. i JEH =960

— tq—l (17) t .
h—0* h h—0+ h go (1)

Similarly, we obtain

lim £20) ~ falt=1)

h—0+ h

ga(t) = ga(t = h)
I

From Definition 2.5, we get F is (1)-differentiable and FU0)(t) = t'=1D;F(t) = t'~1F'(t). The proof is fin-
ished. O

= #1£9(t) and lim S ()

Definition 2.7 (see [10], Definition 4). Let F € C(I,Rp) N L'(L Ry), [F®I* = [fo(t), f2t)] t € I a € [0,1].
Define the fuzzy fractional integml forc >0 and q € (0,1], L(F)(t) = Ic(t‘i‘lF)(t) = fct %dx and [[L(F)(H)]* =

[Ig(t‘i—lF)(t)]“ = U: Sf—,q(s) [f .= q( )ds A== q(s)ds] where the mtegmlf (s )ds, for i = 1,2 is the usual
Riemann improper integral.

Lemma 2.8 (see [10], Theorem 7). Let q € (0,1] and F, G : I — R be g-differentiable and A € R. Then (i)
(F+ G)(t) = FO(t) + GO(t) and (ii) (AF)D(t) = AFD(t).

Lemma 2.9 (see [10], Theorem 8). Let F : I — Ry be any continuous function on I. Then (Ig(F))(‘?)(t) = F(t), for
tel

Theorem 2.10. Let F : [ — Rp be qp)-differentiable on I and assume that the derivative FU®) is integrable over I.
Then for each t € I we have F(t) = F(0) © I)(~=F@)(#).

Proof. Let [F()]* = [fa(t), ga(t)], Ya € [0,1]. Since F is q)-differentiable, we have [F@)(t)]* = [ga)(t) faq)(t)]
Then [F(0) © I9(-FU@)()]* = [£2(0) + I(fi)(®), 92(0) + (M) = [fa(®), gu(®)],t € I,Yar € [0,1] and this
completes the proof O

Theorem 2.11. Let F : | — Ry be a continuous fuzzy function on I and let u(t) =y 912(—F)(t), t €I, wherey € Rp
is such that the previous H-difference exists for t € I. Then u is qp)-differentiable and u@)(t) = F(f), te L

Proof. Let tg € I and ¢ > 0 sufficiently close to 0. We have diam[u(t)]* = diam[y]* Ic(dzam[F(t)] )-

Since F(t) is continuous, Ig(F )(t) is gy-differentiable and Ig (diam[F(t)]) is non—decreasmg in the variable
t for any a € [0,1], the diam[u(t)]* is non-increasing in t for each a € [0,1]. Therefore the following
H-differences exist and from Definition 2.7, we have

to

to+eti ™
u(to) © u(ty + et'™) = —f sTYF(s)ds, u(ty — et'™ ) o u(ty) = —f s171F(s)ds.

to to—et!=1

Then, using Theorem 2.6 one has

t to + et! 1
lim D(u( 0) Sulko + € ),F(to))
e—0* —&
41— 41— —
j);t0+ét q Sq_lg(s)ds ﬁto*ét q Sq—lp(s)ds B
0 0
=lim sup max — E(t)|, — F(to)

£=0% he0,1] € €

41—
_ J;:]m ' s171F(s)ds
=lim D - ,F(to)| = 0.

e—-0*
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Since F is continuous and g(t) = I°(F)(t) is g)-differentiable, and from Lemma 2.9 we have g“(t) = F(t)
g q qq) g
for t € I. Thus lirgl D(M,F(to)) = 0. Similarly, we get lir(r)l D(MW,FGO)) = 0. Then
e—0* dU
ue)(t) = F(t), t € I, and the proof is complete. [

Theorem 2.12. Let F, G : I — Rp be two fuzzy function.
(i) If F(t) is qu-differentible and G(t) is qq)-differentible on an interval (a, B) and if the H-difference F(t) © G(t)
exists for t € (a, B) then F(t) © G(t) is qu)-differentible and (F © G)1)(t) = FA0)(t) + (=1)GYe)(t) for all t € (a, p).
(i) If F(t) is q(o)-differentiable and G(t) is qqy-differentible on an interval (v, B) and if the H-difference F(t) © G(t)
exists for t € (a, B) then F(t) © G(t) is qu)-differentible and (F © G)“@)(t) = FA)(t) + (—1)GUm)(¢).

Proof. We present the details only for case (i). Case (ii) is similar to case ().

Since F(t) is gq)-differentiable it follows that F(t + et'™7) © F(t) exists, i.e, Juy(t, et'™), F(t + et'™7) =
F(t) +uq(t, et'™1). Similarly since G(t) is q(»)-differentiable there exists v; (t, et'~7) such that G(t) = G(t+ et!~7) +
v1(t, et'77) and we get F(t + et'™1) + G(t) = F(t) + G(t + et1™7) + uq (¢, et177) + v (¢, et177). Since the H-differences
F(HeG(t) and F(t+et' 1) oG(t+t' ™) exist for ¢ > Osuch thatt+et1™ € (o, ), we get F(t+ et ™o G(t+et'™1) =
E(t) © G(t) + ui(t, et'™1) + v1(t, et'79), that is the H-difference (F(t + et'1) © G(t + t'77)) © (F(t) © G(t)) exists
and

(F(t + et ) © G(t + et'™T)) © (F(t) © G(t)) = uq (t, et'™7) + vy (8, et*77). (6)

By similar reasoning we get that there exist us(t, et!™7) and wva(t, et'™7) such that F(t) = F(t — et'™1) +
uy(t, et'=7), G(t — et'=9) = G(t) + vo(t, t'~7) and so

(F(t) © G()) © (F(t — et' ™) © G(t — et'™T)) = un(t, et'™7) + va(t, et177). 7)

Note lir(r)l w = lim 2% — F@o)(f) and lirg vl(%ﬂ_q) = lim z&(%ﬂ_q) = (-1)GY@)(t). Finally, by multi-
e—0* < e—0*

e—0" e—0"
plying (6) and (7) with 1 and passing to the limit with ¢ — 0" we get that F(t) © G(t) is q()-differentiable
and (F © G)Un)(t) = Fao)(t) + (=1)GUo)(t). O

Theorem 2.13 (see [13], Theorem 7). Let F: I — Rr, G: I — R, and G be g-differentiable.

(i) If G(t)- G(t) > 0 and F is qq)-differentiable, then G - F is qq-differentiable and (G- F)40)(t) = G(t) - F90)(t) +
E(t) - GO(p).

(i) If G(t)- G(t) < 0 and F is q)-differentiable, then G- F is q-differentiable and (G- F)@)(t) = G(t)- F9)(t) +
E(t) - GD(2).

3. The equation x(t) = a(t)x(t) + o()
Consider the fuzzy linear conformable fractional differential equation

(®)

xD(t) = a(t)x(t) + o(t), t €1,
x(0) = xo,

wherea: I — R, xp € Rp, g € (0,1] and ¢ € C(I, Rf).
Denote [x(t)]* = [x,(t), Xa()], [0(D]* = [0,(t),5.(1)], [x(0)]* = [@“,x_ga]. From Theorem 2.4, if x(t) is

qq-differentiable then [x90(8)]* = [x?(t), 7 (t)]. If x(t) is g»-differentiable then [x1® ()]* = ¥ (), x2(1)].
Definition 3.1. Let x(t) : I — Rr be a fuzzy function such that x10(t) or x1@(t) exists. If x(t) and x0(t) satisfy

problem (8), we say x(t) is a qqy-solution of problem (8). Similarly if x(t) and x90)(t) satisfy problem (8), we say x(t)
is a q()-solution of problem (8).

We study problem (8) in three cases a(t) < 0, a(t) > 0 and a(t) = 0 for t € .
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Case 3.2. a(t) <Ofort el

We get a g(1y-solution via g(1y-differentiable and we consider the following ODEs system:

X9 (t) = a(H)x(t) + o(b),
() = a(hx(t) + 5 (b),
x(0) = xo,
%(0) = Xo.

For solving this ODEs system, we have
O\ (0 a) (x®) , (o)
) “lawy o J\Fw) TG0/

xo =) 40=(6) 650 = (E0)

and the previous system is written as X“(t) = A(t)X(t) + B(#).
By the variation of constants formula for differential equation and Definition 2.7, we have

We denote

t
X(t) = oA (Xo +f §1-1 (e—l;’(A)(s)B(s)) ds).
0

Therefore

x) ) _(CoshI@(H)  sinh(@(@)()
)= sinh(I)(a)(t))  cosh(I)(a)(t))

Xo ' [ cosh(a)(s)) —sinh(I%(a)(s))\ (a(s)
x ((xzo) + j(; s (— sinh(%g(a)(s)) cosh(ng(a)(s)) )(E(S)) ds) ’
Then we have

x 3 COSh(Ig(a)(t)) Sinh(Ig(a)(t))
(f) ! _(sinh(lg(a)(t)) cosh(lg(a)(t)))

NEE Jiy 577 [a(s) cosh(I0(a)(s)) — F(s) sinh(I%(a)(s)) | ds
T+ [ 0! [~a(s) sinh(I%(a)(s)) + (s) cosh(I9(a)(s))] ds |

Then the solution of the ODEs system is
x(t) = cosh(I%(a)(t) {x_o ' fo 517 o9 cosh@(@)s) - 76 sinh (@9 ds}
+ sinh(I%(a)(1) {x_o + fo 171 [-0(9)inh ((@(9) + 59 cosh(0)E) ds}
(t) = sinh(I3(a)(1) {@ + fo 51709 cosh((@)s) - 76 sinh (5] ds}

+ cosh(I°(a) (1)) { Xo + ts‘7‘1 —a(s) sinh(I(a)(s)) + (s) cosh(I°(a)(s)) | ds } .
q 0 q q
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Then for a(t) < 0, the gqy-solution of the problem (8) is
t
x(t) = cosh(I9(a)(1)) (xo + f 57 [0(s) cosh(I9(@)(s)) © o(s) sinh(I5(a)(s)) | ds)
0

+ sinh(9(a)(t)) (x0+ f 5771 [0(5) cosh(I9(a)(s)) © o(s) sinh(I5(a)(s)) | ds),
0

provided the H-difference in the integral terms exists.
However, the H-difference o(s) cosh(Ig (a)(s)) ©o(s) sinh(Ig(a)(s)) always exists for a < 0.

Since the diameter of the a-level set of a(s) cosh(Ig (a)(s)) is diam([o(s)]¥) cosh(Ig(a)(s)), which is greater
than the diameter of the a-level set of a(s) s'mh(Ig(a)(s)), diam([0(s)]*)(— sinh(Ig(a)(s))). Here we have used

the positive character of the function sinh(Ig (a)(s)) + cosh(Ig(a)(s)). Finally, by Theorem 2.13-(i), we see this
solution is g(;)-differentiable on I.
Thus, we have proved the following result.

Theorem 3.3. For a(t) < 0, the qqy-solution of problem (8) is given by
t
x(f) = cosh(I(a)(1)) (xo + f 57 [0(s) cosh(I%(a)(s)) © o(s) sinh(I5(a)(s)) | ds)
0

¢
+ sinh(I) (a)(£)) (xo + f 171 [o(s) cosh(I)(a)(s)) © o (s) sinh(lg(a)(s))] ds) .
0
For finding the g(»)-solution, change problem (8) to the corresponding ODEs system

x(t) = a(t)x(t) + 3 (t),
X0(t) = a(hx(t) + a(b),
x(0) = xo,
x(0) = %o,

and we solve this system.

Theorem 3.4. For a(t) < 0, the g -solution of problem (8) is

t
X(t) = elg(ﬂ)(t) (xO o f Sq—l(_g(s))elg(a)(s)ds)
0

provided the H-difference exists.

Proof. By Theorem 2.12 and Lemma 2.9, and the H-difference xg © fot sq‘l(—o(s))eflg(")(s)ds exists, then the
H-difference is g(»)-differentiable and

@)

t
(xoe f sq_l(—a(s))e‘lg(”)(s)ds) = o(t) - e @O,
0

Denote G(t) = €"@® and F(t) = xo © fot s171(=a(s))e @) ds, since a(t) < 0, so G(t) - GD(t) < 0 and F(t) is
g -differentiable, so the condition in Theorem 2.13-(ii) is satisfied. Then we get

t
XI(F) = a(t)er@® (xo e f sq_l(—a(s))e‘lg(”)(s)ds) + a(e @D @O = y(p)x(t) + a(b),
0

i.e., x(t) is the g-solution of (8). O
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Case 3.5. a(t) > 0fort el
Considering g1)-differentiability, problem (8) is transformed into the ODEs system

xD(t) = a(t)x(t) + o(t),
() = a(t)x(t) + 5 (),
x(0) = xo,
x(0) = %o,

and we solve this system.

Theorem 3.6. For a(t) > 0, the qqy-solution of problem (8) is

t
x(t) = eh@® (xo + f s"‘lo(s)e‘lg(”)(s)ds).
0

Proof. By Lemmas 2.8 and 2.9, since a constant function is differentiable in any case of differentiability we
5 1. \)
have x; + fot 5116 (s)e 1) ds is g)-differentiable and (xo + fot s‘?’lo(s)e‘lg(”)(b)ds) Y2 G(t)e how,

Denote G(t) = e"@® and F(t) = xo + fot s1-1g(s)e1@6)ds, since a(t) > 0, so G(t) - GO(t) > 0 and F(t) is
q-differentiable, so the condition in Theorem 2.13-(i) is satisfied. Then

t
XI(F) = a(t)eh@® (xo + f sq_lo(s)e_lg(“)(s)ds) + o(He1 @D @O = q(Hx(t) + a(t),
0

i.e., x(t) is the g)-solution of (8). O

For finding the g(y)-solution, change problem (8) to the corresponding ODEs system

X0 (t) = a(H)x(t) + 5 (b),
() = a(hx(®) + o(b),
x(0) = xo,
X(0) = %o.

The solution of this system is
x(t) = cosh(I(@)(1)) {@ + fo 47159 cosh(2(0)s) - o6 ik (9] ds}
+ sinh(I(@)(®) {x_o + fo 171 [-5(6)sinh ((@)(9) + o(9) cosh(0)E) ds}
X(t) = sinh(I}(a)(t)) {x_o + fo 171 59 cosh@2(@)s) - o6 sinh )9 ds}

t
+ cosh(If;(a)(t)) {x_o + f 171 [—E(S) sinh(lg(a)(s)) +a(s) cosh(Ig(a)(s))] ds} .
0

Then for a(t) > 0, the gy -differentiable solution is
t
x() = cosh(I9(a)(1)) (xo e f 57 [o(s) sinh(I(a)(s)) - o(s) cosh(I5(a)(s)) | ds)
0

t
o —sinh(IY(a) () (xo e f 57 [o(s) sinh(I(a)(s)) - o(s) cosh(IS(a)(s))] ds),
0
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provided the H-difference

¢
X0 © j; s771 [o(s) sinh(Ig(a)(s)) —a(s) Cosh(Ig(a)(s))] ds )

exists. Since for a(t) > 0, cosh(I(a)(t)) > sinh(I)(a)(t)) and thus YK € Ry, the H-difference cosh(I)(a)(t))K ©
(= sinh(I9(a)(#))K) exists.

Theorem 3.7. For a(t) > 0, the qe)-solution of problem (8) is given by

t
x(t) = cosh(I9(a)(1)) (xoe fo 57 [o(s) sinh(I9(a)(s)) - o(s) cosh(If(a)(s)) ] ds)

t
o —sinh(I9(a) (1)) (xo e f 57 [0(s) cosh(I9(@)(s)) - o(s) sinh(I5(a)(s)) | ds)
0
provided that the H-difference (9) exists.

Proof. According to Definition 3.1, we just need to prove x(t) is q(»-differentiable. Considering Definition
2.3-(q), if the H-differences x(f) © x(t + £'~7) and x(¢ — e'~7) © x(¢) exist and the limits lim X2 5ng

e—0*
lim
-0

limits exist. The details are shown as follows.

Fora e [0,1],t €1,

w exist, then x(t) is g(»)-differentiable. So we only need to check above the H-differences and

t a
diam[x(t)]* = cosh(I(a)(t))diam [(xoe f 57 [o(s) sinh(I(a)(s)) - o(s) cosh(I5(a)(s)) | ds)]
0

t 143
- sinh(Ig(a)(t))diam [(xo e f 171 [o(s) sinh(Ig(u)(s)) —0(s) cosh(Ig(a)(s))] ds)]
0
= (cosh(1(a)(¥)) - sinh(I(a)(1)))

t a
X diam [(xo o f 171 [a(s) sinh(lg(a)(s)) —0(s) cosh(Ig(a)(S))] dS)] )
0

Since cosh(Ig(a)(s)) - sinh(Ig(a)(s)) = @0 jg non-negative and decreasing and

X0 © j(;t g1~ [U(S) sinh(lg(a)(s)) —a(s) cosh(Ig(a)(s))] ds is a g -differentiable function (see Theorem 2.11), its
diameter is non-increasing in the variable ¢ for a € [0, 1] fixed. Then diam[x(¢)]* is non-increasing in ¢ for
a € [0,1] fixed. Therefore the H-differences x(t) © x(t + t!™7) and x(t — et'~7) © x(t) exist. For calculating the
q-derivative, we set fi(t) = cosh(I)(a)(t)) and fa(t) = sinh(I)(a)(t)). We check that
lim D (X0 a(x(h) + o(t)) = 0.

x()=x(t+et'™)

For this purpose, we prove that —

— (a(t)x(t) + o(t))| tend to

X(O-X(tret! 1) (a(Hx(t) + g(t))' and

—&
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0 as ¢ = 0" uniformly for a € [0, 1]. Indeed, with Definition 2.7, we have

x(t) - %(_t: ) aha) + o(t)
t t
_ fi—(:) {E"‘ fo g1 [E(s) A6 - a6)fo s)] ds} + f& {xo f g1 [_E(S)fz(s) +Q(S)f1(s)] ds}
P P {x_ [T e e - o] ds}

_ 1- t1-
AL {x_o ¢ [ [50R6 + 200 ds} ~a(t)
—a(t) [ﬁ(t) {w fo 17 [56) () = 9(6) o(9)] ds}]

~ a(t [fz(f) {x_0+ [ # [aa6 + 200 ds}]

_ 1= t
=(f2(t) Lad q)—a(t)fl(t)){@+ [ o [5(s)f1(s)—g(s)fz(5)]d5}

3 1— t+et! ™l
MG { f S EOVIORPIOTAC) dS}
3

—&

N (ﬁ(t) LA fz(t)) {x—o . [ 7 [TOAO + 20RO dS}
0

| hitret™) { [ 1 [a0m0 + a0si6) dS} ~ o)

—&
_ (fz(t) — fo(t +&t'™) ( filt) = filt + et
—&

—&

- a(tm(t)) g1(t)+ ~ S Z(t)) 70
[ $115(5) i (5) s folt + et [ e
- J2
P &
ft*'é'tl"’ Sq_la(s)fZ(s)dS ft+gtlf'7 Sq_lg(S)fl (S)dS

— fi(t + et'™1) < - + fi(t + et 1)< - —a(t),

+ fo(t + et'™)

where g1(t) = {xo + [ g1 [56)f1(s) = 0(5)fa(s) | ds} and g (t) = {35 + s [-5(5)/2(5) + 0(5)fi(5)] s} . Then

for each t fixed, lim sup w

€207 4e(01]

(1) f1(t) and f>(t) are g-differentiable at ¢, by Theorem 2.6, we have fl(q)(t) = a(t) f(t) and f (t) = a(t) f1(¢).

(2) g1(t) and go(t) are bounded (in the variable « for each t fixed). Indeed, the support of x¢ is bounded,

and the endpoints of the support of ¢ are continuous functions on the compact interval [0, {] and, thus,
bounded. Also, fi(t) and f,(t) are bounded on the compact interval [0, ¢].

(3) The following limits exist for every a € [0, 1]:

[ 19 fds [ g

- - = g()fi(t), i = 1,2 and they are uniformly

— (a(t)x(t) + C_T(t))| = 0 due to the following considerations:

lim =o)fi(t), i=1,2, lim
e—0* e—0* "
in a € [0,1]. Since ¢ is a continuous fuzzy function, and hence, J;t s7715(s) fi(s)ds is (1)-differentiable with
derivative o(t)fi(t), i = 1,2.

(4) We have f2(t) - f7(t) =1, Vt e L.
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x(£)—x(t+et'™1)

= (a(®)x(t) + o(t))| =

Analogously we prove lim sup
€20 aefo1]

Then lim w = a(t)x(t) + o(t). Similarly 1ir(r)1+ ’Lj)ex(t) = a(t)x(t) + o(t). Consequently, x(t) is

-0t

qo)-differentiable and x@)(t) = a()x(t) + o(t). O

Case 3.8. a(t) =0fort el

Consider
xO(t) = o(t), t €,
x(0) = xo.

From the results in Case 3.2 and Case 3.5 we have

Theorem 3.9. For a(t) = 0 the qqy-solution of problem (8) is given by x(t) = xo + Ig(a)(t), and the q)-solution of
problem (8) is x(t) = xp © Ig(—a)(t) provided that the H-difference exists.

Remark 3.10. We remark that [11, Cases 1-3] are special situations of Theorems 3.3,3.4,3.6,3.7,39ifq =1, i.e,,
[11] coincide with the first order situation.
4. The equation x(t) + a(t)x(t) = o(t)

Consider the fuzzy linear conformable fractional differential equation

{x(”f)(t) +at)x(t) = o(b), te I, .

x(0) = xo,

wherea:I = R, xo € Rp, g € (0,1] and ¢ € C(I, Rf).
Here, we study problem (10) in three cases a(t) > 0, a(t) < O and a(t) =0 for t € I.

Definition 4.1. Let x(t) : I — Rr be a fuzzy function such that x10(t) or x9@(t) exists. If x(t) and x0(t) satisfy
problem (10), we say x(t) is a q)-solution of problem (10). Similarly if x(t) and x12(t) satisfy problem (10), we say
x(t) is a gp)-solution of problem (10).

Case 4.2. a(t) > 0fort el

Theorem 4.3. For a(t) > 0, the qu)-solution of problem (10) is x(t) = eh@® (xo + fot sq‘lo(s)elg(”)(s)ds) provided
that x(t + et'=7) © x(t) and x(t) © x(t — et'~7) exist for ¢ sufficiently small.

Proof. Problem (10) can be written as [x7 (£), % ()] + [a(D)x, (1), a()Z2 (D] = [0, (1), Ga(B)], 0 £V (1) + a(D)x, (1) =

0,(8), X (t) + a(t)%a(t) = Ga(t). Thus (x e <*>)q) (t) = g, (@D, (@e’”“’)(*))(q) (t) = Ta(t)ei@D, therefore, by
Def1n1t10n 2.7, it can be deduced that

¢
- ~I0(a)(t) ~I0(a)(t) -1 I9(a)(s)
ga(t)—x_oae a +e [)sq o, () ds,

t
To(b) = Tg,e N0 4 1@ f 115, (5)e1 @O ds,
0

This proves that,
t
[x(1)]* = [xo]%e O 4 ¢ OO f s17 [a(s)]%e @0 ds.
0
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Thus x(t) = e hh@® (xo + fot sq‘la(s)elg(“)(s)ds) . We get that x(t) is a solution of problem (10) for a(t) > 0. Now
we check that x(t) is the gq)-solution of problem (10).
The H-differences x(t + et'~7) © x(t) and x(t) © x(t — t177) exist. For calculating the g)-derivative, we set

fi(t) = e71OO and £ (t) = @O, We check that lirgl D (m, o(t)e a(t)x(t)) = 0. For this purpose, we
e—0"
prove that |*x—(t+£tlj)_z(t) —(a(t) - a(t)z(t))‘ and }—(Hstl;q)_}(” — (o(

a € [0,1]. Indeed, with Definition 2.7, we have

) — a(t)f(t))| tend to 0 as € = 0" uniformly for

x(t + et'™0) — x(t)

— (a(t) — a(t)x(t))
t+ett™ t
X0 + fo sq_lg(s)fz(s)ds} - & [@ + fo s"_lg(s)fz(s)ds]

_filt+ et
= x ;

+wmmhﬁf¢@wmm}gﬂ
0
=(ﬁa+akﬂ—ﬁm

&

+ a(t)fl(t)) [@ + j{; sq‘lg(s)fz(s)ds]
1— et
HJSEED [T a9 pes - 00)

1=y _ 1- el
_ (fl(t + et eq) fl(t) + ll(t)fl(t)) g(t) + M f Sqflg(s)fg(s)ds —a(h),
t

where g(f) = xo + [, 57 a(s) fa(s)ds.
Then for each f fixed, lim sup
20" 4efo,1]

(1) f1(t) is g-differentiable at t, by Theorem 2.6, we have fl(q)(t) = —a(t) f1(t).

(2) g(t) are bounded (in the variable « for each ¢ fixed). Indeed, the support of xq is bounded, and the
endpoints of the support of ¢ are continuous functions on the compact interval [0, {] and, thus, bounded.
Also, f1(t) and f>(t) are bounded on the compact interval [0, ¢].

(3) The following limits exist for every a € [0, 1]:

[ g e | CIAGE,
&

: = a®f(), lim

x(t+et'™N)-x(t)

—(o(¥) - a(t)g(t))‘ = 0 due to the following considerations:

lim

e—0"

= 0(t)f2(t), and they are uniformly in « € [0, 1].

Since o is a continuous fuzzy function, and hence, J;Vt B s7715(s) f2(s)ds is (1)-differentiable with derivative
a(t) f(D).
(4) We have fi(t) - f2(t) =1,Vt el
Analogously we prove 11%1 sup m —(o(t) - a(t)i(t))' =0.
=207 aefo,1]

Then ‘lirg+ m = o(t) © a(t)x(t). Similarly ,h%k = o(t) © a(t)x(t). Consequently, x(t) is

qq)-differentiable and x0)(t) = o(t) © a(t)x(t), i.e., xX9)(t) + a(t)x(t) = o(t). O

x(t)ex(t—et' )
€

Remark 4.4. We remark that ([10], Theorem 12) is special case of Theorem 4.3 when a(t) = 1 for t € L.

For finding the g(»)-solution, change problem (10) to the corresponding ODEs system

X (b) + a(Hx(t) = 5(b),
X0t + a(x(t) = o(h),
x(0) = xo,
%(0) = Xo.
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The solution of this system is
x(t) = cosh(~I}(@)(t)) {@ + fo 517 [5(6) cosh(-12(0)®) ~ 2 sinh(—12(0)9)] ds}
+sinh(~1}(a)(1) {x—o + fo 517 [<506) sin(~12(09) + (6) cosh(~2(a)5)] ds}
%(t) = sinh(~I}(a)(t)) {g + fo 517 [5(6) cosh(-12(0)®) ~ 2 sinh(-12(0)5)] ds}

+ cosh(~I(a)(#)) {x_o+ f 571 [5(s) sinh(~19(a)(s)) + o(s) cosh(~I(a)(s)) ds}.
0

Then for a(t) > 0, the gy -differentiable solution of problem (10) is

x(t):cosh(—lg(a)(t))(xoe f 57 [0(s) sinh(~I3(a)(s)) - 0(s) cosh(~I)(a)(s))] ds)

0
t
o —sinh(-I(a)(t)) (xo e f 57 [0(s) sinh(-I3(a)(s)) - 0(s) cosh(~I)(a)(s))] ds),
0

provided the H-difference

¢
X0 © f s171 [a(s) sinh(~I)(a)(s)) = o(s) cosh(—lg(a)(s))] ds (11)
0
exists. Since for a(t) > 0, cosh(~I{(a)(t)) > sinh(~I)(a)(#)) and thus VK € R, the H-difference cosh(I9(a)(t))K©
(— sinh(I9(a)(#))K) exists.
Theorem 4.5. Let a(t) > 0 and then the fuzzy function x(t) given by

¢
x(t) = cosh(—Ig(a)(t)) (xo e f 51t [a(s) sinh(—Ig(a)(s)) —a(s) cosh(—Ig(a)(s))] ds)
0

t
o —sinh(-I(a)(t)) (xoe f 571 [o(s) sinh(~I3(a)(s)) - o(s) cosh(~I}(@)(s))] ds),
0

is the q()-solution to problem (10), provided that H-difference (11) exists and x(t) © x(t + t'~7) and x(t — et'™T) © x(t)
exist for € sufficiently small.

Proof. The H-differences x(t) © x(t + ¢t'~7) and x(t — et177) © x(t) exist. For calculating the g)-derivative, we
set fi(t) = cosh(—I(q)(a)(t)) and f(t) = sinh(—Ig(a)(t)).
We check that lim D (R () @ a(hx(t)) = 0

x(t+et!™1)

—(a(t) — a(t)x(t))| tend to 0 as

For this purpose, we prove that ’M (o(t) —a(t)x
& — 0% uniformly for « € [0, 1]. Indeed, with Definition 2.7, we have

x(t) - fﬁ‘ + et 1) (a(t) — a(t)x(t))

:(fz(t) — folt + etl‘q) i) = fi(t+ ™)
—&

—&

ﬂ(t)fz(t)) g2(t)
jt*t+gt - §115(s) f(s)ds

&
tret!=1 o tett™
b LO(S)fz(S)dS +filt+ etl‘”’)ft . L,Q(S)fl(S)ds —a(b),

+a(t) fi(t) )9 () + (

etl™1 —
J;H ' s7715(s) fi(s)ds
€

+ fo(t + et'™) — folt + et'™)

— fi(t + et
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where g1(t) = {xo + [, 577 [G(5)/i(5) - 0(6) 2(5)| ds} and. ga(t) = {T + [ 7 [-5(5) fo(6) + 9(6)fi(5)] ds} . Then
X()—-x(t+et' 1)

for each t fixed, lim sup
€207 aefo,1]

(1) f1(t) and fa(t) are g-differentiable at t, by Theorem 2.6, we get £” () = —a(t) f>(t) and £i(t) = —a(t) fi(D).

(2) g1(t) and go(t) are bounded (in the variable « for each t fixed). Indeed, the support of x¢ is bounded,
and the endpoints of the support of ¢ are continuous functions on the compact interval [0, ] and, thus,
bounded. Also, fi(t) and f,(t) are bounded on the compact interval [0, ¢].

I T G156 fi()ds

—(a(t) - a(t)g(t))| = 0 due to the following considerations:

(3) The following limits exist for every a € [0, 1]: lim

e—0*

=a(t)filt), i=1, 2,
[ a9 feds

&

111‘61+
function, and hence, fod B s7715(s) fi(s)ds is (1)-differentiable with derivative a(t)fi(t), i = 1,2.
(4) We have fi(t) - f(t) =1,Vte L

x(B)—x(t+et!™T)

= o(t)fi(t), i = 1,2 and they are uniformly in a € [0, 1]. Since ¢ is a continuous fuzzy

Analogously we prove lim sup

e=0% 4e(0]
Then hrg = o(t) © a(t)x(t). Similarly hm = o(t) © a(t)x(t). Consequently, x(t) is
qo)-differentiable and x“)(t) = o(t) © a(t)x(t) i.e. x(’7<2>)(t) + a(t)x(t) =o(t). O

Case 4.6. a(t) <0 fort el

= (a(t) = a®)x(t)| =

x(hex(t+et!™1) x(t—et! W)ex
=&

Considering g()-differentiability, problem (10) is transformed into the ODEs system

xD() + a(t)x(t) = a(t),
X0t + a(bx(t) = 5(b),
x(0) = xo,
X(0) = Xo.

The solution of this system is
x(t) = cosh(~I{(a)(t) {@ + fo 71009 osh(~12a)e) - 36) sinh (@G| ds}
+ sinh(~1%(a)(1) {x—o ' fo 517 [-o(9)sinh(—I2(@)(5) + 55) cosh(~ K@) ds}
%(t) =sinh(~I3(a)(t) {x_o + fo 71069 osh(~12@)6) - 76) sinh (@) ds}

+ cosh(~I(a)(#)) {% + f 571 [~a(s) sinh(~I(a)(s)) + 5(s) cosh(~I(a)(s)) ds} .
0

Then for a(t) < 0, the g(y-solution of the problem (10) is
¢
x(t) = cosh(—Ig(a)(t)) (xo + f 71 [a(s) cosh(—Ig(a)(s)) ©0a(s) sinh(—Ig(a)(s))] ds)
0

t
+ sinh(~1%(a)(t)) (x0+ f 571 [0(s) cosh(~I(a)(s)) © o(s) sinh(~I)(a)(s)] ds),
0

provided the H-difference in the integral terms exists. Since for a(t) < 0, we have (—Ig(a)(t)) >0, s0
diam([o(s)]*) cosh(—Ig(a)(s)) > diam([o(s)]*) sinh(—lg(a)(s)),

then H-difference o(s) cosh(—Ig(a)(s)) e a(s) sinh(—If; (a)(s)) always exists. By Theorem 2.13-(i), and
cosh(~I9(a)(s)) + sinh(~I)(a)(s)) > 0, we get this solution is g()-differentiable on I.
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Theorem 4.7. For a(t) < 0, the qu)-solution of problem (10) is given by
x(t) = cosh(~I2(a)(1) (xo ' fo 71 [o(9) cosh(—I@(5) © oS sinh( 5] ds)
+ sinh(~[3(a)(1) (xo ' fo 971 [o(9) cosh(—I@(5) © 015 sinh(-12(a)e))| ds) :
Theorem 4.8. For a(t) < 0, the g -solution of problem (10) is given by

¢
x(t) = xpe OO g ¢ @O f 171 (=0(s))e1 @O ds.
0
provided the H-difference exists and x(t) © x(t + et'™1) and x(t — et'™7) © x(t) exist for ¢ sufficiently small.
Proof. For finding the g(»-solution, problem (10) can be written as [Eff)(t), g,(f)(t)] + [a(t)xa(t), a(t)x, ()] =
[0, (5, 5a()], 50 x2(8) + a(B)x, (1) = 5alt), E(H) + a(OFa(t) = 0, (8). Thus (x,"@0)? (5 = 545",
(Eaelg(“)(t))(q) (t) =g, (t)elg @®  and, therefore, it can be deduced that

t
x, () =xo e @O _ @ f $171(=5a(5))e" @O ds,

0

t
X (t) = x—oae—l(q)(a)(t) — e lj@® f sq—l(_ga(s))elg(ﬂ)(S)dS'
0

This proves that, [x(#)]* = [xp]%e @0 _ o~l@ fot s171[—54(s), —Qa(s)]elg(“)“)ds. So
¢
x(t) = xoeflth)(ﬂ)(t) = e*[,?(ﬂ)(t) f Sq_l(—a(s))el‘?(ﬂ)(s)ds,
0

provided the H-difference exists. The H-differences x(t) © x(t + ¢t'~7) and x(t — et'™1) © x(t) exist. Similar
to the proof of Theorem 4.3, we get that x(t) is the g(»)-differentiable, i.e., x(¢) is the g(»)-solution of problem
(10). O

Case 4.9. a(t) =0fort el

When a(t) = 0 case 4.9 of problem (10) is equivalent with case 3.8 of problem (8). In other words, they have
the same solutions; so we omit the details here.

5. Examples

Example 5.1. Consider the fuzzy linear conformable fractional differential equation

x(0~5)(t) = tx(t) + Zt)/, t> 0/
x(0) =y,
where [y]* =[a—-1,1-a].

Zt1.5

From Theorem 3.6, we have the g(;)-solution is x(t) = y (363 2) , that is shown in Figure 1.
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Figure 1: g(1)-Solution of Examples 5.1 and 5.2 using the g(;)-differentiability.

For finding the g(»)-solution, the solution of the corresponding ODEs system is

x(t) =(a — 1)Cosh(§t1'5) {1 -2 fot 05 [cosh(%sw) + sinh(%sl'S)] ds}
+ (1 — @) sinh (§t1'5) {1 -2 ‘fot 05 [COSh (551'5) + sinh(?—}sl's)] ds} ,
() =(a - 1) sinh(§t1~5) {1 _2 f 05 [cosh (551-5) ; sinh(%slf’)] ds}
0

t
+(1-a) COSh(%tl‘S) 1- 2f 05 [cosh(gsl'S) + sinh(gsl's)] dsy.
3 0 3 3

For t € [O, V15In 1.5], y e fot s705 [257/ sinh (%sl'S) — 25y cosh (%sl'S)] ds exists, since
diam([y]*) > diam ( fot 5705 [25[7/]“ sinh (%s“’) — 25[y]* cosh (%s”)] ds). So we have the g(-solution is

x(t) = y(3€‘§t1'5 — 2). This solution is shown in Figure 2.

3*exp(-(2/3)1t1%)-2
-(3*exp(-(2/3)t' ®)-2)

08r

06

04 r

02r

x(t)

S il
04t o EEE
-06 ~

-08 =

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 2: g(»-Solution of Examples 5.1 and 5.2 using the g(»)-differentiability.

Example 5.2. Consider the fuzzy linear conformable fractional differential equation

xO9(t) = —tx(t) + 2y, t > 0,
x(0) =7,
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where [y]* = [a@-1,1-a].

For finding the g(;)-solution, the solution of the corresponding ODEs system is

x(t) =(a — 1) cosh (—§t1'5) {1 +2 ft 05 [cosh (_531.5) + sinh (—%sl'S)] ds}
0
+ (1 — a)sinh (—%tw) {1 +2 ft 05 [cosh (—251'5) + sinh (—%slf’)] ds} p
0
X(t) =(a — 1) sinh (—%tl'S) {1 +2 ft 00 [cosh (—551'5) + sinh (—251'5)] ds}
0

¢
+ (1 — a)cosh (—%tlf’) {1 + 2f 00 [cosh (—251'5) + sinh (—251'5)] ds} .
0

We note that the H-difference 2sy cosh (_%51.5) © 2sy sinh (—%sl's) exists and we have the gg)-solution is
x(t) =y (33%t1'5 - 2) , that is shown in Figure 1.

2,15

Fort€[0,0.7], y © fot —250'57/6%51'5 ds exists, since diam([y]*) > diam ( fot —2505[y]%e3s ds) . From Thoerem

3.4 we have the g -solution is x(t) = y (3e‘§f1'5 - 2) . This solution is shown in Figure 2.

Example 5.3. Consider the fuzzy linear conformable fractional differential equation

xO9(t) + tx(t) = 2ty, t 2 0,
x(0) =y,

where [y]* = [a—-1,1-al.

From Theorem 4.3, we have the g(;)-solution is x(f) = 7/(2 _ e—%t1-5) that is shown in Figure 3. (It is easy

to check that x(t + ¢t'79) © x(t) and x(t) © x(t — et'~) exist over [0,0.7].)

2-exp(-(2/3)t.1%)
~(2-exp(-(2/3)*." %))

x(t)
o

Ap—
=
e
—_
ey
—

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
t

Figure 3: g(1)-Solution of Examples 5.3 and 5.4 using the q;)-differentiability.



T. Yang et al. / Filomat 36:1 (2022), 255-273 272

For finding the g(»)-solution, the solution of the corresponding ODEs system is

ot ()2 [ (3 s3]
L e

(1) =(a — 1) sinh (~51'%) {1 -2 fo 05 [cosh(_gsw) +sinh (-gsw)] ds}
o 31 [ el 3 (3]

For t € [0,0.7], y © fot 5705 [25)/ sinh (—§51'5) — 2sy cosh (—%slf’)] ds exists, since
diam([y]*) > diam (fot s705 [2s[y]‘* sinh (—%s”) — 25[y]* cosh (—%sl'5)] ds). So we have the g)-solution

x(t) = )/(2 - egtm). This solution is shown in Figure 4. (It is easy to check that x(f) © x(t + ¢t'™7) and
x(t — et'™1) © x(t) exist over [0,0.7].)

08| TEEs
06 =

04 r

02} 2-exp((2/3)"t. %)
. (2-exp((2/3)"t.%)
T 0
-0.2
-04 [ 4
|
-06 /// E
.
08| e
1 R
0 0.1 0.2 0.3 04 0.5 0.6 0.7

t

Figure 4: g(»-Solution of Examples 5.3 and 5.4 using the g(»)-differentiability.

Example 5.4. Consider the fuzzy linear conformable fractional differential equation

xO9(t) = tx(t) = 2ty, t 2 0,
x(O) =Y

where [y]* = [ -1,1-a].

For finding the gq)-solution, the solution of the corresponding ODEs system is

x(t) =(a — 1)Cosh(§t1'5) {1 +2 ft 00 [cosh(%sw) + sinh(%sl'S)] ds}
0
+ (1 — a)sinh (%tl's) {1 +2 ‘fot 00 [COSh (251'5) + sinh(%slﬁ)] ds} ,
() =(a - 1) sinh(§t1~5) {1 12 f 05 [cosh (551-5) ; sinh(§s1~5)] ds}
0

¢
+(1-a) COSh(%tl‘S) 1+ Zf s0 [cosh(gsm) + sinh(gsw)] dsp.
3 0 3 3
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We note that the H-difference 2sy cosh (%51.5) © 2sy sinh (%s”) exists and we have the g;)-solution is x(f) =
_2[1.5 . . .
y (2 —e3 ), that is shown in Figure 3.
Fort €[0,0.7],y© fot —2505y¢735" ds exists, since diam([y]*) > diam ( fot —2505 [y]“f%sl'sds) .From Theorem
4.8 we have the g()-solution is x(f) = )/(2 - e%fl's). That is shown in Figure 4. (It is easy to check that
x(t) © x(t + et'™7) and x(t — et'™1) © x(t) exist over [0,0.7].)

6. Conclusion

A basic procedure for finding explicit g(1)-differentiable and q(;)-differentiable solutions of linear fuzzy
conformable fractional differential equations with constant function coefficients is established. From the
upper and lower branches, the linear fuzzy conformable fractional differential equations are transformed
into linear ordinary differential equations, and the variation of constant formula is used to derive g()-
differentiable solutions and qy)-differentiable solutions.
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