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Abstract. In this paper, we extend the properties of rational Lupaş-Bernstein blending functions, Lupaş-
Bézier curves and surfaces over arbitrary compact intervals [α, β] in the frame of post quantum-calculus and
derive the de-Casteljau’s algorithm based on post quantum-integers. We construct a two parameter family
as Lupaş post quantum Bernstein functions over arbitrary compact intervals and establish their degree
elevation and reduction properties. We also discuss some fundamental properties over arbitrary intervals
for these curves such as de Casteljau algorithm and degree evaluation properties. Further we construct
post quantum Lupaş Bernstein operators over arbitrary compact intervals with the help of rational Lupaş-
Bernstein functions. At the end some graphical representations are added to demonstrate consistency of
theoretical findings.

1. Essential preliminaries and review of previous results

Computer aided geometric design (CAGD) is a discipline which deals with computational aspects
of geometric objects. It emphasizes on the mathematical development of curves and surfaces such that
it becomes compatible with computers. In [2], Bernstein constructed polynomials called as Bernstein
polynomials. The Bernstein bases play a significant role in preserving the shape of the curves or surfaces.
Many popular programs utilize Bernstein polynomials to form what are known as Bézier curves [6, 8, 9, 15,
18, 30, 35, 36].

Quantum calculus [37] has led to a new generalizations of Bernstein polynomials which was first initi-
ated by Lupaş [20] and later on by Phillips [34].

Recently, extension of quantum calculus to post quantum calculus in Approximation Theory has been
initiated by Mursaleen et al [24]. They constructed and studied post quantum analogue of Phillips Bern-
stein operators (polynomials) [34]. These generalizations of Phillips operators (polynomials) reduces to
classical Bernstein operators [2], for parameters p = q = 1. For more relevant works, we refer the reader to
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[1, 7, 13, 14, 21–23, 25–27, 29, 31, 38–42, 44].

The post quantum integers [h]p,q for any p > 0 and q > 0 are defined by

[h]p,q = ph−1 + ph−2q + ph−3q2 + ... + pqh−2 + qh−1 =



ph
−qh

p−q
, when p , q , 1

h ph−1, when p = q , 1

[h]q, when p = 1
h, when p = q = 1,

where [h]q denotes the q-integer of non-negative integer h.

The post quantum-binomial expansion is given by

(au + bv)h
p,q :=

h∑
k=0

p
(h−k)(h−k−1)

2 q
k(k−1)

2

[
h
k

]
p,q

ah−kbkuh−kvk,

(u + v)h
p,q = (u + v)(pu + qv)(p2u + q2v) · · · (ph−1u + qh−1v),

(1 − u)h
p,q = (1 − u)(p − qu)(p2

− q2u) · · · (ph−1
− qh−1u),

where the post quantum binomial coefficients are defined by[
h
k

]
p,q

=
[h]p,q!

[k]p,q![h − k]p,q!
.

Details on post quantum-calculus can be found in [10, 11, 24].
The post quantum Bernstein operators [24] are defined as follows. For 0 < q < p ≤ 1,

Bh,p,q( f ; u) =
1

p
h(h−1)

2

h∑
k=0

[
h
k

]
p,q

p
k(k−1)

2 uk
h−k−1∏

s=0

(ps
− qsu) f

(
[k]p,q
pk−h[h]p,q

)
, u ∈ [0, 1]. (1)

Post quantum Bernstein operators (1) reduce to Phillips q-Bernstein operators [34] for p = 1.

Herein, we recall and review some preliminary results of [16] for the sake of completeness.
With the development of Post quantum calculus, Khalid and Lobiyal [16] constructed and studied (p, q)-

analogue of Lupaş Bernstein operators which is an extension to the work of Lupaş [20]. They studied and
derived various results for rational Lupaş Bernstein blending functions, Lupaş Bèzier curves and surfaces.
The operators Lh

p,q : C[0, 1]→ C[0, 1] defined by

Lh
p,q( f ; u) =

h∑
k=0

f
(
ph−k [k]p,q

[h]p,q

) [
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 uk (1 − u)h−k

h∏
j=1
{p j−1(1 − u) + q j−1u}

, (2)

are post quantum analogue of Lupaş Bernstein operators.
For p = 1, these turn out to be q-analogue of Lupaş operators [31].

These operators (rational) reduces to classical Bernstein operators [2], if one chooses parameters
p = q = 1.



A. Khan et al. / Filomat 36:1 (2022), 331–347 333

All these operators can be used to approximate any continuous function via Korovkin type approxima-
tion.

For other application of Bernstein polynomials, one can refer to [19] and [30].

The post quantum generalization by Khalid and Lobiyal [16] of Lupaş operators Lh
p,q( f ; u) have an

advantage of generating positive linear operators for all p > 0, q > 0,whereas post quantum generalization
of Phillips polynomials [24] generate positive linear operators only if p, q ∈ (0, 1).

Motivated by work of Khalid and Lobiyal [16], we study these on arbitrary compact intervals.
For other works related to Bézier curves and Approximation theory, one can refer [9, 15, 17, 30, 31, 33].

Mainly de-Casteljau’s algorithm has been used in this paper. The derived results and constructions are
important from computational point.
We have formulated this paper as follows: In Section 2, Lupaş post quantum analogue of Bernstein
functions over [α, β] is defined and its various properties has been established. In Section 3, the Lupaş post
quantum Bézier curves are studied. In Section 4, Bézier surfaces over the generalized tensor product on
the rectangular domain from the Lupaş post quantum analogue of the Bernstein functions are discussed.
In section 5, post quantum-analogue of Lupaş operators over arbitrary intervals are constructed and its
endpoints interpolation properties are presented. The effects of the shape parameters on the shape of the
curves and surfaces are shown in Section 6.

2. Construction of post quantum Lupaş basis functions on [α, β]

We present here an extension of Lupaş type post quantum analogue (rational) of the Bernstein functions
over arbitrary compact intervals [α, β]:

for any p > 0 and q > 0, we set

bk,h
p,q(u;α, β) =

[
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

, (3)

where b0,h
p,q(u;α, β), b1,h

p,q(u;α, β), · · · , bh,h
p,q(u;α, β) are the post-quantum analogue of the Lupaş q-Bernstein func-

tions [9] of degree h on the interval [α, β].
When p = 1 and α = 0, β = 1, Lupaş post quantum Bernstein functions over [α, β] turns out to be Lupaş
q-Bernstein functions as given in [9], whereas when p = q = 1, and α = 0, β = 1 Lupaş post quantum
Bernstein functions turns out to be classical Bernstein functions.

The Lupaş post quantum Bernstein blending functions over the interval [α, β] for h = 3 are as follows:

b0,3
p,q(u;α, β) =

p3(β − u)3

(β − α)(p(β − u) + q(u − α)) (p2(β − u) + q2(u − α))

b1,3
p,q(u;α, β) =

(p2 + pq + q2) p(u − α)(β − u)2

(β − α)(p(β − u) + q(u − α)) (p2(β − u) + q2(u − α))

b2,3
p,q(u;α, β) =

(p2 + pq + q2) q(u − α)2(β − u)
(β − α)(p(β − u) + q(u − α) (p2(β − u) + q2(u − α))

b3,3
p,q(u;α, β) =

q3(u − α)3

(β − α)(p(β − u) + q(u − α)) (p2(β − u) + q2(u − α))
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Figure 1: Lupaş cubic Bèzier blending functions on arbitrary intervals

Figure 1 and 2 show the Lupaş post quantum-Bernstein blending functions of degree 3 for different
values of p and q. Here one can observe that at each point of the interval, sum of blending functions is unity.
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Figure 2: Lupaş cubic Bèzier blending functions on arbitrary intervals
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Theorem 2.1. The Lupaş post quantum-analogue of the Bernstein functions over the interval [α, β] possess the
following properties:

(1.) Non-negativity: bk,h
p,q(u;α, β) ≥ 0, k = 0, 1, · · · , h, u ∈ [α, β].

(2.) Partition of unity:

h∑
k=0

bk,h
p,q(u;α, β) = 1, u ∈ [α, β].

(3.) End-point property:

bk,h
p,q(α;α, β) =


1, if k = 0

0, k , 0

bk,h
p,q(β;α, β) =


1, if k = h

0, k , h

(4.) Post quantum-inverse symmetry:

bh−k,h
p,q (u;α, β) = bh−k,h

1
q
, 1
p

(u;α, β) = bk,h
1
p
, 1
q

(α + β − u;α, β)

for k = 0, 1, · · · , h.
(5.) Reducibility: by choosing, p = 1 and α = 0, β = 1, formula 3 will turnout to be the Lupaş q-Bernstein bases.

Proof:
Here we only present the proofs of properties 2 and 4 as the properties 1, 3 and 5 are obvious.

Property 2:
When u = α or β, the result is clear. In case u , α, β, the post quantum analogue of Newton’s Binomial

formula will be applied:
Consider

h∑
k=0

[
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

=

h∑
k=0

[
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (β − u)h
(u − a
β − u

)k

=
(
(β − u) + (u − α)

) (
p(β − u) + q(u − α)

)
· · ·

(
ph−1(β − u) + qh−1(u − α)

)
=

h∏
s=1

(
ps−1(β − u) + qs−1(u − α)

)
.

Hence
h∑

k=0

bk,h
p,q(u;α, β) = 1.
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Property (4) We need following relations to prove this result, :

[h]p,q = [h]q,p and
[

h
k

]
p,q

=

[
h
k

]
1
q
, 1
p

(pq)
k(2h−k+1)

2

(pq)
k(k+1)

2

.

Consider

bh−k,h
p,q (u;α, β) =

[
h

h − k

]
p,q

p
(k)(k−1)

2 q
(h−k)(h−k−1)

2 (u − α)h−k (β − u)k

n∏
j=1
{p j−1(β − u) + q j−1(u − α)}

=

[
h

h − k

]
p,q

p
(k)(k−1)

2 q
(h−k)(h−k−1)

2 (u − α)h−k (β − u)k

p
(h)(h−1)

2 q
(h)(h−1)

2

h∏
j=1
{

1
p j−1 (u − α) + 1

q j−1 (β − u)}

=

[
h
k

]
1
q
, 1
p

1
p

(h−k)(h−k−1)
2 1

q

(k)(k−1)
2 (u − α)h−k (β − u)k

h∏
j=1
{

1
p j−1 (u − α) + 1

q j−1 (β − u)}

= bk,h
1
p
, 1
q

(α + β − u)

= bh−k,h
1
q
, 1
p

(u;α, β).

3. Degree evaluation for Lupaş post quantum Bernstein functions over [α, β]

With the help of this algorithm one can construct a new control polygon by taking a convex combination
of the old control points which retains the previous points. For this, the identities (4),(5) and Theorem (3.1)
will be useful.

qh (u − α)
ph(β − u) + qh (u − α)

bk,h
p,q(u;α, β) =

(
1 −
pk+1[h − k]p,q

[h + 1]p,q

)
bk+1,h+1
p,q (u;α, β), (4)

ph(β − u)
ph(β − u) + qh (u − α)

bk,h
p,q(u;α, β) =

(
pk[h + 1 − k]p,q

[h + 1]p,q

)
bk,h+1
p,q (u;α, β). (5)

Theorem 3.1. Each Lupaş post quantum analogue of the corresponding Bernstein function of degree h over the
interval [α, β] is a linear combination of two Lupaş post quantum analogues of the Bernstein functions of degree h + 1
over the interval [α, β].

bk,h
p,q(u;α, β) =

(pk [h + 1 − k]p,q
[h + 1]p,q

)
bk,h+1
p,q (u;α, β) +

(
1 −
pk+1 [h − k]p,q

[h + 1]p,q

)
bk+1,h+1
p,q (u;α, β). (6)
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Proof:

bk,h
p,q(u;α, β) = bk,h

p,q(u;α, β)
(
1 −

qh (u − α)
ph(β − u) + qh (u − α)

+
qh (u − α)

ph(β − u) + qh (u − α)

)

=
ph(β − u)

ph(β − u) + qh (u − α)

( [ h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

)

+
qh (u − α)

ph(β − u) + qh (u − α)

( [ h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

)
.

Using 4 and 5, we have

bk,h
p,q(u;α, β) =

(pk [h + 1 − k]p,q
[h + 1]p,q

)
bk,h+1
p,q (u;α, β) +

(
1 −
pk+1 [h − k]p,q

[h + 1]p,q

)
bk+1,h+1
p,q (u;α, β).

Theorem 3.2. Each Lupaş post quantum analogue of the Bernstein function of degree h over the interval [α, β] can
be expressed as a linear combination of two Lupaş post quantum analogues of the Bernstein functions of degree h − 1
over the interval [α, β] as follows:

bk,h
p,q(u;α, β) =

qh−1 (u − α)
ph−1(β − u) + qh−1(u − α)

bk−1,h−1
p,q (u;α, β) +

ph−1(β − u)
ph−1(β − u) + qh−1(u − α)

bk,h−1
p,q (u;α, β), (7)

bk,h
p,q(u;α, β) =

ph−kqk−1(u − α)
ph−1(β − u) + qh−1(u − α)

bk−1,h−1
p,q (u;α, β) +

ph−k−1qk(β − u)
ph−1(β − u) + qh−1(u − α)

bk,h−1
p,q (u;α, β). (8)

Proof: From the Pascal’s type relations of the post quantum Binomial coefficient, we have

bk,h
p,q(u;α, β) =

(
ph−k

[
h − 1
k − 1

]
p,q

+ qk

[
h − 1

k

]
p,q

)
p

(h−k)(h−k−1)
2 q

k(k−1)
2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}
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or

bk,h
p,q(u;α, β) =

ph−kqk−1(u − α)
ph−1(β − u) + qh−1 (u − α)

[
h − 1
k − 1

]
p,q

p
(n−k)(h−k−1)

2 q
(k−1)(k−2)

2 (u − α)k−1 (β − u)h−k

h−1∏
j=1
{p j−1(β − u) + q j−1(u − α)}

+
ph−k−1qk(β − u)

ph−1(β − u) + qh−1(u − α)

[
h − 1

k

]
p,q

p
(h−1−k)(h−k−2)

2 q
k(k−1)

2 (u − α)k (β − u)h−k−1

h−1∏
j=1
{p j−1(β − u) + q j−1(u − α)}

=
ph−kqk−1(u − α)

ph−1(β − u) + qh−1(u − α)
bk−1,h−1
p,q (u;α, β) +

ph−k−1qk(β − u)
ph−1(β − u) + qh−1(u − α)

bk,h−1
p,q (u;α, β)

or

bk,h
p,q(u;α, β) =

(
qh−k

[
h − 1
k − 1

]
p,q

+ pk

[
h − 1

k

]
p,q

)
p

(h−k)(h−k−1)
2 q

k(k−1)
2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

=
qh−1 (u − α)

ph−1(β − u) + qh−1(u − α)
bk−1,h−1
p,q (u;α, β) +

ph−1(β − u)
ph−1(β − u) + qh−1(u − α)

bk,h−1
p,q (u;α, β).

4. Lupaş post quantum Bézier curves over arbitrary compact intervals [α, β]

We define the Lupaş post quantum Bézier curves of degree h over the interval [α, β] using the Lupaş
post quantum analogues of the Bernstein functions over [α, β], as follows:

P(u; p, q) =

h∑
i=0

Pi bk,h
p,q(u;α, β) (9)

where Pi ∈ R3 (i = 0, 1, · · · , h), p > 0 and q > 0. Pi are control points. Joining up adjacent points Pi,
i = 0, 1, 2, · · · , h to obtain a polygon which is called the control polygon of Lupaş post quantum Bézier
curves over [α, β].

4.1. Properties

Theorem 4.1. Some basic properties from the definition of Lupaş post quantum Bézier curves over the interval [α, β]
are as follows:
1. Lupaş post quantum Bézier curves on the interval [α, β] have geometric and affine invariance.
2. Lupaş post quantum Bèzier on the interval [α, β] lie inside the convex hull of its control polygon.
3. P(α; p, q) = P0, P(β; p, q) = Ph (End-point interpolation property).
4. The Lupaş post quantum Bèzier on the interval [α, β] obtained by reversing the order of the control points is the
same as the Lupaş post quantum Bézier curves with q replaced by 1

q
and p replaced by 1

p
(Post quantum inverse

symmetry).
5. If p = 1, α = 0, β = 1, then (9) reduces to the Lupaş q-Bèzier curves.

Proof: Above properties of Lupaş post quantum Bézier curves over the interval [α, β] can be obtained
from corresponding properties of the Lupaş post quantum analogue of the Bernstein basis functions over
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the interval [α, β]. Here we only discuss the proof of property 4.
Let P∗i = Ph−i, i = 0, 1, · · · , h, then we have

P
∗(u; p, q) =

h∑
k=0

P
∗

i bk,h
p,q(u;α, β)

=

h∑
k=0

P
∗

i bk,h
1
p
, 1
q

(α + β − u)

= P(α + β − u;
1
p
,

1
q

).

Theorem 4.2. The end-point property of derivative:

P
′(α; p, q) =

[h]p,q
ph−1

(P1 − P0)

P
′(β; p, q) =

[h]p,q
qh−1

(Ph − Ph−1)

i.e., Lupaş post quantum-Bézier over the interval [α, β] are tangent to fore-and-aft edges of its control polygon at end
points.

Proof: Let

P(u; p, q) =

h∑
k=0

Pk bk,h
p,q(u) =

h∑
k=0
Pk

[
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

(10)

=
V(u; p, q)
W(u; p, q)

(11)

or

P(u; p, q) W(u; p, q) = V(u; p, q).

On differentiating both hand side with respect to ‘u’, we have

P
′(u; p, q) W(u; p, q) + P(u; p, q) W′(u; p, q) = V′(u; p, q).

Let

Ah,α,β
k (u; p, q) =

[
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (b − u)h−k,

then

V(u; p, q) =

h∑
k=0

PkAh,α,β
k (u; p, q)
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From property 2 of the Lupaş post quantum Bernstein functions, we have

W(u; p, q) =

h∑
k=0

Ah,α,β
k (u; p, q)

as

(Ah,α,β
k (u; p, q)

′

=
[h]p,q
[k]p,q

[
h − 1
k − 1

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 k (u − α)k−1 (β − u)h−k

−
[h]p,q

[h − k]p,q

[
h − 1

k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (h − k) (u − α)k (β − u)h−k−1

=
[h]p,q
[k]p,q

qk−1k Ah−1
k−1(u; p, q) −

[h]p,q
[h − k]p,q

ph−k−1(h − k) Ah−1
k (u; p, q)

= Ch
k Ah−1,α,β

k−1 (u; p, q) −Dh
h−k Ah−1,α,β

k (u; p, q)

where

Ch
k =

[h]p,q
[k]p,q

qk−1k, Dh
h−k =

[h]p,q
[h − k]p,q

ph−k−1(h − k).

Then

V(α; p, q) = P0 p
h(h−1)

2 , W(α; p, q) = p
h(h−1)

2

V′(α; p, q) = (Ch
1 P1 −Dh

h P0) p
(h−1)(h−2)

2

W′(α; p, q) = (Ch
1 −Dh

h ) p
(h−1)(h−2)

2

hence

P
′(α; p, q) =

[h]p,q
ph−1

(P1 − P0).

By similar computation, we have

V(β; p, q) = Ph q
h(h−1)

2 , W(β; p, q) = q
h(h−1)

2

V′(β; p, q) = (Ch
h Ph −Dh

1 Ph−1) q
(h−1)(h−2)

2

W′(β; p, q) = (Ch
h −Dh

1 ) q
(h−1)(h−2)

2

hence

P
′(β; p, q) =

[h]p,q
qh−1

(Ph − Ph−1).



A. Khan et al. / Filomat 36:1 (2022), 331–347 341

4.2. Degree elevation for post quantum Lupaş Bézier curves over the interval [α, β]

Using the technique of degree elevation for Post quantum Lupaş Bézier curves over the interval [α, β],
one can attain more control over the shape of a given curve and the parameters will provide the flexibility.

P(u; p, q) =

h∑
k=0

Pk bk,h
p,q(u;α, β)

P(u; p, q) =

h+1∑
k=0

P
∗

k bk,h+1
p,q (u;α, β),

where

P
∗

k =
(
1 −
pk [h + 1 − k]p,q

[h + 1]p,q

)
Pk−1 +

(pk [h + 1 − k]p,q
[h + 1]p,q

)
Pk f or q ≤ p. (12)

Using the identities (4) and (5), the above statements can easily derived. Consider

P(u; p, q) =
ph(β − u)

ph(β − u) + qh (u − α)
P(u; p, q) +

qh (u − α)
ph(β − u) + qh (u − α)

P(u; p, q),

we obtain

P(u; p, q) =

h∑
k=0

(
pk [h + 1 − k]p,q

[h + 1]p,q

)
P

0
kbk,h+1
p,q (u;α, β) +

h∑
k=0

(
1 −
pk+1 [h − k]p,q

[h + 1]p,q

)
P

0
kbk+1,h+1
p,q (u;α, β).

Now by shifting the limits, we have

P(u; p, q) =

h+1∑
k=0

(
pk [h + 1 − k]p,q

[h + 1]p,q

)
P

0
kbk,h+1
p,q (u;α, β) +

h+1∑
k=0

(
1 −
pk [h + 1 − k]p,q

[h + 1]p,q

)
P

0
k−1bk,h+1

p,q (u;α, β),

where the zero vector is denoted by P0
−1. Comparing coefficients on both side, we have

P
∗

k =
(
1 −
pk [h + 1 − k]p,q

[h + 1]p,q

)
Pk−1 +

(pk [h + 1 − k]p,q
[h + 1]p,q

)
Pk,

where k = 0, 1, 2, · · · , h + 1 and P−1 = Ph+1 = 0.
When p = 1, α = 0, and β = 1 Formula (12) reduces to the degree evaluation formula of the Lupaş q-Bèzier
curves. IfP = (P0,P1, · · · ,Ph)T denotes the vector of control points of the initial post quantum Lupaş Bèzier
curve of degree h over the interval [α, β]; and P(1) = (P∗0,P

∗

1, · · · ,P
∗

h+1) be the vector of control points of
the degree elevated post quantum Lupaş Bèzier curve of degree h + 1 over the interval [α, β], then we can
represent the degree elevation procedure as follows:

P
(1) = Th+1P,
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where

Th+1 =

1
[h + 1]p,q



[h + 1]p,q 0 . . . 0 0
[h + 1]p,q − p[h]p,q p[h]p,q . . . 0 0

...
...

. . .
...

...
0 . . . [h + 1]p,q − ph−1[2]p,q ph−1[2]p,q 0
0 0 . . . [h + 1]p,q − ph[1]p,q ph[1]p,q
0 0 . . . 0 [h + 1]p,q


(h+2)×(h+1)

For any l ∈ N, the vector of control points of the degree elevated post quantum Lupaş Bézier curves of
degree h + l over the interval [α, β] is: P(l) = Th+l · · · Th+2 Th+1P. As l −→ ∞, the control polygon P(l)

converges to a post quantum Lupaş Bézier curve over the interval [α, β].

4.3. Post quantum de Casteljau algorithm for Lupaş Bézier curves over [α, β]

We can get the two selectable algorithms to evaluate post quantum Lupaş Bézier curves over the interval
[α, β]. The algorithms are as follows:

Algorithm 1.


P

0
i (u; p, q) ≡ P0

i ≡ Pi i = 0, 1, 2 · · · , h

P
r
i(u; p, q) =

qh−r (u−α)
ph−r(β−u)+qh−r(u−α) Pr−1

i+1(u; p, q) +
ph−r(β−u)

ph−r(β−u)+qh−r(u−α) P
r−1
i (u; p, q)

r = 1, · · · , h, i = 0, 1, 2 · · · , h − r.,

(13)

or


P

0
i (u; p, q) ≡ P0

i ≡ Pi i = 0, 1, 2 · · · , h

P
r
i(u; p, q) =

ph−i−rqi (u−α)
ph−r(β−u)+qh−r(u−α) P

r−1
i+1(u; p, q) +

ph−i−r qi(β−u)
ph−r(β−u)+qh−r(u−α) P

r−1
i (u; p, q)

r = 1, · · · , h, i = 0, 1, 2 · · · , h − r.,

(14)

Then

P(u; p, q) =

h−1∑
i=0

P
1
i (u; p, q) = ... =

∑
P

r
i(u; p, q) bi,h−r

p,q (u) = ... = Ph
0 (u; p, q) (15)

Obvious results can be derived from Theorem 3.2. When p = 1, formula (13) and (14) recover the de
Casteljau algorithms of Lupaş q-Bézier curves. Let P0 = (P0,P1, · · · ,Ph)T and Pr = (Pr

0,P
r
1, · · · ,P

r
h−r)

T then
Algorithm 2.

P
r(u; p, q) = Mα,β

r (u; p, q) · · ·Mα,β
2 (u; p, q)Mα,β

1 (u; p, q) P0 (16)

where Mα,β
r (u; p, q) is a (h − r + 1) × (h − r + 2) matrix and
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M
α,β
r (u; p, q) =

ph−r(β−u)
ph−r (β−u)+qh−r(u−α)

qh−r (u−α)
ph−r (β−u)+qh−r(u−α)

. . . 0 0

0
ph−r(β−u)

ph−r (β−u)+qh−r(u−α)
qh−r (u−α)

ph−r (β−u)+qh−r (u−α)
0 0

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

0 . . .
ph−r (β−u)

ph−r (β−u)+qh−r (u−α)
qh−r (u−α)

ph−r (β−u)+qh−r(u−α)
0

0 0 . . .
ph−r(β−u)

ph−r (β−u)+qh−r(u−α)
qh−r (u−α)

ph−r (β−u)+qh−r (u−α)



or

M
α,β
r (u; p, q) =

ph−r(β−u)
ph−r (β−u)+qh−r(u−α)

ph−r (u−α)
ph−r (β−u)+qh−r(u−α)

. . . 0 0

0
ph−r−1 q(β−u)

(β−u)+qh−r(u−α)
ph−r−1 q(u−α)

ph−r (β−u)+qh−r (u−α)
0 0

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

0 . . .
p qh−r−1(β−u)

ph−r (β−u)+qh−r (u−α)
pqh−r−1(u−α)

ph−r (β−u)+qh−r(u−α)
0

0 0 . . .
qh−r (β−u)

ph−r (β−u)+qh−r(u−α)
qh−r (u−α)

ph−r (β−u)+qh−r (u−α)



5. Tensor product post quantum Lupaş Bézier surfaces on [α, β] × [α, β]

We define

P(u, v) =

m∑
i=0

h∑
j=0

Pi, j bi,m
p1,q1

(u;α, β) b j,h
p2,q2

(v;α, β), (u, v) ∈ [α, β] × [α, β], (17)

a two-parameter familyP(u, v) of tensor product surfaces of degree m×h, wherePi, j ∈ R3 (i = 0, 1, · · · ,m, j =

0, 1, · · · , h), where bi,m
p1,q1

(u), b j,h
p2,q2

(v) are Lupaş post quantum-analogue of Bernstein functions with the
parameters p1, q1 and p2, q2, respectively. We call the parameter surface tensor product as the Lupaş post
quantum-Bèzier surface with degree m × h. Here Pi, j denotes the control points.

5.1. Properties
1. Affine invariance and geometric property: Since

m∑
i=0

h∑
j=0

bi,m
p1,q1

(u;α, β) b j,h
p2,q2

(v;α, β) = 1, (18)

P(u, v) is an affine combination of its control points.
2. Convex hull property: P(u, v) represents convex combination of Pi, j which lies in the convex hull of its
control net.
3. Isoparametric curves property: The iso-parametric curves v = v∗ and u = u∗ of a tensor product post
quantum Lupaş Bézier surface on [α, β] × [α, β] are the post quantum Lupaş Bèzier curves of degree m and
degree h over the interval [α, β], respectively. Namely

P(u, v∗) =

m∑
i=0

( h∑
j=0

Pi, j b j,h
p2,q2

(v∗;α, β)
)

bi,m
p1,q1

(u;α, β), u ∈ [α, β];
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P(u∗, v) =

h∑
j=0

( m∑
i=0

Pi, j b j,h
p1,q1

(u∗;α, β)
)

bi,m
p2,q2

(v;α, β), v ∈ [α, β],

P(u, α), P(u, β), P(α, v) and P(β, v) denote the boundary curves of P(u, v).
4. Interpolation property at corner point: The corner control net coincides with the four corners of the
surface. Namely, P(α, α) = P0,0, P(α, β) = P0,h, P(β, α) = Pm,0, P(β, β) = Pm,h.
5. Reducibility: For p1 = p2 = 1, α = 0, and β = 1, the formula (17) reduces to a tensor product Lupaş
q-Bézier patch.

5.2. Degree elevation and post quantum de Casteljau algorithm for Lupaş Bézier surface on [α, β] × [α, β]
Let P(u, v) be a tensor product post quantum Lupaş Bézier surface of degree m × h on [α, β] × [α, β].

P(u, v) =

m∑
i=0

h∑
j=0

Pi, j bi,m
p1,q1

(u;α, β) b j,h
p2,q2

(v;α, β) =

m+1∑
i=0

h+1∑
j=0

P
∗
i,j bi,m+1

p1,q1
(u;α, β) b j,h+1

p2,q2
(v;α, β). (19)

Let αi = 1 −
pi

1 [m+1−i]p1 ,q1
[m+1]p1 ,q1

, β j = 1 −
p

j
2 [h+1− j]

p2 ,q2
[h+1]p2 ,q2

. Then

P
∗

i, j = αi β j Pi−1, j−1 + αi (1 − β j) Pi−1, j + (1 − αi) β j Pi, j−1 + (1 − αi) (1 − β j) Pi, j (20)

and its matrix form is1 − pi
1 [m+1−i]p1 ,q1

[m+1]p1 ,q1

pi
1 [m+1−i]p1 ,q1

[m+1]p1 ,q1


Pi−1, j−1 Pi−1, j
Pi, j−1 Pi, j


1 −

p
j
2 [h+1− j]

p2 ,q2
[h+1]p2 ,q2

p
j
2 [h+1− j]

p2 ,q2
[h+1]p2 ,q2

 .
The de Casteljau algorithms can be extended to evaluate points on a post quantum Lupaş Bézier surface

over [α, β]. Given the control net Pi, j ∈ R3, i = 0, 1, · · · ,m, j = 0, 1, · · · , h.



P
0,0
i,j (u, v;α, β) ≡ P0,0

i,j ≡ Pi,j i = 0, 1, 2 · · · ,m; j = 0, 1, 2 · · · h.

P
r,r
i,j (u, v;α, β) =


pm−r

1 (1−u)

pm−r
1 (β−u)+qm−r

1 (u−α)

qm−r
1 (u−α)

pm−r
1 (β−u)+qm−r

1 (u−α)



P

r−1,r−1
i, j P

r−1,r−1
i, j+1

P
r−1,r−1
i+1, j P

r−1,r−1
i+1, j+1




ph−r
2 (β−v)

pm−r
2 (β−v)+qh−r

2 (v−α)

qh−r
2 (v−α)

ph−r
2 (b−v)+qh−r

2 (v−α)


r = 1, · · · , k, k = min(m, h) i = 0, 1, 2 · · · ,m − r; j = 0, 1, · · · h − r

(21)

or



P
0,0
i,j (u, v;α, β) ≡ P0,0

i,j ≡ Pi,j i = 0, 1, 2 · · · ,m; j = 0, 1, 2 · · · h.

P
r,r
i,j (u, v;α, β) =


pm−i−r

1 qi1(β−u)

pm−r
1 (β−u)+qm−r

1 (u−α)

pm−i−r
1 qi1 (u−α)

pm−r
1 (β−u)+qm−r

1 (u−α)



P

r−1,r−1
i, j P

r−1,r−1
i, j+1

P
r−1,r−1
i+1, j P

r−1,r−1
i+1, j+1





p
h− j−r
2 q

j
2(β−v)

ph−r
2 (β−v)+qh−r

2 (v−α)

p
h− j−r
2 q

j
2 (v−α)

ph−r
2 (β−v)+qh−r

2 (v−α)


r = 1, · · · , k, k = min(m, h) i = 0, 1, 2 · · · ,m − r; j = 0, 1, · · · h − r

(22)

For m = h, one can use the algorithms above directly to evaluate a point on the surface. When m , h, to
evaluate a point on the surface after k applications of formula (21) or (22), we perform formula (16) for the
intermediate point Pk,k

i, j .

Note: We get Lupaş q-Bézier curves and surfaces for (u, v) ∈ [α, β] × [α, β] when we set the parameters
p1 = p2 = 1, α = 0, and β = 1 as proved in [9].
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6. Some observations and concluding remarks

6.1. Post quantum analogue of Lupaş operators over [α, β]

In this section, we present post quantum analogue of Lupaş Bernstein operators over [α, β] as follows:

For any p > 0 and q > 0, the linear operators Lh,α,β
p,q : C[α, β]→ C[α, β]

Lh,α,β
p,q ( f ; u) =

h∑
k=0

f
(
α +

(β−α)ph−k [k]p,q
[h]p,q

) [
h
k

]
p,q

p
(h−k)(h−k−1)

2 q
k(k−1)

2 (u − α)k (β − u)h−k

h∏
j=1
{p j−1(β − u) + q j−1(u − α)}

, (23)

is post quantum analogue of Lupaş Bernstein operators on [α, β].
Again when p = 1, α = 0 and β = 1, the post quantum Lupaş Bernstein operators turn out to be Lupaş

q-Bernstein operators as given in [31].

When p = q = 1, α = 0 and β = 1, the post quantum Lupaş Bernstein operators on [α, β] turn out to be
classical Bernstein operators.
From the definition of the operators Lh,α,β

p,q ( f ,u), it is clear that they posses the end point interpolation
property, that is

Lh,α,β
p,q ( f , α) = f (α), Lh,α,β

p,q ( f , β) = f (β)

for all p > 0 and q > 0, and all h = 1, 2, · · · .

6.2. Shape control of post quantum Lupaş Bézier curves on [α, β]

We have constructed post quantum Lupaş type Bernstein functions and curves over [α, β] which holds
the end point interpolation property. It is clear from the figures that generated curve will be within the
convex hull of the control net (control polygon) for different values of p and q. For a given q such that
0 < q < 1, if one chooses p > 1 then the curve will move towards the control net (control polygon) with
further increase in the value of p. Similarly for same q, if one chooses p < 1 then the curve moves away
from control net (control polygon) as the value of p decreases. On the other hand, for q > 1 the effect of p
and qwill be opposite.
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Figure 3: The effect of the shape of Lupaş post quantum-Bèzier curves on arbitrary intervals

6.3. Importance of (p, q)-analogues

A relationship between the post quantum integers [h]p,q and quantum integers [h]q is [h]p,q = ph−1[h] q
p
.

But it is not true in general that the results for the q-analogues can trivially be translated into the corre-
sponding results for the (p, q)-analogues (0 < p < q ≤ 1). Most of the (p, q)-analogues operators and their
properties can not be obtained directly from q-analogues by simply substituting [h]q = p1−h[h]p,pq. On the
other hand, (p, q)-analogues have some advantages over q-analogues, e.g. (i) for p = 1, the (p, q)-analogues
are reduced directly to the respective q-analogues, (ii) the choice of p > 1 gives that the upper estimates of
geometric order in Theorem 2.1 [26] hold in larger disks than those in the case when p = 1, (iii) for simu-
lation purposes through computers and CAGD, this extra parameter p has some advantages in modeling
flexibility etc. [16, 17].

Conclusion: Post quantum-Lupaş-Bernstein operator as well as Bèzier curves and surfaces over arbi-
trary compact intervals constructed with the help of rational Lupaş-Bernstein basis functions are important
from computational point of view. The extra parameters p and q provide more flexibility in approximation
for simulation purposes. In this paper, we have extended the properties of rational Lupaş-Bernstein blend-
ing functions, Lupaş-Bézier curves and surfaces over arbitrary compact intervals [α, β] in the frame of post
quantum-calculus. The de-Casteljau’s algorithm based on post quantum-integers is derived. A two param-
eter family as Lupaş post quantum Bernstein functions over arbitrary compact intervals are constructed
to establish their degree elevation and reduction properties. Some of their basic properties for Lupaş post
quantum Bézier curves are studied. Some fundamental properties over arbitrary intervals for these curves
as de Casteljau algorithm and degree evaluation properties are discussed. Post quantum-Lupaş-Bernstein
operators over arbitrary compact intervals are constructed with the help of rational Lupaş-Bernstein func-
tions.
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[43] K. Weierstrass, Über die analytische Darstellbarkeit sogenannter willkürlicher Functionen einer reellen Veränderlichen Sitzungs-

berichtedr, Koniglish Preussischen Akademie der Wissenschcaften zu Berlin, (1885), 633-639, 789-805.
[44] N.A.B. Zulkifli, S.A.A. Karim, A.B. Shafie, M. Sarfraz, A. Ghaffar and K.S. Nisar, Image interpolation using a rational bi-cubic

ball, Mathematics, 2019, 7(11), 1045.


