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Abstract. In this paper we prove new Opial-type inequalities for arbitrary kernels using superquadratic
functions, also their extensions are obtained. Furthermore, we find their fractional versions by applying
different kinds of fractional integral and fractional derivative operators.

1. Introduction and preliminary results
In 1960 Opial established the following inequality:
Theorem 1.1. [8] Let ¢ € CY[0, ¢] be such that (0) = 0 and y(t) > 0 for t € (0,c). Then
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Here 7 is the best possible constant.

1)

In literature the inequality (1) is well known as the Opial inequality, it has/had been studied extensively
since its appearance. For different variants; extensions and generalizations of this inequality we refer the
readers to [5, 7, 9, 10, 12-16, 20, 22, 25, 26]. Srivastava et al. in [20] studied the weighted versions of Opial
type inequalities on time scale, where they also provided counter examples to the inequalities given in [24]
and also suggested their corrections. In [11, p. 236-238], the Opial inequality is studied for convex functions
by defining a class of functions for a nonnegative kernel. Motivating by these Opial type inequalities our
aim in this paper is to give new versions of such inequalities for superquadratic functions. Also we will
provide some fractional integral/derivative operator inequalities by fixing special cases of general kernels.
For fractional integral inequalities we refer the readers to [2, 4, 5, 14, 21-23, 26].

The definition of superquadratic function is given as follows:

Definition 1.2. [1] A function 1 : [0,00) — R is called superquadratic provided that for all x > O there exists a
constant C, € R such that

P(y) = P(x) + Cu(y — x) + ¢P(ly — xI)

(2)
forally > 0.
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Definition 1.3. A function ¢ : [0, 00) — R is called superaddative if for all x, y > 0 we have

Y(x +y) 2 Px) + P(y). )

In the next we give classes of functions needful to prove the results of this paper as follows: Let U;(u, k)
denotes the class of functions w : [4,b] — R having representation

w(x) = fx k(x, tyu(t)dt

where u is a continuous function and k is an arbitrary non negative kernel such that k(x, f) = 0 for t > x and
u(x) > 0 implies w(x) > 0 for every x € [a,b]. Let Ux(u, k) denotes the class of functions w : [4,b] — R having
representation

b
w(x):f k(x, tyu(t)dt

where u is a continuous function and k is an arbitrary non negative kernel such that k(x,t) = 0 for t < x
and u(x) > 0 implies w(x) > 0 for every x € [a,b]. The Riemann-Liouville fractional integral and Riemann-
Liouville, Liouville-Caputo fractional derivatives are defined as follows (see [6]):

Definition 1.4. Let h € Li[a, b]. Then the left-sided and right sided Riemann-Liouville fractional integrals of order
a > 0 are defined as follows:

1% h(x) = ﬁ f X(x - )*thdt, x>a,

1 ! a-1
" h(x) = mfx (t—x)*"h(t)dt, x<b,
where I'() is the gamma function.

Definition 1.5. Let « > Oand a ¢ {1,2,3,...,n}, n = [a] + 1, h € AC"[a, b]. Then the left-sided and right-sided
Liouville-Caputo fractional derivatives of order « are defined as follows:

h
(D2 )h(x) = o= a) f _t)ff)m x>a,

G VA A
F(n—a) x (t_x)a—n+l

(““Dy )h(x) = x<b.

In [4] Andri¢ et al. presented the following two composition identities for Liouville-Caputo fractional
derivatives.

Lemma1.6. Let f>a>0,m=[f]l+1andn =[a] + 1 for a,f & No. Let h € AC"[a, b] be such that h'(a) = 0 for
i=nmmn+1,..,m—1. Let ’DP hLCD® h e Ly[a,b]. Then
LD p(x) = - (ﬁ f (x - HF*1CDP p(pydt, x € [a,b].

Lemma1.7. Let > a>0,m =[]+ land n = [a] + 1 for o, B ¢ No. Let f € AC"[a, ] be such that h'(b) = 0 for
i=nmn+1,.,m-1 Let"°D h'CD h e Ly[a,b]. Then

LCa B—a—1LC B
Dy _h(x) = TG = )f(t X) D, h(t)dt, x € [a,D].
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The Riemann-Liouville fractional derivative is defined in the forthcoming definition.

Definition 1.8. For f : [a,b] — R, the left-sided Riemann-Liouville fractional derivative of order « is defined as
follows:

a n-a-1 d" n—a
D2 h(x) = r( 7 f (= 0"~ h(t)dt = 17 h().

In [3] Andri¢ et al. presented a composition identity for the left-sided Riemann-Liouville fractional deriva-
tive, which is stated in the following lemma:

Lemma 1.9. Let f > a >0, m =[] + 1, n = [a] + 1. The composition identity

D%, h(x) = f (x = F*1DP n(bdt, x € [a,b]
a

1
I -a)
is valid if one of the following conditions holds:

(Vhel (Li[a,b]) = {h:h =L 1, € Li[a,b]}.

(ii) I e AC™[a,b) and D’ *h(a) = 0 fork =1,...,m

(m)Dﬁ h € AC[a,b], D!.*h € Cla, b] and D *na) = 0 fork =1, ..., m

(iv) h € AC™[a,b], DY, h, D, € Ly[a,b], f—a & N, Dﬁ‘kh(a) =0fork=1,..,mand D**h(a)=0k=1,..,n
(v) h € AC"[a,b], Dﬁ h,Di,h € Lila,b],p—a=1€N, D h(a) =0fork=1,..,1L

(vii) h € AC"[a, b], Dﬁ h, D3 h € Li]a,b],p ¢ N and D h is bounded in a neighborhood of a.

For the detailed study of fractional integral operators we refer the readers to [6, 18, 19]. For a critical
discussion on recently studied fractional integrals and derivatives we refer the readers to [17]. The rest of
the paper is organized as follows: In Section 2, inequalities for superquadratic functions are established for
an arbitrary kernel. In Section 3, the extensions of these inequalities are obtained by applying the Jensen
inequality. In Section 4, results of Section 2 and Section 3 are applied for particular kernels and fractional

integral inequalities of Opial-type are produced by using definitions of Riemann-Liouville, Liouville-Caputo
fractional integral/derivative operators.

2. Opial-type inequalities for superquadratic function

In this section some new Opial-type inequalities for superquadratic functions are obtained.

Theorem 2.1. Let ¢ : [0,00) — R be a differentiable function such that l’br D s increasing and P(0) = 0. Let
w € Ui(u, k), lk(x, )] < Kand M < f [u(t)|dt. Then the following inequality holds for superquadratic functions:

[t ol o)

Proof. The function w € U;(u, k) has the representation w(x) = fu * k(x, tyu(t)dt. By using |k(x, t)| < K, we find
that |w(x)| < fo |u(t)|dt. Let z(x) = fx [u(t)|dt. Then z’(x) = |u(x)| and |w(x)| < Kz(x). Since 1 is differentiable

function and w—() is increasing, we get Lplgfur(;)l) < Lp}(f;zg)). From which one can get the following inequality:
Y (oD@l _
= T (KK )

By integrating over [a, b] we get

by (DluG

lw(x)|

1
< i f ¥/ (K2 (K2 (9)dx = 5 W (K((0))

By using z(b) = fa [u(t)|dt we get the inequality (4). O
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Next, we give another Opial-type inequality for superquadratic functions by using the Holder inequality.

Theorem 2.2. Let ¢ : [0,00) — R be a differentiable function such that I’DT(X) is increasing and P(0) = 0. Let

1 2_
w € Uy (u, k), (fﬂ"(k(x, & dt)”l <K M< (fu’f |u(t)|p2dt)”2 ! ,p1 > land pll + plz = 1. Then the following inequality
holds for superquadratic functions:

Pz
e ([ wora))

Proof. The function w € U (u, k), therefore it has representation w(x) = f k(x, tyu(t)dt.
Using Holder’s inequality, we have

|w<x>|s( f (k(x,t»”ldt)” ( f |u<t>|"2dt)” ©)
< K( f ) Iu(t)l”zdt)pz

Letz(x) = [ [u(t)Pdt. Then z'(x) = [u(x)”* and Iw(x)l < K(z(x))7 . The function 1 is differentiable and £

is increasing, therefore we get Wé%;)l) < YKe x))pz ). From which one can get the following inequality:

K(Z(X))”2

/ ) (X 2z
Vneor _ ps ¥ (KEODE)(§ G A

|W(x)| - K? <fx Iu(t)lpzdt)é—l
K 1
S avid (K(z(x))vz)(p—Z (2(2)) 7% 1)z'<x>.

By integrating over [a, b] we get

Y (Dl P (7 (K 1)
[w(x)] dx < KM . % (K(Z (x)) 2)(}9—2(z(x)) 2 )z (x)dx

_ P
T KM

y (K Ge)7)

By using z(b) = fu ’ [u(t)|IP>dt we will get the inequality (5). O

The inequalities (4) and (5) also hold for the class of functions U,(u, k). They are stated in the following
theorems.

Theorem 2.3. Let ¢ : [0,00) — R be a differentiable function such that IPT(X) is increasing and 1(0) = 0. Let
w € U(u, k), k(x,t)| < K" and M’ < ﬁ ! [u(t)|dt. Then the following inequality holds for superquadratic functions:

b
YDl _ K’le'l’b(K, f (|u(t)|dt)). @

lw(x)l

Proof. The proof can be followed from the proof of Theorem 2.1. [
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Theorem 2.4. Let ¢ : [0,00) — R be a differentiable function such that M is increasing and P0) = 0. Let

Z-1
w € Us(u, k), ( [k, t))”ldt) <K, M < ( [ Iu(t)lpzdt)pz v > Land L+ 1 = 1. Then the following

inequality holds for superquadratic functions:

p2 b é
Ly wa;)(t)c')T(X)l dx < K’Zj\/l ,‘P[K’ ( f |u(t)|Pzdt) ] ©

Proof. The proof can be followed from the proof of Theorem 2.2. [J

3. Extensions of Opial-type inequalities

In this section we present the extensions of of Theorems 2.1 and 2.2, by applying the well known Jensen
integral inequality for convex functions.

Theorem 3.1. Under the conditions of Theorem 2.1, in addition if 1 is nonnegative, then we have

b
"y I%T;xgg:”(x x < KlelP(K f (|u(t)|dt>) ?

< mf Y (K(b = a)lu(t)]) dt.
Proof. Since ¢ is nonnegative, by [1, Lemma 2.2] we have that ¢ is convex. By Jensen inequality we have
1 1
—_— b—aKlutIdt)S—f K(b - a)|u(t)|) dt. 10
w((b_a)fa( KOt < s |9 (KO- alute) (10)
Using inequality (10) in (4) one can get the required inequality (9).
O

Theorem 3.2. Under the conditions of Theorem 2.2 in addition if 1 is nonnegative, then we have

Pz
(M [ wora) | "

s%ﬁ ¢((b—a)izK|u(t|)dt

Proof. Since 1p(xi) is convex, the following Jensen’s inequality holds:

lp[((b%) f bh(t)dt)p]z]s blj f btp(hﬂlz(t))dt. (12)

Therefore inequality (11) can be obtained from the inequalities (12) and (5). O

The inequalities (9) and (11) also hold for the class of functions U,(u, k). They are stated in the following
theorems.

Theorem 3.3. Under the conditions of Theorem 2.3, in addition if \ is nonnegative, then the following inequalities

hold:
b
Y@@l 1 ¢(K, f (W(Wﬂ) (13)

| ()| K2M’

< TR f ¥ (K (b= lu(t)) dt.
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Proof. The proof can be followed from the proof of Theorem 3.1. [J

Theorem 3.4. Under the conditions of Theorem 2.4 in addition if 1 is nonnegative, then the following inequalities

hold:
Pz
B lwl(;i)(lay)tll(x| - I<’2M’ {K (f 8 t)|pzdt) ] 0

_#(Zb_a)l;l[)((b a)PzKIu(tl)dt

Proof. The proof can be followed from the proof of Theorem 3.2. [J

4. Fractional Opial-type inequalities for superquadratic functions

In this section, we apply results of Sections 2 & 3 for special kernels to get fractional Opial-type
inequalities for Riemann-Liouville fractional integral, Liouville-Caputo fractional derivative. First we give
the following results for the left-sided Riemann-Liouville fractional integrals.

Theorem 4.1. Under the conditions of Theorem 3.1, for a > 1 the following fractional inequalities hold:

"y |1 M(X)I Iu(x)l 2(a) (b -y
1§ u(x)] *= (b—a)z(“—l)M ( T(a) (f |u(t)|dt)) (15)
I*(a) b (b -a)
- (b — a)2a—1M . IP( 1-'( ) Iu(t)ldt)

Proof. Let us define the kernel k(x, t) as follows:

(r=t)r!
k(x,t) =] T@ "~ t€la,x], (16)
0, t e (x,b].

Further, we take function w as follows:

1 X
w(x) == 1%, u(x) = o) f (x — H)* u(t)dt. (17)
It is clear that for @ > 1,0 < k(x, t) < (x;?)‘;il S (b;?gj{l t€la,x], x € [a,b].
Therefore by applying Theorem 3.1 for K = ) we get the fractional inequalities required in (15). O

Theorem 4.2. Under the conditions of Theorem 3.2, in addition if a > plz, then the following inequalities hold:

2
s ST p (1@ (r(a = 1) + )7
X <
x)' ((b B a)a—é)z M

lel)[ (b-&l)a_E : (f |Ll(t |712dt) ]
P(@) (@ — 1) + 1)

pz(r<a>(p1<a—1>+1>’“l) f w[ (b — @) fu(t) ]
¢ \T@ (pila—1) + i

(18)

<

b- )(“ 1’2)
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Proof. Let us consider the kernel k(x, t) as follows:

(x_t)n—l
kb =) T@ t € la,x],
0, te (x bl

Further, we take w same as defined in (17). Let Q(x) = ( f (k(x, t))”ldt)" '. Then it is easy to see that

Qx) < % fora > . By setting K = (b-a)”
T(@)(p1(a- 1)+1)7 T(a)(pr(a=1)+1)70
required in (18). O

and applying Theorem 3.2, we get inequalities

The next results are obtained by using the right-sided Riemann-Liouville fractional integral which is stated
as follows:

Theorem 4.3. Under the conditions of Theorem 3.3, in addition if « > 1, then the following fractional inequalities
hold:

(L u)Dlu(x)| () (b—a)*?
f o) dx < (b—a)zm—l)Mf ( ) ( f Juu( t)|dt)) (19)

I(a) " ((b-a)®
< (b—a)TM'fu IP(WIu(t)ldt).

Proof. The proof is similar to the proof of Theorem 4.1. [J

Theorem 4.4. Under the conditions of Theorem 3.4 in addition if o > plz, then the following inequalities hold:

1\2
f V(I8 (DI u(x)|F’2d . P2 (T(a)(rn(a -+ 1)“)
X - 1
|I“ x)| (( _a)a*E)zM,

le[ (b—a)a_ﬁ : (f |1/l t)|l72dt) ]
I(@)(pr(a-1)+

p2 (1"(04) (pra=1) + )7 ) f ¢[ (b —a)*u(t)l ]
® - a)z(“‘i)“M/ o \T@ i@ -1+ )i

(20)

Proof. The proof is similar to the proof of Theorem 4.2. [J

By using the composition identity for the left-sided Liouville-Caputo fractional derivative given in Lemma
1.6, the following results are given.

Theorem 4.5. Let ¢ : [0,00) — R be a differentiable function such that @ is increasing and Y (0) = 0. Also
let m = [B] +1and n = [a] + 1 for a,f ¢ No, u € AC"[a,b] such that hi(a) = 0 fori = n,n+1,..,m— 1. Let
LCD 4, 1¢ DF u € Ly[a, b]. Then for o < B — 1, the following fractional inequalities hold:

b .17 (ILCTYa LCTHP
f V(K DS, u(x))IFC D u(x)| i (21)

"D u(x)l

T(B - a))? (b —ayf-a1 [ P ;
= (- a)ﬁ-a—l)ZM"”( TG - ( f |LCD+au(t)ldt))
TE-ar () ((b a)-

(b — a)Zﬁ—Za—lM . F(ﬁ

|LCD/iau(t)|dt).
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Proof. Let us consider the kernel k(x, t) as follows:

(x—t)f-a-1
ki ty = | o EEla ] 22)
0, Fe (xb].

Further, we take w as follows:

w(x) == D% u(x) =

f (x — HF* 1D y(p)dt. (23)

T(ﬁ
. (x—a)f—o-1 (b—a)f—!
Itis clear that fora < f—1,0 < k(x, t) < G- < TG=a)

Theorem 3.1 to get the fractional inequalities required in (21). [

b—a)f-o-1
te€fa,x],x €lab]. WeletK = (r(ﬁ)—a) and apply

Theorem 4.6. Let ¢ : [0,00) — R be a differentiable function such that @ is increasing and Y (0) = 0. Also
let m = [B]+1and n = [a] + 1 for a, ¢ No, u € AC"[a,b] such that hi(a) = 0 fori = n,n+1,..,m— 1. Let
LCDF 1, 1CDF u € Ly[a,b]. Then for a < f — plz, the following fractional inequalities hold:

fb Y(“DL Dl | paT — a)(pu(f—a = 1) + D7) o

ILCDS u(x)| - = a)i;*“*%)zM

N
IP[ (b 61) (f |LCDﬁ t)|p2dt) J
T8~ a)(pi(B—a—1) + )i

_POB-)piB-a-1+ D) f ( (b — ayf=aLCDF u(t)| ]
o \T@-a)pB-a-1)+1)r

(b a)Z(ﬁ—a—i)H M

Proof. Let us consider the kernel k(x, t) as follows:

(x_t)/i—az—l
k(x, £) :{ Mo LEelnad,

0, t e (x,b].

Further, we take w same as defined in (23). Let P(x) := ( fu x(k(x, t))”ldt)ﬁ. Then it is easy to see that

p-a- 7 p-a-ps
Px) < —&% 2 fora < p— L. By setting K = — &2
F(B-a)(pr(a— 1)+1)”1 T(B-a)(p1(a— 1)+1)
inequalities required in (24). O

and applying Theorem 3.2, we get

The next results are obtained by using the composition identity for the right-sided Liouville-Caputo
fractional derivative given in Lemma 1.7.

Theorem 4.7. Let ¢ : [0, 00) — R be a differentiable such that M is increasing and P(0) = 0. Also let m = [B] +1

andn = [a]+1fora, B & No; u € AC™"[a, b] such that h'(a) = Oforz =n,n+1,.., m-1. LethDﬁ_v,LC D¢ u € Ly[a, b].
Then for a < B — 1, the following fractional inequalities hold:

by (ICD2_u(x))ECD)_u(x)|

a I“Dy_u(x)]

(T(B-a) (b — )t [
: ((b- a)/f—a—l)zM'vb( T - ) (f |LCDIZ_M(f)|dt))

(CB-a) b-a)f* g
< (b —a)P2-1p ), ’1[’( TG—-a) ""D,,_ (t)|dt)

(25)
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Proof. The proof is similar to the proof of Theorem 4.5. [J

Theorem 4.8. Let ¢ : [0,00) — R be a differentiable function such that IPT(X) is increasing and P(0) = 0. Also
let m=[Bl+1and n = [a] + 1 for a,f & No, u € AC"[a,b] such that hi(a) = 0 fori = n,n+1,..m — 1. Let
Lepf , W DY u € Li[a,b). Then fora < - plz, the following fractional inequalities hold:

YDy WD DL U | pa(T(B — )(pa(B — = 1) + D2
FCDE_u(x)| - (@ a)ﬁ‘“‘é)zM

1)[}[ (b ) h (f |LCD5 u(i’)|p2dt) ]
F-a)pi(f-a-1)+ )i

_ P - a)pip-a—1) + D) fh [ (b= 1D} u(t) )
R Y o \T-a)piB-a-1)+ D
Proof. The proof is similar to the proof of Theorem 4.6. [J

(26)

For the composition identity of Riemann-Liouville fractional derivative given in Lemma 1.9, the following
results hold:

Theorem 4.9. let i : [0, 00) — R be a differential function such that wT(x) is increasing and P(0) = 0. Alsolet a > 0,
=[]+ 1and n = [a] + 1. Suppose that one of the following conditions (i)-(vii) in Lemma 1.9 holds for {B, o, u}

and let Ds 1 € Lyla, b]. Then, for a < f -1, the following fractional inequalities holds:
" YD u@DIDL )]

DY, u()

TE-a)f  ((b—af=
= ((b_a)ﬁ—a—l)zM ( - (f |D ”(t)|dt))

(T(B — a))* (b—a) 5
< (b—a)P$20-1p ), ll’ (mleu(t)ldt).

Proof. The proof is similar to the proof of Theorem 4.5. [J

(27)

Theorem 4.10. let ¢ : [0,00) — R be a differential function such that IPT(X) is increasing and P(0) = 0. Also let
a>0,m=[pl+1and n = [a] + 1. Suppose that one of the following conditions (i)-(vii) in Lemma 1.9 holds for

{B, o, u} and let Df wu € Lyla,b]. Then, fora < — plz, the following fractional inequalities holds:

(28)

Diau) (0= )M

ot
¢[ (b a) . (f ID u(t)l”zdt) ]
IB-a)pr(B-a-1)+1)n

_ @ -aEB-a—1)+ D) fb [ (b~ a)* |0 u(t) ]
o \FE-a)prp-a-1+ D7

f Y'(IDS,w x)I)IDﬁ u(x)|P? < 2T - a)pr(B—a—1)+ 1))

(- a)z(ﬁ—a—i)+1M

5. Concluding remarks

New inequalities of Opial-type for superquadratic functions are established in this research article.
Their extensions are established for convex functions. These inequalities are further discussed for fractional
calculus operators named Riemann-Liouville and Liouville-Caputo. The results of this paper can be further
estimated by mean value theorems, which are under considerations.
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