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Abstract. This paper aims to study the dynamical behaviours of a four dimensional food web system
consisting of a bottom prey, two middle predators and a superpredator(top predator) with Holling Type I
and Type II functional responses. A system of four differential equations has been proposed and analyzed.
Positivity, boundedness and extinction criteria of the system are studied. We have discussed the existence
of various equilibrium points and stability of the system at these equilibrium points. We also explore
the system undergoes a Hopf-bifurcation around interior equilibrium point for a parametric values which
has very significant ecological impacts in this work. Computer simulation are carried out to validate our
analytical findings. The biological implications of analytical and numerical findings are discussed critically.

1. Introduction

Most of the plants and animals are correlated to each other by their food habits and are developed
through a unique behavioural system for their nourishment. Foods are the main sources for the living
organisms. Not only foods are transformed into energy to produce food-energy cycle but nutritional re-
lationship are also the essential for the ecological balance between prey and predators. To maintain a
dynamic equilibrium between different organisms, energy should flow from producers to its consumers.
Food chain is one of the probable pronouncement to describe how energy flows from time to time within
various organisms to maintain steady state of equilibrium between biotic and abiotic factors.

Ecological systems with one or two species are very rare in nature. Co-existence of a large number of
species is almost comprehensive in natural communities and ecosystems [12]]. After the pioneering works of
Lotka (1925) and Volterra (1926), a large number of works has been carried out on the dynamics of two and
three interacting species in food chains [1} 6} 10} (11}, [13H15]. There are very few works done by researchers
for more than three species [18}[19]. The reason may be the insufficiency of mathematical tools to handle the

increasing number of differential equations. However, necessity for incorporating more species has been
felt day by day.

Most of the Arthropods, like Thrips (belonging to the order of Thysanoptera) are minute (1 mm long)
slim insect with fringed wings and symmetrical mouth parts, are very harmful in crop field. It mostly
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enters into the central part of the stem (vascular bundle) and affecting the water and food conducting
tissues (Xylem and Phloem respectively). As a result a enormous lose in crop productivity and economy is
faced by the cultivator (may be farmer or agriculturist). So we need to implement a complete pull down
programme by ensuring its null residual effects on the environment [5} 9]].

Another Arthropods belonging to the order of Hemiptera like Orius tristicolour and Anthocoris nemoralis-
are feed on Thrips (psyllids e.g. Cacopsylla sp.). The presence of these two Arthropods in large number inhibit
the ecological balance on the crop field, but never exhibit prey-predator relationship among themselves.
Though it attracts insectivorous animals that could not be expected for crop development. However, an-
other Endo-pathogenic fungi are introduced into the field to stop their action after killing of Thrips. But not
all fungi are good to control the same operation following the pathogenic activity. Endomorpha spp.(belongs
to Zygomycota) are one of the less pathogenic fungi to the crop but lethal pathogens to every kind Arthro-
pods. This fungi hibernate inside the larva of hemipteran Arthropods and asexual mitospores are come
out by killing the larvae. This killer fungi are considered as superpredator and subsequently the complete
ecological balance can be maintained through their prey-predator relationship [2,[17].

Our main task is to focus on suitable non-linear models that can help us to understand the various array
of observed scenarios in the underlying filed. In this paper we have considered a mathematical model
consisting a prey (Thrips), two predators (Orius tristicolour and Anthocoris nemoralisare) which destroy (or
feed on) prey and a superpredator (or parasitoid/ pathogen) (viz. Endomorpha spp.) which is a natural en-
emy to the concerned prey and predators. A small number of models consisting of four species have been
proposed and studied in the ecological literature [3} 4, [7,[16]. The present article deals with the dynamical
study of the underlying four species ‘prey-two predators-superpedator’ model.

The rest of the paper is organized as follows. In Section [2} the basic mathematical model is introduced
together with basic considerations. Boundedness and positivity of the solutions of the proposed model
are established in Section [3} Extinction criteria of the predator-prey population are discussed in Section
Section[B|deals with all possible equilibrium points of the model and their feasibility conditions. Stability of
the model at various equilibrium points is discussed in Section [} also permanence of the system studied in
Section[/] In Section 8 a detailed study of the Hopf- bifurcation around the interior equilibrium is carried
out. Computer simulations are carried out to validate our analytical findings numerically in Section [9]
Section [10]contains the general discussion and biological significance of our analytical findings.

2. The mathematical model

The model we analyze in this paper describes a food chain composed of a prey, whose population
biomass is denoted by X, two middle predators whose population biomasses are denoted by Y and W,
and a superpredator (or top-predator) whose population biomass is denoted by Z. Before introducing the
model mathematically and its rigorous analysis, let us present a brief sketch of the construction of the model
which may indicate the biological relevance of it.

1. Behaviour of the entire community is assumed to arise from the coupling of these four interacting
species where top predator takes food from all three (a bottom prey and two middle predators) and middle
predators are taking food from only the bottom prey (see Figure|[l|). There is no explicit interaction among
the two middle predators.
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Figure 1: The feeding relationship in the food chain.

2. It is assumed that in the absence of the predators the prey population density grows according to
logistic law with carrying capacity K(K > 0) and with an intrinsic growth rate r(r > 0).

3. We have considered Holling type-II functional response for the species (X, Y),(X, W) and also for the
species (X, Z). For (Y, Z) and (W, Z) Holling Type I (or Volterra) response function is assumed.

The above considerations lead to a food chain model under the framework of the following set of four
nonlinear ordinary differential equations:

X X1 X)_ BiXY  B,XZ  BsXW
ar K A1+X A +X A3+X
dY CiBiXY
T ALY -DiY -M;YZ
dW _ C3BsXW @
3 3
- D,W - M,WZ
AT T A+ x| 7 M,
dz Cy,B,XZ
d_T =etM\YZ +eeMyWZ — D3Z + A+ X

with X(0) = Xo > 0,Y(0) = Yo > 0,W(0) = Wy > 0,Z(0) = Zy > 0. Here B;,B; and B, are the maximal
growth rates of the middle predators and superpredator respectively; A;,A; and A; are the half saturation
constants; Ci, Cz, Cy, €1, €2 are the conversion rates and D1, D, and Dj are the per capita death rates of the
middle predators and superpredator respectively. It is assumed that all the parameters are positive.

Let us non-dimensionalize the system (1)) with the following scaling:

X Y Z
x:E,y=E,2=Eandt=rT

Then the system (1) takes the form (after some simplification):
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d—x=x(1—x)— axy — pxz - yxw
dt Mm+x a+x daz+x
dy  oxy
7 _ —diy —
dt  a;+x 1y = imyz
2)
d—w—azxw—dw—mwz
it a3 +x 2
d_z_ 7z + oWz — d3z + (X2
dt_‘uly H2 3 a + X

with x(0) = xp > 0, y(0) = yo > 0,w(0) = wy > 0,z(0) = zp > 0, where

a—& —& —&a—éa—éa—éa—clBla—QBsa—csz
_7’ _r/y_rll_Klz_Kl3_Kl 1= 7 2 = r s 83 = r 7
D D M;K MK MK MK
d1=71,d2=72,d3=D3K,m1= rl,m2= rz,y1=€1 1 ,H2=€2r2-

3. Positivity and boundedness

Positivity and boundedness of a model guarantee that the model is biologically well behaved. For
positivity of the system (2), we have the following theorem.

Theorem 3.1. All solutions of the system @) that start in R remain positive forever.

Proof. From the first equation of system (2), we get

_ t ay(6) pz(6) yw(6)
x(t) = x(O)exp[j; {1-x(6)- o+ x(0) e Tx0) - a2+x(6)}d6 =x) >0

From the second equation of system (2), we get

t
mw=y@ﬁmpL£{é%%%%—dl—mﬂwnmﬂ=»mﬂ>o

From the third equation of system (2), we get

t
w(t) = w(0) exp [ fo {afix—ffé) —dy - mzz(G)}dQ] = w(t) > 0

From the fourth equation of system (), we get

Dé3X(6)

t
zm=amw41}““®+””®‘*+iiﬂé

}d@] =z(t)>0
This proves the theorem. [

Theorem 3.2. All solutions of the system [2) that start in RY are uniformly bounded.
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Proof. Since

Z—Jtc <x(1-x)
we have

tlim supx(t) <1

Now we assume,

Wi=x+ £y+ lw+£z
a1 0%} a3
Therefore

dWy a 14 B P ma Pz
< — - _ - [ 0=

o s x(1-x) o diy o~ dryw a3d3z + yz( 0 o ) + wz( 0
% < 2x — RWj, where R = min{1,dy, d,, ds},
provided ‘[ﬂ < ma ie., Cie1 < Cp and @ < a2y ie, C3e0 < Cy

as a as a2

Hence % + RW; < 2x <2, for large t, since tlim supx(t) < 1.

Applying a theorem on differential inequalities, we obtain

0 Wte 0,9 < 2 + DEOYO00,20)

2
=>OSW1§East—>oo.
Thus, all solutions of system (2) enter into the region

2
B = {(x,y,w,z) 0 Wy < R + € for any € > 0}.

This proves the theorem. [

4. Extinction scenarios

103

may

[2%)

This section deals with the conditions for which both the species of the underlying system (2) will be

going to extinct in long run. Suppose:
Yy =limsup y(t) and y = li{n inf y(t).
t—o0 - —

Here we shall use the following fact (for large time #):

x(f) < 1.

Theorems andf4.3|show the extinction of prey and two middle predator populations also Theorem

deals with the extinction of top predator population.

Theorem 4.1. If y > “*, then lim sup x(f) = 0.

t—o0
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Proof. Let us choose € such that 0 < e < y(t) — 941 then 3T > 0 such that yt)=2yt)—eVt>T.Fort>T:

dx axy

E = X a1 +x
(y-e
< x 1—C¥m
1
= a9

< 0.

Hence limsup x(t) =0. O

t—oo

Theorem 4.2. Ifdy > *, then lim () = 0.

Proof. We have

dy

Y n gy
< S -diy
< Shay—diy
< y{% —dl}, for large time ¢
:% < 0.
Hence, lirtnsupy(t):O, ifdq > ‘;—11 O

Theorem 4.3. Ifd, > 2, then tlim w(t) = 0.

Proof. We have

dw
E = Zz—fg - dzw — Mywz
A2 XTW

< ﬂ:i? —dyw

< ‘;—jxw — dyw

< w {‘;—32 - dz} , for large time ¢
= dw < 0

dt )
Hence, limsup w(t) = 0, if d > Z‘—; O
t—o0

Theorem 4.4. Ifd, > ‘;‘—23 + U1 + o, then tlim z(t) = 0.

Proof. We have

Z—j MYz + powz — daz + 2=

ar+x

< PXZ+ Yz + phwz — daz
< ‘;—j)(z+y1)(z+y2)(z—dgz [ {(x,y,w,z) 0 Wy < % + € = x for any € > 0}]
< ZX{%+#1+M2—¢712},
:@ < 0
dt ’

Hence, limsup z(t) = 0, if d, > %3 +ur+ . O

t—o0



A. Mondal et al. / Filomat 36:1 (2022), 99-123 105
5. Equilibrium points and feasibility conditions

System (2) may have the following equilibrium points:

(A) The trivial equilibrium point Ey(0, 0, 0, 0):
This equilibrium always exists.

(B) The axial equilibrium point E;(1,0, 0, 0):
This predator free equilibrium exists unconditionally.

(C) The boundary equilibrium point E>(x1, y1, 0, 0):
1dy

This equilibrium exists only when a1 > d;(a; +1). This condition yields, x; = a“l_ T and y; = %(al + %)(1 -

ard
0(11*;1 )

(D) The boundary equilibrium point E3(x2, 0, wy, 0):

This equilibrium exists only when a, > dy(a3 + 1). In this case, x, = aady

ar—dy

d d,
and w, = %(013 + o)1= 255,

(E) The boundary equilibrium point E4(x3, 0, 0, z3):
zd

This equilibrium exists only when a; > d3(a,+1). For this situation, x3 = a”%_gs andz; = %(113 + ;23—_“1;2)(1 — a“f—fl;%).

(F) The boundary equilibrium point E5(x4, 14, w4, 0) of system (2) is given by

N aydq
4 =
a1 —dlr
a1 + x4 YWy
Ya=— (1 —x4— ),
2 as + X4
as + X4 alYy
and wy = (1—x4— Y .
a1 + x4

This equilibrium exists only when a; > d; and there exists positive values of y; and wy in the y —w plane
of the orthant.

(G) The boundary equilibrium point E¢(xs, 5, 0, z5) of system (2) is given by

Rlxg + szé + Rgxg + R4x§ + Rsx5+ Rg =0

a3Xs5

1
= —(d. — ,
Ys #1( 3 a2+x5)
and .
a1X5
= —dy),
% my a; + Xs 1)
where
Ry = —uimy,

Ry = puymy(1 — 2a; — 2ay),
R3 = uymi(1 — ap — ay)(ar + az) + pymy(az — 2a1az + ar) + Bua(dy — ) + amy(az — dz),
d p a4
% + Buiardy + pim(a — 2014 + ay — %3 + ﬁn—,]l)(lh +az) + (aazmy — Pagur)(az + ay),
Rs = pymiayaz(az — araz + ar) + azay (u1dqf — midsa),
aayds Payd; )
%) my /°

Ry =2mapuymy —

R¢ = pymimaz(ar1a —
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ﬁﬂldl aayds ayd, _ipds
This equilibrium exists only when Ry < 0,414, + > = and s <5 < 2

(H) The boundary equilibrium point E7(xs, 0, ws, z¢) of system (2) is given by

R7xg + Rgx?’ + Rgxg + Rl()x% + R11X6 +R;p =0

1 a3Xe
we = —(d3 — ),
ap + Xg
and
1 a2 Xg
Ze = — —dy),
my as + Xg

where

Ry = —pomy,

Rg = pomy(1 —az — ap),

Rg = upymy(az — 2azaz + az) + pof(dz + az) + ymy(ds + az) + pomy(az + az)(1 — az — az),

Ryo = 2aza3p2mo + (Uamyas — Zlizmzazas +ay oy + Buody +ydsmo)(az +az) + ay(Baz iy — ymads) + yazmy(az —az),
Ry1 = pamoasas(az — azas + ax + ﬁ L (pamaanas + poaafas — maaxdsy)(az + as) — asax(uafas + yasmy),

L2

iy
Rip = pomparaz(azas + ﬁam )

3d2 _ads
ap— 2 < x < £¥3—d3'

This equilibrium exists only when Ry < 0,4, + a3 <1 and
(I) The interior equilibrium point E*(x*, y*, w*, z*) of system (2) is given by

P+ PZX* + P3X*2 =0,

(1 =x" = Py) = ==Ps

*

y = P6 4
. —yl(l—x —P4)+ a1+xp
w ’

Pe
. 1 mx
z m1 (611 + x* 1)

where
Py = maz(midy — dimy), Py = anazmy — apaymy + (aq + az)(myds — dimy)

ﬁ( Lle
Ps = - + (mydy — dymy), P *—
3 = aimy — axmy + (mydy —dymy), Py = P
aszx” as _ Vi

Ps =d; - , Pe= .
TR T n Tty m+x
This interior equilibrium exists only when
(i) aymy + mydy < dymy + apmy,
mdy @ — a3
o 1V —4as Hz}and
1—di’ aup =y
1-x"—Py !
< < —.
#2(”3 + x*) P, pi(ar +x*)

(@) x* > max{a

(iii)
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6. Stability Analysis

6.1. Local Stability
The variational matrix of the system (2) is

107

011 V12 013 U4
v v 0 Uy
Vix,y,w,z) = 0
031 U33  Us4
U41 Ugp V43 Uyg
_ _ _ omay  mfz azyw _ _ _ax _ _ _ mmy _
where v1; = 1 - 2x (a1+x)? (a2+x)? (a3+x)2” 12 = —35/ V13 B V14 = Toon, U = @+x)2r Y22 =
ax aza,w ax _ @3z _ _
i — =Mz, vy = -y, v = GG, Uss = AT — da — MpZ, U3y = —MhW, Uy = s, Ui = 17,043 =
azx
H2Z, Vsg = (Y + plow — d3 + 257
Case I: Equilibrium point Ey(0, 0, 0,0)
At Ej, the variational matrix V(Ej) becomes
1 0 0 0
V(E,) = 0 -d 0 0
Y710 0 -d 0

0 O 0 —d;

The corresponding eigenvalues are 1, —dy, —d», —d; and hence we have the following theorem:
Theorem 6.1. E is unstable.

Case II: Equilibrium point E(1,0,0,0)
At Eq, the variational matrix V(E;) is given by

1 a __ __B
- Oé_ 111+1 113+1 a2+1
0 L —d 0 0
— m+1
VEI=1 o " Ldy 0
0 0 0 g —ds

The corresponding eigenvalues are —1, ﬂl‘% —dy, ‘% —d, and a;% —ds.

Theorem 6.2. Eq is locally asymptotically stable if ;715 < d1, ;73 < da and ;75 < ds.
Case III: Equilibrium point E;(x1, y1,0,0)
At E,, the variational matrix V(E,) is given by
ajay yx Bx
1- 2'7;1&; (a1+x;2 _a?j—(;c] _u3+;c1 - a2+§q
141 Y1 a1 x
V(Ey) = (a1+x1)? 111}"1(11 —d 0 —hila
L5 g, 0
az+xq asx1
0 0 0 iy — d3 + Ttar

If the corresponding eigenvalues are A1, A5, A3 and A4, then

d d
Ay = 101 do: Ay = aza g

wiara (o — dy — aqdy)
asoy — ﬂ3d1 + a1d1 ar, — a2d1 + Clldl

a(a —dq)?

3
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and A3, A4 are the roots of the quadratic equation:

A2+ AA+A, =0,

where ) )
aydhaq +df +ad] — ardy di(aq — di — mdy)
1= Az = .
ai(ag —di) ai
Theorem 6.3. E; exists and locally asymptotically stable if a1 (1 —a1) < di(1+a1) < aq;dp > ‘#jﬁm and ds >
azad; wayar (@ —di—aydy)
azal—a2d1+u1d1 (X((X] _dl)Z

Case IV: Equilibrium point E3(x3, 0, w», 0)
At E3, the variational matrix V(E3) is given by

_ _ _aywp _ax _rx _ Px
1 2x2 (a3+x2)? ai+x; az+x; ay+xy
_ 0 a0 0
V(E3) - az Wy ! 20 azXp d — MW
(a3+xz)2 as+xy 2 2002
_ a3X2
0 0 Uawo d3 + vy

If the corresponding eigenvalues are A1, A3, A3 and A4, then

a1a3d2 a3a3d2 H2ﬂ30(2(6¥2 - dz - a3d2)
A = —di; Ay = 5 —ds;

aap — aydy + azd ara — Axdy + azdy y(aa —db)

and A3, A4 are the roots of the quadratic equation:
A2+ BiA+B, =0,
where
asdaory + d3 + azd; — ond, dy(avy — dy — asdy)
1= 2 = .
ax(ax —do) ap
Theorem 6.4. Ej exists and locally asymptotically stable if ax(1 —az) < dp(1 +a3) < ap;dy > [#;‘Ziaadz and dz >
wsazds Haazaz(aa—da—asds)

arap—azda+azds Y(ar—dz)?

Case V: Equilibrium point E4(x3,0,0, z3)

At E4, the variational matrix V(E,) is given by

_ _ _@fz3 __axs _ _ P
1 2x3 (ax+x3)? s a1+x3 az+x3 a+x3
V(E4) - 0 m—dl — MmMqZ3 o 0 0
0 0 113%"9(33 - dg — MyZ3 0
ar(3Z3 _ a3X3
@) H1Z3 H2Z3 ds + Tt

If the corresponding eigenvalues are A1, A3, A3 and A4, then

= a1axd3 - mazas(as — dz — axds) |

aaz — mds + ayds Blaz — d3)? ’

A = Qard3 gy mafza3(as — dz — axds)
araz — azdz + ayds Blas — d3)?

and A3, A4 are the roots of the quadratic equation:

A2+ CiA+Cy =0,
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where
axdsas + d5 + apd3 — asds ds(as — d3 — ards)
1= and C, = .
az(az —dz) as
Theorem 6.5. E4 exists and locally asymptotically stable if az(1 — a2) < d3(1 + a2) < asz;di > % -
maxas(as—ds—apds) aoards _ mamas(az—ds—ayds) »
Blaz—ds)? andd; > aya3—azdz+ayds Blaz—ds)?

Case VI: Equilibrium point Es(x4, 14, w4, 0)
At Es, the variational matrix V(Es) is given by

a1 a2 413 ai4

V(Es) = a1 axn 0 ay
a1 0 azx asy

0 0 0 aga

_ _ _ _A3yws mays _ __axy _ __rXs — Bxy _ ma1ys _ mXxy
Where all - 1 2x4 (a3+X4)2 (ll1+X4)2’a12 - a1+x4”’ ﬂ13 - az+xy”’ 14 = ay+xyg” - (a1+X4)2’ a22 - a1+x4
A2 X . Ao X. a3X.
di, 24 = —M1Ys, 031 = 255, 033 = - =y, A34 = —MpWy, gy = (Y4 + oWy — d3 + 55
If the corresponding eigenvalues are A1, A, A3 and A4, then
a3Xy4
A = iys + pows —ds +
HiYa+ [ 1+
and Ay, A3, A4 are the roots of the cubic equation:
A2 +DiA2 +DyA + D5 =0,
where
azyws MYy a1X4 o X4
Dy =-1+42x4+ 14 7 Y > - +di +dy,
(03 + X4) ({11 + x4) a1 + x4 asz + X4
azywas Yy a1X4
Dy =11—-2x4 — Y 5~ Y 5 ( —d1+
(03 + X4) ({11 + X4) a) + X4
azywsy a1y, a1X4 X4
=14+ 2x4 + v 5 s 5~ +di||d2—
(ﬂ3 + X4) (6!1 + X4) a; + X4 asz + X4

M ax1X4lys  A2YA3X4Y4
(a1 +x4)3 (a3 +2x4)3

o Dy = (12 T B )

@ +x0? (@+x2)\ s /N\a

A1 X4Y4 Xy
) —
(a1 + x4)3 az + x4

Va203X4 Y4 a1Xy
1— .
(a3 + x4)3 a; + Xy

)+

If (ap + x4)(U1Ya + Hows) + asxy < dz(az + x4), then A, is negative.

Routh-Hurwitz criterion for local stability: Suppose the characteristic polynomial of a square matrix V of
order 7 is given by

det(V = AL) = A" + A" L+ apA" 2 + . +a, =0,
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wherea; € Rfori=1,2,...,n, a, # 0and I, is the identity matrix of order n. The necessary and sufficient

i . . . a a
conditions for the eigenvalues of the matrix V to have negative real parts are D; = a; > 0,D; = 11 a3 >0
2
ap as 4as
D3 = 1 ap dq | > O,
0 a das
ay ds ds
1 ay dg ... .
Di=|0 a a3 .. . |>0,k=123,..n These conditions are derived, used complex variable
0 0 e g

methods in standard texts on the theory of dynamical systems. As an example, for the equilibrium
AB +a1/\2 +612A1 +a3=0

and the conditions for Re(A) < 0 are a; > 0,a3 > 0,a1a, —az > 0.

So by Routh Hurwitz’s criterion, other eigenvalues have negative real parts if D; > 0, D3 > 0 and D1D, -
D3 > 0. Thus we have the following theorem:

Theorem 6.6. Es is locally asymptotically stable if (a2 + x4)(U1Ya + pows) + azxs < dz(az + x4),D1 > 0,D3 >
0 and DD, — D3 > 0.

Case VII: Equilibrium point E¢(xs, ys5, 0, z5)

At Eg, the variational matrix V(Es) is given by

bin b bz b
byi by 0 by

V(Eg) =
E)=10 0 by 0
byt by biz by
_1_ _ mays  @fzs Bxs _ mays _ x5
where b1y =1 - 2x5 (a1+x5) (a2+x5) 2’b12 Tm +r5 bis = T +xs g = a2+x5’b21 T (@mras)?’ by = a+xs

[LbXe% X
di —mizs,bos = —muys, by = ;3 —do — myzs, by = —(gz+§5§z,b42 = 125, baz = piozs, bas = piys —ds + 52

If the corresponding eigenvalues are A1, A2, A3 and A4, then

Ao X5

A=
as + X5

—dy — myzs

and Ay, A3, A4 are the roots of the cubic equation:

A+ GA2+GA+G3 =0,
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where
| ays axpzs a1x asx
G1=—1+2X5+ Y + ﬁ — L H 375 +d1+d3—[.11y5,
(a1 +x5)%  (a2+x5)% ar+x5s ax+xs
nays az25Z5 a1x
G2= 1—23(5— Y - ﬁ ( 1 —dl)
(a1 +x5)%> (a2 +x5)? ) \ay + x5
mays arPpZs a1x a3X
+—1+ZJC5+ yz ﬁ 5 175 +d1 (dg—/.lly5— 35)
(Lll + X5) (ﬂz + X5) a; + X5 ap + X5
41001 X5Y525 a1t B XsYs2s Bazazxszs
3 2 3 and
(a1 + x5) (a2 + x5)(a1 + x5)* (a2 + xs)
aays axPzs X5 a3Xs5
G3= 1—2X5— 5~ Z(d_— ——d3—y1y5
(611 + X5) (612 + X5) a1+ Xxs5/\dx + X5
Mman1XsYszs ( X5 ) amya3Xs5Ys25
, — _
(a1 + X5)3 as + X5 (ﬂ3 + X5)(612 + X5)2
a1 a1 fxsYszs ( a5 ) Bara3xszs ( X5 )
(a2 + x5)(a1 + x5)% \az + x5 (a2 + x5)? 3+ X5

If (do + mazs)(as + x5) > aoxs, then Aqis negative. By Routh Hurwitz’s criterion,other eigenvalues have
negative real parts if G; > 0, Gz > 0 and GG, — G3 > 0. Thus we have the following theorem.

Theorem 6.7. E is locally asymptotically stable if (dy + mpzs)(as + x5) > asxs, Gy > 0,Gz > 0and G1G, — G3 > 0.

Case VIII: Equilibrium point E;(xs,0, we, Zs)

At E7, the variational matrix V(E7) is given by V(E7) =

€11 C12 €13 Cu4
0 C22 0 0

1 0 c33 o3

C41 C42 C43 Cy4

_ 1 _ _ _mfzs  azyws _ __axe Y% _ _ B _ mXe _
where c11 = 1 - 2% — =25 — Goow/ 012 = —ayes C18 = o, Cld = oo, 0 = o — di — iz,
— A3We — 22X — — 20326 — — — d3X6
031 = Gaaxe)?’ 33 = T3txg —dy—myze,C34 = —MaWe, Ca1 = (g2’ €42 = H1Z6,C43 = H2Z6,C4a = }11]/6+H2w6_d3+a2+xé-

If the corresponding eigenvalues are A1, A, A3 and A4, then

X1Xe
A=

= —dy —mize
a1 + Xe

and Ay, A3, A4 are the roots of the cubic equation:

AN +FA2+FA+F3=0,
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where
a2pze az)ywe X asx,
Fi=-14+2x¢+ P 5 14 5 - 6 - 2 L +ds
(ﬂz + x6) (ﬂ3 + x6) as + Xg as + Xg
—H1Ye + MaZe — LU2Ws,
a2pz¢ a3y We anX
F2=(1—2x6— ‘B 5~ Y 5 6 —dz—TH226
(ay +x6)*> (a3 +x6)* ) \a3 + X
a3Xe
—\tye + pows — dz + )
(H Y H a; + Xg
a2PZe a2y We rXg
_1+2x6+ ﬁ > 4 > +d2+m226
(a2 + x6) (a3 + x¢) az + Xe
YazarXeWs  PAr3XeZ6
(a3 +x6)® (a2 +x6)°
arxPpZg azyYwWe X
F3:(1—2x6— ‘B 5~ Y 5 (m226+d2— 6
(a2 + x6)* (a3 + X6) a3z + X
a3Xe azyazXeWe
1Y6 + HoWe — d3 — ) -
(y Yor a + xg (a3 + x6)3
a3Xe YMoar3X6WeZe A U2A3PX6WeZ6
U1Ye + powe — d3 — - 7~ 2
ay+xs) (a3 +x6)(a2 + x6)> (a2 + X6)(a3 + Xe)
Baraszxeze ( anxe
3 - d2 — MyZg | .
(112 + x6) as + Xg

If (d1 + mize)(a1 + x6) > a1%6, then A4is negative. By Routh Hurwitz’s criterion, other eigenvalues have
negative real parts if F; > 0,F3 > 0 and F1F, — F3 > 0. Thus we have the following theorem:

Theorem 6.8. E; is locally asymptotically stable if (d1 + m1ze)(a1 + x6) > a1x¢, F1 > 0,F3 > 0 and F1F, — F3 > 0.
Case IX: Equilibrium point E*(x*, y*, w*, z*)

At E*, the variational matrix V(E) given by

ot Y pxz’ yrw o ax X _ B
X+ (a1+x*)? + (az+x°)? + (a3+x*)? a+x* az+x* a+x*
ma1y — *
V(E) = Wy 0 0 miy
asaw’ *
@) 0 0 —mMow
aazz * %
(ax+x*)? thz 2z 0
The corresponding characteristic equation is given by
4 3 2
AT+ QAT+ QA"+ Q3A + Qs =10, 3)

where
Q1 = _56/
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Qo = §1S; + 555¢ + S35 + my Yzt — mopow'z”,
Q3 = Symappw’z" — Symyp1y'z" — S1S¢ — S;Sgmaw” + S35 uiz" + S35z upz”

Q4 = S§1Supmow’z" — S|Sgpomy Yz — S35, myw’z” + S35 uimy 'z

and

S* . axi-y* ﬁx*z* ,)/xi—w*
0 (@ +x)2  (a2+x)? (a3 +x")?

S* —_ ax* S)(- — ‘)/x* S* —_ ﬁx* * _— alaly*

175 L 02 = < 93 = w04 = N2’
1+ X az +x a +x (a1 +x%)
g = azarw* . Masz
5

T @) T (@ + a2

By Routh Hurwitz’s criterion, all the eigenvalues of V(E*) have negative real parts if
() Q1 >0,

(i) Qs > 0,

(ifi) Qa4 > 0 and

(iv) Q1Q2Q3 > Q5 + Q2 Q.

Thus we have the following theorem:

Theorem 6.9. E* is locally asymptotically stable if Q1 > 0,Q3 > 0, Qs > 0 and Q1Q>Q3 > Q3 + Q?Qx.

6.2. Global Stability
Theorem 6.10. Existence of positive interior equilibrium of the system of equations [2)) implies its global stability
around the positive interior equilibrium provided the following two conditions are fulfilled:

[y 2B _ oy,
(l) asz - an 7

(it) x* < x < max{Z=, 2, y,}orx > x > min{*E, 7, - } for all x.

Proof. Let us consider the following positive definite function about E*:
Vix,y,w,z) = (x—x* —x"ln%)+L(y—y* - y"ln%) +M(w—w* —w*ln%)

+N(z—z* —z*lni)
Z*

where L, M, N are positive constants to be specified later on. Differentiating V with respect to t along
the solution of (2), a little algebraic manipulation yields

av

BV 20X 2ING =) s XY@ = w )M )
dt

(a2 + x)(az + x*) (a3 + x)(a3 + x*)
Blx — x")(x"z — xz")
(a2 + x)(a2 + x)
Y- w —xw)  malx-x)(y-y)  alx - )y —xy)
(a3 + x)(a3 + x*) (a1 + x)(a1 + x*) (a1 + x)(a1 + x*)

(= x)y = ¥y )(Np1 = Lmy) + (z = 27)(w = w')(Nuz — Mimy) -

Let us choose L = nfi, = L N =L Then using the condition, we see that 2/ is negative definite.
103 az as dt

Consequently, V is a Lyapunov function and the theorem is established. Hence the theorem.
O
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7. Permanence of the system

To prove the permanence of the system (2), we shall use the Average Liapunov functions [8].

Theorem 7.1. Suppose that system (2) satisfies the following conditions:

(i) a1a+1 o —di>0; and/or a;“j o —da>0; and/or azaj

_d .
T 1>0;

(i) 2L —dy, > 0; and/or ==L + 1y —ds > 0;

az+x1 ax+x1

11X . a3xa .
(1ii) e d,>0; and/or iy T oW — ds > 0;

: a1xs . QX3 .
(iv) e dy > 0; and/or e d, > 0;

a2 X5
az+Xxs

a1Xe
aj1+Xe

(0) 225 + ys + powy — dz > 0; (vi)

ar+Xxy

— MyZs — dz > 0; (Ull) — M1Zg — d1 >0,
then system (2)) is permanence.

Proof. Let us consider the average Lyapunov function in the form V(x, y, w,z) = x%y%w%z% where each
0i(i = 1,2,3,4) is assumed to be positive. In the interior of R%, we have

1% ay pz yw [ a1x ]
_—= = —_— —_— —_— —_— — d f—
1% Y y,w,2) = 61 [(1 *) a+x ap+x a3+x]+92 a+x ! Mz
anXx azx
+0; [a3+x dz mzz]+94[y1y+y2w d3+ u2+x].

To prove permanence of the system we shall have to show that ¢ (x, y, w, z) > 0, for all boundary equilibria
of the system. The values of {(x, y, w, z), at the boundary equilibria Ey, E1, E», E3, E4, Es, E¢ and Ey are the
following:

E() : 91 - 92d1 - 93d2 - 94d3.

E: ez(alo‘i - —dy) + 93(a3“+2 - —dy) + 94(a2“j -~ dy).
Ba: 5o = ) + 04 + iy —d).

Es: ez(af‘fiz —d)+ 94(;1’?(2 + o, — da).

Es: O — ) + 05— o)

Es: 94(azai_xi4 + U1Ya + Hows — d3).

Ee: eg(aj‘f; — azs — db).

E7: Gz(aféixié — myze — d1).

Now, 1(0,0,0,0) > 0 is automatically satisfied for some 0; > 0(i = 1;2;3;4). Also, if the inequalities (i) — (vii)
hold, is positive at Eq, Ey, E3, E4, Es, E¢ and Ey. Therefore, system (2) is permanence [8] if the conditions of
(1) — (vii) are fulfilled. Hence the theorem. [

Remark: The conditions
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. aq [2%) X (0%} _ .
(i P P dy > 0; and/ora2 1 d; > 0;

(if) 2£L —d, > 0; and/or ==L + uyy; —ds > 0;

az+x1 a+x1

iy _a1Xp . a3Xp .
(1ii) e d1 >0; and/or i T w2 — ds > 0;

. Ut]Xg X3 _
(iv) 2= e —d1>0; and/ora+x dr > 0;

X5

(v) :2(34_;4 + H1Ys + oWy — ds > 0; (UZ) Tatrs Mazs —dy > 0; (Z)ll) ——

a1+Xxe

— M1Zg —d1 >0,

guarantee that the boundary equilibrium points E;, E, E3, E4, Es, E¢ and Ejy. are unstable.

8. Hopf Bifurcation at E*

Now, we shall find out the conditions for which the equilibrium point E* enters into Hopf bifurcation
as ap varies over R. The Routh-Hurwitz criterion and Hopf bifurcation are as follows: let ¢ : (0, c0) — R be
the following continuously differentiable function of «; :

() = Q1(a2)Qa(2)Qs(a2) — Q5(a2) — Qi (a2)Qa(a2)

The assumption for Hopf bifurcation to occur are the usual ones, and these require that the spectrum
Q(az) = {p : D(p) = 0} of the characteristic equation is such that the following hold.

. (I) There exists &, € (0, o), at which a pair complex of complex eigenvalues p(a}), p(«;) € Q(az) are such
that
Rep(a;) = 0, Imp(a;) = wo > 0

and the transversality condition

d
E(RE(P(M))) # 0.

&

(IT) All other elements of Q(«2) have negative real parts. Now, we present a theorem of Hopf bifurcation.

Theorem 8.1. The Hopf bifurcation of the interior equilibrium E* at ap = a € (0, 00) if an only if

(i) lay) =0, -
(i) Q3Q02Q3(Q1 — 3Q3) > 2(Q2Q% - 2Q3)(QQ% - 01Q3)
and  (iii)  all other eigenvalues are of negative real parts, wherep(ay)is purely imaginary at ay = aj.

Proof. By the condition i(a3) = 0, the characteristic equation can be written as

(p + 8—)(;} +Qip+ QéQ4 =0.

If it has four roots, say Q;(i = 1,2,3,4), with the pair of purely imaginary roots at a; = a} as p; = py, then
we have

p3+ps=-0 4)

Wy + p3pa = Qo )
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wh(ps + pa) = —Qs (6)

wipsps = Qu (7)

where wy = Imp1(a;). By the aforementioned equations, wy = \/% . Now, if p3 and p4 are complex
conjugate, then from (@), it follows that 2Rep; = —Q;; if they are real roots, then by (@) and (§), ps < 0 and
ps < 0. To complete the proof; it remains to verify the transversality condition.

As () is a continuous function of all its roots, there exists an open interval a, € (& — €, a;, +€), where
p1 and p, are complex conjugate for a;. Suppose their general forms in this neighbourhood are

p1(az) = &(aa) + in(az)

p2(a2) = &(az) —in(az).

Now we shall verify the transversality conditions:

d )
E(Re(p,-(az))) #0,i=1,2.

—
th—az

Substituting pi(a2) = &(an) + in(az) into the characteristic equation (), and calculating the derivative,
we have

G(a2)é(a) — H(az)ri(a) + K(az) = 0
8)
H(az)é(e) — Glaa)ri(az) + L(az) = 0

where G(ap) = 4&% — 12En% + 3Q1(&% — 1?) + 202 + Qs
H(a) = 12&%n + 6Q1&n — 43 + 2Q5¢

K(a) = Q1& —,3Q/15772 + Qx(&2 —17)+ Qs
L(az) = 3Q1E% — Q1 &% + 2Q2&n + Qs&.

Solving for & (a3), we have

dRe(pj(a2))
daz

} = é(az)az=a;
ar=a;

2

H(ay)L(a)+K(@3)G(a3)
G?(a;)+H?(a3)

_ Q0205(Q1-3Q3)-2Q: Q3203 Q2 -1 2
- QHQ1-3Q5)*+4(Q2Q7 2032

)>0

if Qi’Q’zQ3(Q1 - 3Q3) > 2(Q:Q7 - ZQg)(Qng - Q’ng). Thus, the transversality conditions hold, and
hence, hopf bifurcation occurs at a, = ay. O
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9. Numerical simulation

Numerical simulations are equally important beside the analytical findings to verify them. In this
section, we present computer simulations of different solutions of the system (2) using MATLAB.

First we take the parameters of the system as @« = 0.15,4; = 0.1, = 0.01,a, = 1.0,y = 1.2,a3 = 0.76, a1 =
0.6,d1 = 08, mp = 1.4,0(2 = 1.4,d2 = 09, my = 13, 1 = 12, Uz = 1.8,d3 = 1.5,0(3 = 0.3. Then the conditions
of Theorem [6.2] are satisfied and consequently E1(1,0,0,0) is locally asymptotically stable(LAS) (see Figure
. Next we take the parameters of the system as a = 0.5,a; = 0.2, = 0.46,a, = 0.6,y = 1.6,a3 = 0.75, a1 =
0.84,d, = 0.58,m; = 1.8,a, = 1.95,d, = 0.79,mp, = 1.5,u; = 0.5,u» = 3.0,d5 = 1.4,a3 = 0.5. Then the
conditions of Theorem are satisfied and consequently E;(x2, 2,0, 0) is LAS (see Figure .

0.9

x(t) x(t)
y [ 0.8 y()
w(t) w(t)
2(t) 0.7 2(t) |5
0.6
0.5
0.4
I
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Figure 2: Local asymptotic stability of E1(1,0,0,0) and Ea(x2, 2,0, 0).

If we take the parameters of the system as @ = 0.15,4; = 0.1, = 0.01,a, = 1.0,y = 1.5,a3 = 0.7, a1 =
07,d1 = 058,m = 13,a, = 1.95,d, = 0.8,my, = 015, 1 = 1.8, up = 2.1,d3 = 1.2,a3 = 0.3. Then the
conditions of Theorem re satisfied and consequently Ez(x2,0,w,,0) is LAS (see Figure E] ). Also we
take the parameters of the system as a = 0.15,47 = 0.3, = 0.5,a4, = 0.61,y = 1.5,a3 = 0.7, 4 = 0.75,d; =
0.45,m1 = 1.3, = 1.95,d, = 0.7,mp = 1.5, 1 = 1.8, u» = 1.7,d3 = 0.85,a3 = 1.4. Then the conditions of
Theorem are satisfied and consequently E4(x3,0, 0, z3) is LAS (see Figure .
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Figure 3: Local asymptotic stability of E3(x2,0,ws,0) and E4(x3,0,0, z3).

Let us take the parameters of the system as @ = 0.15,a; = 0.1, = 0.01,a, = 1.0,y = 1.5,a3 = 0.7, a1 =
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0.7,dy =0.58,m =13,a, =1.95,d, =0.8,mp = 1.5,y = 1.8, u = 2.1,d3 = 1.2, a3 = 0.3, then the conditions
of Theorem are satisfied and consequently Es(x4, y4, ws, 0) is locally asymptotically stable (see Figure
). Now if we take the parameters of the system as @ = 0.15,4; = 0.1, =0.5,a, = 0.5,y = 1.5,a3 = 0.7, a1 =
1.5,d1 =02,m =13,a0 =195,d, = 0.7,my = 1.5, u1 = 0.5, » = 3.0,d3 = 0.85, a3 = 1.4, then the conditions
of Theorem are satisfied and consequently Eq(xs, 5,0, z5) is LAS (see Figure E])
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Figure 4: Local asymptotic stability of Es(x4, Y4, ws,0) and E¢(xs, y5,0, z5).
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Let us take the parameters of the system as @ = 0.15,a7 = 0.3, = 0.01,a, = 0.2,y = 1.5,a3 = 0.6, 1 =
0.75,dy = 045,m; = 1.3,a, = 1.95,d, = 0.8,mp, = 1.5, 11 = 1.8, up = 2.1,d3 = 0.8,a3 = 0.3. Then the
conditions of Theorem are satisfied and consequently E7(x¢, 0, wg, z¢) is LAS (see Figure .
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Figure 5: Local asymptotic stability of E7(xe, 0, ws, Z6).

Next, we take the parameters as a = 0.21,4; = 0.1, = 0.01,a, = 0.8,y = 1.5,a3 = 04,a; = 0.75,d; =
0.45,m = 13,ap = 1.6,dy = 0.8,my = 1.5, u1 = 1.8, u» = 21,d3 = 0.9,a3 = 0.3. Then conditions are
satisfied, and hence E*(0.7524,0.2544,0.1413,0.1631) exists. Also the conditions of Theoremare satisfied.
Consequently, E* is locally asymptotically stable. The stable behaviour of x, y, w,z with t and the phase
portrait are presented in Figures [l and [7] respectively. In the second figure of Figure 7 'label z’ stands for
‘population w’.
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Figure 6: Local asymptotic stability of E*, where x* = 0.7524, y* = 0.2544, w* = 0.1413,z" = 0.1631.

Figure 7: Bifurcating periodic solution near E* w.r.to populations (x, y,z) and (x, y, w).

In this context it is also mentioned that the biological parameter a; has an important role on the dynamics
the underlying system. If a; = 1.6, then it is seen that E* is LAS. Now, if we increase the value of parameter
ay, keeping other parameters fixed, the stability behaviour of the system (2) changes i.e. system undergoes
a Hopf-bifurcation around E* at & = 1.9632. For a; = 2.2 > a;, we see that E* is unstable. Figures |§| and
PJ10Ji1]depicts the stable behaviour and unstable populations in finite time respectively. The corresponding
bifurcation diagram is depicted in Figures
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Figure 8: Keeping other parameters fixed, if we take ay = 1.5 < a7, it shows that E* is stable and the phase portrait of the solution being a stable
spiral.
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Figure 9: Keeping other parameters fixed, if we take ap = 2.2 > a5, it shows that E* is unstable.
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Figure 10: Keeping other parameters fixed, if we take ay = 2.2 > a, it shows that E* is unstable.
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Figure 11: Occurrence of limit cycle and oscillatory behaviour of E* when$ay = 2.2 > o with respect to populations (x,y,z) and (x,y, w)
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Figure 12: Bifurcation diagram for the parameter ap with respect to x(t) and y(t).
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Figure 13: Bifurcation diagram for the parameter ap with respect to w(t) and z(t)
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10. Conclusion

In this paper, we have formulated a mathematical model with a four-dimensional food-web system
consisting of one prey population, two-middle predators feeding on the prey and one superpredator
feeding on all three other species. The two-middle predators have no competition between them, though
they are in implicit competition through the shared predation on the bottom prey. Here it is assumed that
the interaction of the prey species (X) with the two middle predators (Y and W) and the top predator (Z)
according to Holling-Type II response function. Also middle predators (Y and W) are predated by the top
predator (Z) according to Holling-Type I (or Volterra) response function. The details of the construction
of the model is presented in section [2| Positivity and boundedness of the system are shown in section
Extinction criteria of the predator-prey population are discussed. Stability behaviour of the equilibrium
points are studied and validated by computer simulations. Also permanence of the system is discussed in
section[6l

Here we have analyzed all the boundary equilibrium points extensively. Local stability behaviour of
each of the boundary equilibrium points are shown in section 5| The interior equilibrium points E* also
exist under certain conditions. Further we have studied the local and global stability behaviour of the
interior equilibrium point E*. Numerical simulations suggest the co-existence of all four species for some
hypothetical set of parameteric values.

The important mathematical findings for the dynamical behaviour of the underlying food-web model are
also numerically verified using MATLAB. Each boundary equilibrium point as well as interior equilibrium
point satisfying existence criteria are shown graphically. The Hopf-bifurcation condition has been derived
in terms of a; as bifurcation parameter. Here it is observed that as a; increases the system exhibits oscillatory
behaviour around coexistence equilibrium E*.

Finally, our model can be applicable in various fields of ecological as well as epidemiological systems.
In this context it is mentioned that our numerical simulations depicted in the Figures|2|and [3|are in good
agreement with the results of Yodzis (1998) [20] experiments (using field data): if fur seals are culled, there is
a significant probability that two of three commercial fishes (hake, anchovy, and horse mackerel) will have
negative responses. Further studies are required to analyze the dynamics of more realistic but complex
systems such as considering different response functions and also applying time delays in different species.
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