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Abstract. In the present manuscript, we consider p-Bernstein-Durrmeyer operators involving a strictly

positive continuous function. Firstly, we prove a Voronovskaja type, quantitative Voronovskaja type
and Griiss-Voronovskaja type asymptotic formula, the rate of convergence by means of the modulus of

continuity and for functions in a Lipschitz type space. Finally, we show that the numerical examples which
describe the validity of the theoretical example and the effectiveness of the defined operators

1. Introduction

For f € C(¥) with J = [0,1]. In 2017, Chen et al. [13] considered a generalization of the Bernstein
operators involving a non-negative real parameter y € [0, 1] as

Va=) Whea(s), zed

v=0

where r(y) W(2) = |( 2)(1 - Wz + (T:;)(l -l -z)+ (T)[Jz(l - z)] 27711 -2)"" Tand m > 2

Acar and Kajla [5] introduced a bivariate extension of these p-Bernstein operators and studied the as-
sociated GBS operators and their order of approximation. The Durrmeyer variant of the operators (1) is
considered by Kajla and Acar [28] and established direct results. Some amusing approximation properties
can be seen in ( cf. [1-4, 6,7, 11, 12, 14, 18, 19, 21-23, 25, 28-30, 33-35, 37, 39]) and references therein

)

Let us fix a strictly positive continuous function 7 : C(J) — C(J). We construct a Durrmeyer type
generalization of the operators (1) based on 7(z) (0 < 7(z) < 1) as

W) = ) prert@=1(1  p)m—rer@)-1
t)dt
gm,’[,@(q/ ; T ( )f (B (VQ + T(Z), (m _ V)Q + T(Z)) q( )

()
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1
where B(x, y) = f F 1 -t)¥'dt, x,y>0andg>0.
0

The aim of the present manuscript is to compute some direct results for the operators given by (2).
Throughout this manuscript, the positive constant .#” is not necessarily the same at each occurrence.

Lemma 1.1. Fore; = z',i = 0,4 we conclude

@) 9 (e0;2) = 1;

. (1) _ T+ mzo .

(11) gm’"ﬁ ()(elr ) 2,_( + m@/
i) 99 (ers2) = z2 (—2 —m+m?+ 2y) ' .\ zo(=2(=1 + wo + m(1 + 27 + g)) s (1 + 1) _
mTe (27 + me)(1 + 27 + mp) (2t + mp)(1 + 27 + mp) (2t + m)(1 + 27 + mp)’

(m—2)z3 (—6 —m+m?+ 6y) o
(27 + me)(1 + 27 + mp)(2 + 27 + mp)
3z%0 (m2(1 +T+Q)+2(—1+p)(1+T+3Q)—m(l+’[—g+2y0))

(27 + me)(1 + 27 + mp)(2 + 27 + mp)
zp (—6(—1 +wo(l+1+0)+m (2 +372 + 30+ 0> +31(2 + Q))) (1 +7)2 + 1)
(2t + mp)(1 + 27 + mp)(2 + 27 + mp) (2T +mp)(1 + 2t + mp)(2 + 27 + m@)
(m = 3)(m — 2)z*((m — V)ym + 12(-1 + u))o*

(27 + me)(1 + 27 + mE)(2 + 27 + mp)(3 + 27 + mp)

2(m = 2)230° (=6 — m +m? + 611) (3 +27) + 3 (=12 + m + m? = 2(=6 + m)u) o)
* 2t + mg)(l + 27 + mp)(2 + 27 + m)(3 + 27 + mp)

(iv) G (e3;2) =

+

+

V) G (es;2) =

(27 +mp)(1 + 27 + mg)(Z + 27+ mp)(3 + 27 + m@)[ 22— m ot m? + 2u)(11 + 673 + 7))
+6 (=6 + m + m? + 6 — 2mp) (3 +21)0 + (m(29 + 7m — 361) + 86(~1 + ,4))92)]

z@(m(3 +21+0) (24213 + 1) + 30+ 270+ @) = 2(~1+ p)g (11 + 61(3 + 1) + 180 + 1270 + 7¢?))

(27 + me)(1 + 27 + mp)(2 + 27 + mp)(3 + 27 + mp)
T(1+7)2+1)83+ 1)

(2’1’ + mp)(1 + 27 + mp)(2 + 27 + mp)(3 + 2T + mp)’

Lemma 1.2. By direct computation, we have

) o T(1-22)
(1) g4}111,1"[,0((1' - Z)/ Z) - 27 + mo ’
(i) 90, ((t - 2)%2) = # (20 + 42— gl + 2.+~ 200) i (F22 -4 + ol + @+~ 2000)
o (27 + me)(1 + 27 + mp) 27 + mp)(1 + 27 + mp)

71+ 1)
2t + mp)(1 + 27 + mp)’

2. Direct Results
Theorem 2.1. For every g € C(),

lim 9% | = q(z), uniformly on 7,
m—oo =

ie. (%(f Zrﬁ,)meN is a positive convergence process on C().
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Proof. We have %(f T),@(Eo ;z) = 1,54,,(1‘,J %p(el ;Z) =z, %n(f LT),g(ez ;z) — z* as m — oo, uniformly on .
By application of Korovkin’s Theorem,
%ff %Q(q; z) = q(z) as m — oo, uniformly on .
0

Theorem 2.2. If g € C2(), then

(2)

T(z)(lg— 27) q @).

=204,

lim m (4,7,(0:2) - q(@)) = 20

Proof. By application of Taylor’s series, we have

q(t) = q(z) + q'(2)(t = 2) + %LI"(Z)(t — 20+ 9(t, 2)(t - 2)%, 3)

where ltim 3t z) =0.
—2Z

Apply the operators %ff lT)lé, on both side of above equation (3), we obtain

’ 1 ’’
Gt o5:2) =40 = G0, (=227 @) + 59,0, (1= 2%2) 07D + G, (3, 2) - (£ - 2 2).

Therefore using Lemma 1.2, we may write

. T\Z 1_22 ’ (1_2)2(1+ ) ’”
Jim (440 —q@) = e+ e
+£@n4%ﬁ@@aﬂya—@%@) (4)
By the Cauchy-Schwarz property,
9 (3(,2) - (1= 252) < NI, (526,22 NI, (t - 2% 2). 5)

Because 9%(z,z) = 0 and 9%(-,z) € C[0,1], using Theorem 2.1, we easily obtain
lim %") , (82(t,2);2) = 9%(z,2) = 0. (6)
m—00 =

By Lemma 1.1, we have

3z2(1 — z)%(1 + p)?

lim m*%) -
0

M— 00 m,T,0 ((t - 2)4; Z) = (

Combining the (4-7), we obtain the desired result. [

Now, we compute a Griiss-Voronovskaja type theorem for %(ﬂg

Theorem 2.3. Let q,h € C?[0,1] . Then, for each z € [0, 1],

. , o (l+o(l-z
Tim {98 (@h);2) ~ 4 (@20 1)) = 7 (0 T 220D
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Proof. The following relation holds
Gt (q1:2) = G (320G o1 2)
= Gl -4 ) Dt~ 22) = S I - 252)

) {9400052) = 42) = 4 I (4 = 20:2) = 2 B0 (- 52

I D {940, 052) ~ H) ~ W QS - 22 - S G, ~ 252

+§%{Q,g<(t —2%2) {g@" (@) + 20 @ @) - W' @950 ,(0:2))

+G50 (= 2);2) [a@' (@) = I @900 (03 2)}
From Theorems 2.1 and 2.2 and Lemma 1.2, we easily obtain

tim m {435 (qh;2) = Gyt (0 Gt o3 2)]

= lim mg (W D0t~ 252) + lim " (2) |q(a) ~ 93, q2)) 418 (¢ ~ 25 2)

+ Tim 1 2) {a(2) ~ 480 @D} 9 (- 252 = 7 (9 2D,

O
2.1. Local approximation
The K-functional is given by
Ka(q, ) = inf{llg = hll + kll”| - 1 € J} (i > 0),

where J2 = {h : i € C(J)} and ||.|| is the uniform norm on C(J). It is known from [15] that there exists a
positive constant M > 0 such that

Ka(g,%) < M@a(q, Vx). (8)

For C(ﬁ‘ ) and x > 0 usual modulus of continuity and modulus of continuity of second order are given by
the formulas

@(q,x) = sup sup lg(z+1)—q(2)l

0<I<K 7 z41€F
and
@2(q, V) = sup sup lg(z +2I) —2q(z + 1) + q(2)I.
0<I< Vi zz+2leJ
The Steklov mean is considered as
PR
qi(z) = 2 f f [29z +u+v)—q(z + 2(u + v))] du do. 9)
0o Jo

By direct computation, we have

(@) ||q1 - qnc(f]) < CDZ(‘]r ).

5
I

A 9
(b) q;/ L]{' € C(J) and ||q;||c(j) < -a(q,l), ”q;/”C(j) < 1_2@2(q/ D,
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Theorem 2.4. Suppose that g € C(J) and z € . Then, we have

i 13
G052 = 12| <50 (1, \fyrmea®) + 502 (1, \fymea@).

where Yo p(2) = G4 ((t—2)%2).

Proof. Forz e g, and using (9), we obtain
G (3:2)-9@)| <4, (g-al ) +DL , (@—-a1(2);2) |+Ha@) -4@). (10)
From (2), for every g € C(J) we get

|9, 0:)| < gl .

Using assumption (a) of Steklov mean and (11), we have

g (g - ql:z) <19, (g - gl < llg — @l < @2(q,1).

By Cauchy-Schwarz inequality and Taylor’s formula, we may write

492, (0 ey )| < I, (€ = 2R3 + S 190, (- 2%52).

Using Lemma 1.2 and inequality (b) of Steklov mean, we get

|grf1y'2 0 (‘71 ql(z Z)| @(0]/ l) ym,”[,@(z) t =5 @2 (QI )Vm T, @(Z)

212

Choosing I = /Y,,(2), and substituting the values in (10), we get the desired result. [

Next, we investigate the approximation of functions in a Lipschitz-type space [36] involving two pa-
rameters ¢; > 0,¢, > 0, defined as

ly —zIf

Lip§2(p) = {q € C(J) : lqy) - g2 < M
(y +c1z% + CzZ)Z

,yejze(o 1] and 0<ﬁ<1}

Theorem 2.5. Suppose that q € Lip$"*)(B), we have

Vm,r,g(z)

B2
Yz € (0,1].
122 + gzZ) z2€(01]

940,02 - o) < M
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Proof. Using the application of Holder’s inequality, we have

“wd=16] < 30 [ b0 -0l 557 anig s )
o Bt sl (oo )
o (B sl (e )
(0 [ (o))
- (e [ sl e, )
e Ll )
< (T [ s )Y

B
M ISR (ym,w@) )
—————— (4t - 2%2) e IR

72 4+ oz
(c122 + c22)" 12T

O

Theorem 2.6. For g € C'(J)and z € J, we have

@)1 -22) 17 @)l +2W@(’7" W) "

(mo + 27(2))
Proof. Letq € C'(J). Forany t,z € J, we have

Grda) ~q@)| <

t
qt) —q9(z) = q'(2)(t — 2) + f (7' (0) - 7' (2)) do.

Using g,ff %Q(- ;) on both sides of the above relation, we have

f
g (q(h) - q(2);2) = q(z)%“zpa—zz)%m( f (q'(v)—q’(z))dv;z).

Using |g(t) — g(z)| < @(g, x) (@ + 1) ,k > 0, we may write

(t —2)*
K

t
f 7 ©) -7 @) do o —z|),

<ao(q, K)(
it follows that

L ’ ’ 1
02~ 0@ <19 @ (- 52+ a0 { LA (- 252 + 9 (e - )
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Hence using Cauchy-Schwarz inequality, we have
9@ - 00| < 7@ 198 -z2)
ol x) {% NGt = 2P52) + 1} NGt = 2)72).
Now, taking k = /) 1,0(2), the required result follows. [J

Suppose that 6(z) = /z(1 —z)and g € C(¥). The Ditzian-Totik first order modulus of smoothness [16]
is defined by

ol "57) o5

and an appropriate K-functional is defined by

,z% hez(z) Eff},

@0(a, M) = sup
0<h<A
Ko, ) = infllg - gl + A0+ A1) (4 > 0),

where Jog = {g: g € ACi,, [|09']] < 00,]|g’|| < oo}
From [16], there exists a constant .#" > 0, such that

A "t@0(g,4) < Ko(q, ) < A @4, 2). (13)
Now, we compute the order of convergence theorem for the operators g,ff‘ig

Theorem 2.7. Suppose that g € C(J) and z € [0,1)

1+
0,09 42 < N @ [q, 24— '

where A > 0 is a constant.

¢
Proof. Using the relation g(f) = g(z) + f g'(s)ds, we can write

t
42 - 90| = g [ rodsz). 19
For any z,t € (0,1), we have
t t 1
Lg’(s)ds Sll@g’lle%ds. (15)
Now,
f 1 | tr1 1
—ds| = —d — d
le(s)s fz‘\/s(l—s)ss‘fz(\/g+\/1—s)s
< 2(| Vi NzZl+] V= —\/l—zl)
1 1 2V2 |t -z
< 2|t—z|($+ 1_2)3 Ea (16)
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Collecting (14)-(16) and operating Cauchy-Schwarz property, we can write

9 (g:2) - 92 < 2V21001107 2% (It -2 2)
1/2
< 2207 o 4, - 252))
o [to
< 46714/ o

Using (11) and (17), we get

A

19 (@2 -q@) | < 198G -3:2) | +Hg - g+ 195 (g:2) - 9) |

, /1+@
2|lg — gll + 4104’ o

Taking infimum on the right hand side over all g € Jy,

IN

1+
%) (@:2) — q(2)] < 2Kg [q, m—;]

Using K_g(q, A) ~ @o(g, A), shows the relation. [J

356

(17)

(18)

(19)

We compute a quantitative Voronovskaja type result for the operator %n(f T),Q by using of Ditzian-Totik

modulus of smoothness.

Theorem 2.8. Let q € C3(J) and m sufficiently large the following inequality holds

N 1
Gt o0:2) = 4(2) = Ana & D' @) = Amaz, T)q”(Z)| < @0 [q : n: QQ) ]
where
7(z)(1 — 22)
Ami(z,7) m,
2(1 - 2) (mo(1 + m + 2mp) — 4(m + 1)7(2) — 2(m + 1)7(2))
Amp(z,7) =

(m + 1)(mo + 27(2))(mo + 27(z) + 1)
7(2)(1 + 1(2))
(mo + 21(z))(mo + 27(2) + 1)’

and A > 0 depends on z and .
Proof. For q € CX(J), t,z € J,by Taylor’s expansion, we may write

t
96— 9(2) = (t - D7) + f (t - )" (.

Hence,
1 t
q(t) —q(z) — (t = 2)q'(z) - 5= 2’0" (z) = f t-y) (") -q" () dy.

Using 54,51” 7),0(‘ ;) to both sides of the above relation, we obtain

%51#1) a(q/ Z) LI(Z) Am 1(2 T)q (Z) A Z(Z T q"(Z)| m 7,0 (

f =y () — " @)y 2

.

(20)
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From [[19], p.337], we have

j“u 7)) - 7" @ldy| < 20lg” = gl - 2 + 2109167 @)l — =F,

where g € Jo.

Applying Lemma 1.2 it follows that there exists
A (1 +0) A (1+0)°
m

6%(z) and 4 ((t - 2)%2) < 7

g (t—2)%2) <
Collecting (20-22) and using Cauchy-Schwarz inequality, we get
G002 = 4() = A (2,007 @) = Aoz, D (@)|

< 29" - glgL) (¢t - 2%2) + 2000107 @F, (1t - 2 2)
A (1+0)

" Mo— (w) . 1/2 (1) ) 1/2
S e 6(2)llg” = gll + 211691071 2) (G o((t = 2%2)) (i ((t = 2)*2))

IA

A (1 A (1 1
e g+ a2 [ Loy
N (1+o0) , . 1+9, ,

g © (Z)[Ilq —gll+ \/m—glwg |I].

IA

0%(2).

357

(1)

(22)

Taking the infimum on the right hand side of the above relations over g € Jg, the theorem is proved. O

3. Numerical Examples

Example 3.1. Let m =20, u = 0.9 and p = 15. The convergence of the operator E%fl” %g(q; z) (magenta) and Bernstein-

Durrmeyer [17] (green) to the function is illustrated in Figure 1 for 1(z) = 3

(28 +sinz +1)

2
and g(z) = z°> cos (2771)

(orange). We observe that the operator %(ﬂ@(q; z) gives a better approximation to q(z) than Bernstein-Durrmeyer

[17].
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0.254

0.20

0.154

0.104

0.054

Figure 1: Approximation Process

Example 3.2. Let m =20, u = 0.9 and ¢ = 10. The convergence of the operator %fff;@(q; z) (magenta) and Bernstein-
(2B +22+1)
3
(orange). We notice that the operator %,,(1” 3,0(17; z) gives a better approximation to q(z) than Bernstein-Durrmeyer [17].

Durrmeyer [17] (green) to the function is illustrated in Figure 2 for 1(z) = and q(z) = z%sin (2771)

1,
0.8
0.6 1
0.4

0.2

Figure 2: Approximation Process
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Example 3.3. Let m = 10,20,30,40, u = 0.5 and ¢ = 5. The convergence of the operator %1(8'?5(11; z)(blue),

(.
Do
@

?5(11; z)(green),%;g"fg(q; z)(yellow) and nggfg(q; z) (magenta) to the function is illustrated in Figure 3 for 1(z) =
+cosz+1)

and q(z) = z* cos (%) (red). This example explains the convergence of the operators %,ff ;g(q; z) that

are going to the function q(z) if the values of m are increasing.

0.20

0.154

0.10+

0.051

Figure 3: Approximation Process
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