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Abstract. We investigate the problem of approximating function f in the power-type weighted variable
exponent Sobolev space W'\’ (0,1), (r = 1,2, ...), by the Hardy averaging operator A () (x) = £ [ f(t)dt. If
the function f lies in the power-type weighted variable exponent Sobolev space wr

) (0,1), it is shown that
la ¢ _pr(.),a(.) <l

-rp() p()al)”

where C is a positive constant . Moreover, we consider the problem of boundedness of Hardy averaging
operator A in power-type weighted variable exponent grand Lebesgue spaces LZ(('))’Q (0,1). The sufficient

criterion established on the power-type weight function a(.) and exponent p(.) for the Hardy averaging
operator to be bounded in these spaces.

1. Introduction

In this article, we investigate the problem of approximating function f € W;’f' g') (0,1) by the Hardy av-

eraging operator A (f) (x) = }—( fox f(t)dt, where W;’f_ g') (0,1) power-type weighted variable exponent Sobolev

space. Namely, we consider the sufficient condition on a functions a and p for the validity of the norm
inequality

”A (f) a f||7’(.),a(.)—rp(.) <C ”f(r)”p(.),a(.) ;o r=12.,

where C is a positive constant. Moreover, we consider the problem of boundedness of Hardy averaging
operator A in power-type weighted variable exponent grand Lebesgue spaces L’ (('))’9 0,1).

The variable exponent Lebesgue space L'") and the corresponding Sobolev space W#) have been an
active research subject stimulated by development of the studies of problems in elasticity, fluid dynamics,
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calculus of variations, and differential equations with p(.)- growth over the last decades [31]. We refer to
[14] for fundamental properties of these spaces and to [3, 5,7, 10, 12, 16, 20, 24-26, 30, 32], for Hardy type
inequalities, for maximal functions [8, 9, 13, 29] and for Kantorovich operators [2, 6]. The Hardy inequality is
an indispensable tool if we desire to deduce embedding theorems for weighted Sobolev space.This problem
is a classical one if the exponents p(.) and « (.) are constants (see, for example [4, 33]).

For p() = p = const and 6 = 1, a(.) = 0 the variable exponent grand Lebesgue space LZ (())6 is the

Iwaniec-Sbordone space L introduced in [22]. We refer to [17] for fundamental properties of these spaces.
Iwaniec in their studies related with the integrability properties of the Jacobian in a bounded open set ().
The generalized version of that space, LP¥ appeared in [19]. The boundedness of the Hardy-Littlewood

maximal operator in Lﬁ,)(Q) spaces, 1 < p < oo, for bounded open Q, under the Muckenhoupt A, condition
was proved in [18]. The boundedness of the Hilbert transform in weighted grand Lebesgue spaces was
proved in [23]. Approximation of periodic functions and approximation by trigonometric polynomials in
the framework in grand variable exponent Lebesgue spaces were investigated in [11].

In [15], the authors constructed a bounded Lipschitz function p(.) on [0, c0) such that the Hardy averaging
operator A given, for each A is unbounded on LP" for all x > 0. Moreover, the boundedness problem of the
operator A on the space LP") was also studied by authors in the [25, 28]. Approximation problems in the
Lebesgue spaces with variable exponent were considered in the works of a number of authors [1, 21, 34].

2. Definitions and Basic Facts
Letp: (0,1) — [1, o) be a measurable bounded function called the variable exponent on (0, 1) with

L<p™ =pgy pt= pal) < oo.

The variable exponent weighted Lebesgue space LZ (()) (0,1) is a class of measurable function f and —co <

a” < a(x) < a* < 400 be an arbitrary bounded weight function on (0, 1) such that the modular

1
()
Pra0) (f) = f |f(x)|p Y x40 dx < 400,
0

If p* < 400 then

, f
g =Wy =0 2> 05 s (£) 21}

defines a norm on LZ((') (0,1). This makes <||'||p(_)/a(.) , LZ ((>) o, 1)) is a reflexive Banach space.

)

Proposition 2.1. ([12]) For f € LZ(('_)) (0,1), we have

0 if || f||p(_m(_) = A # 0 ifand only if pya) () = 1

@) i |[£l], 00 < 1E 1> D) & proan(f) < 1= 1> 1),
Remark 2.2. Givenp € 3(0,1), then ||f”p(.) 0 < Cyifandonly if pp(y a() (f) < Co, whereCy, Cy := Co (p~, p*, C1) >
0.

Proposition 2.3. ([12]) For f € LZ((")) (0,1), we have
ii) If ”f ||p(‘),a(.) 21, then”f ||Z(‘),a(.) < Ppoac) (f) < “f ”Z(.),a(‘)'
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Proposition 2.4. ([12]) (Hélder-type inequality). The conjugate space of LPY) (0,1)is LP'©) (0, 1), where ;%-Fp’ix) -
1. We have
1
[ sscos] <21 ol

forall f € LPY(0,1)and g € LF'V (0, 1).
We denote by LZ (("))’9(0, 1) the grand variable exponent Lebesgue space:

Definition 2.5. Let p € 3(0,1) and —o0 < a~ < a(x) < a* < +oo, x € (0,1) be an arbitrary bounded function. Let
0>0,¢€(0,p —1). Denote by LZ (('.))’8(0, 1) the class of those measurable functions for which

”f HLZ(('_’)'”(O,l) = ”f

#
= sup er e ||f||p(.)—£,a(~)

O<e<p=—1

pe(),a(),0

_L
0<§EpF—)—1 “ ”f”lh () <

where p.(.) :=p(.) — €.

We denote by 3(0, 1) the class of measurable functions p : (0,1) — (0,00) with 1 < p~ < p(x) < p* < 0.
Throughout this paper we shall assume that p(.) be measurable real-valued functions defined on (0, 1)
and we write

Pin = min {p(x» inf p(t)},

and

P, = max {p(x), sup p(t)} ,
teQr
where
Q= (2_”‘1x, 2‘”x] ,x€(0,1),n=0,1,....
We shall now introduce a key notion of the log-Holder continuous property.
Definition 2.6. Let g(.) : (0,1) — R. We say that g(.) is log-Holder continuous if there is a constant ¢ > 0 such that

9@ - 9| < ———,
In

=]

forall x,y €(0,1),0 < |x—y| <i

Lemma 2.7. (log-Holder continuous at zero, see [12, 20, 24]). Let h € 3 (0,1) is log-Hoélder continuous. Assume
that there exist is a positive constant C such that

—

i) = ) <~ )

ny
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Then there is a positive constant C such that

1\)=kOI - _
b
X

forall x€(0,0),0€(0,1/e);
Denote by R°5(0, 1) the class of variable exponents satisfy the condition Lemma 2.7.

Lemma 2.8. (see [10,18,22]) Let s € R°5(0, 1) be a measurable function such that —oo < s~ < s(x) < s* < co. Then
the condition (1) for the function s is equivalent to the estimate

G, ¥ < 0 < T 3)
when x € (0,6). Where the constant C > 1 depend on s (0), s~, s*, 6.

Lemma 2.9. Let p € 3(0,1) N R°8(0,1) and a € R1°8(0,1) with —c0 < a~ < a(x) < a* < +oo, x € (0,1). If
a(0) < p(0) — 1, then there exists a positive constant Cy which depends on only p~, o such that

p() 1
Lr3(0,1) = L' (0,1),

and

1
[ 1l < coll, - @
Proof. Let f € LZ (()) (0,1). We assume that

”f Hp(.),a() =1 )

It suffices to prove that there exists Cy > 0 independent of function f such that

1
fo |f(0)|dx < Co.

Using Holder-type inequality (Proposition 2.3) and relations (4), (5) we have

! 1o -5
f|f(x)|dx fx“ fo)|x ™ dx
0 0

_aw
||x plx)
p()

o)

< 2l

a(x)

< 2fx ™

IA

a@)
p()
X

IA

2

fl

p'()

P

PO
Since p(.) and a(.) is log-Holder at zero by using relation (2) we get

a(x) (0) |ae) (p(0) = 1) = @ (0) (p(x) - 1)

p0-1_ pO-1| ~ () —1) (p(0) — 1)]
< Cla@)p(0) — a(x)p(x) + a(@)p(x) — a 0) p(x)| + la(x) — a (0)|
< Ca* |p(x) - p(0)| + (" + 1) ]ax) —a(0)

6(;9* +1)+ Ca*

()
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Hence

(1);&)1’ ~ (1)
x - \x

a® _ _a©
P@-1 pO)-1

a(0)
pO)-1

(5

IN
—_—

C(p*+1)+Ca*

(612) T () (%)

a(0)
17|
cil3)

p(0)-1
Furthermore, thanks to our assumption

a(0)
p(0)-1

IA

a(0) <p(0)-1,
we have
1
_ a0
f X P01 dx < oo, (6)
0
Now, Lemma 2.8 and (6) yield

L/ am\P® 1 _al
(x W)) dx = x PVdx < 00 Hx &) H < 00.
0 0 p'Q)

Consequently,

1
f |f(0)|dx < Co
0

with Cy > 0 independent of f. Lemma 2.9 is proved. [J

3. Approximating function f in the power-type weighted variable exponent Sobolev space Wi’(p )(’) 0,1
by the Hardy averaging operator

Let us denote the power-type weighted Sobolev class with variable exponent p(.) as W;’Z g‘;\A(O, 1),r =
1,2,... < 4+oo. This class consists of (r — 1) times continuously differentiable functions f on (0, 1) for which
= D(x), x € (0,1) is absolutely continuous, f* € LZ(('_))(O, 1) and|| fO ll¢)a()< M. We set

WP(0,1) = Upso W, (0, 1),

al.),M

In this section we consider the problem of approximating functions f € WZ? g') (0,1) by the Hardy
averaging operator

AD®=3 [ sy

for any measurable function f > 0 on (0, 1).
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Theorem 3.1. Let p € 3(0,1) N R1°8(0,1), f € Wg’ig') (0,1) and a € R198(0,1) with —c0 < a~ < a(x) < at < +00,
x€(0,1). Ifa(0) < (r+ 1) p(0)—1,(r =1,2,... < +09), then there exists a constant C > 0, depending on only p~, a*,
such that

”A (f) - f”p(.),a(.)—rp(.) <C ||f(r)||}7(-),0¢(-) !

for any positive measurable function f > 0 with f® (0) = 0.

Proof. By Proposition 2.1, we have

1
(x)
Iy =1 [} Il 00 =1, o
o 0
It suffices to prove that there exists C > 0 independent of function f such that

“A (f) - f”p(‘),a(.)—rp(.) <C

We obtain
ANE = Y s[arer - af(2 )
n;O ) Yo
=;ﬁ2ﬂj@w

From Minkowski’s inequality, we can write
Y

o 1 27"y
2L BGOREOEY
X,

n=0

”A (f) - f“p(.),a(.)—rp(.)

p(),a()=rp()

IN

27"x
L Gw- sy

—1

p()a()-rp()
From (3.2), we obtain

[ [ ¢w-seral”

I, XA )=P(¥) 7,

) 1 p(x)
1 _r
< X[ o= soolar) e
—Jo Qr
o] 1 _ _ P(x)
1 Y Y1 Yr—2 Yr-1
R e
~ Jo rJr Jo 0 0
([ o AR
< - d d f dy,_ f "(t) dt) xOTP dxe
nzz‘gfo{(xf@zyoz I Joy Q;"f |
<

0 1 px_‘,n P(x)_l’;,n
Zz—mf f X 0p" [( f | f(f>(t)|dt) ( f | f(r)(t)|dt) xa(x)—rp(x)]dx
=0 0 (04 Q

1
Tmf%mmmwwwwm,
0

gk

[==}

n=

where0 <x<y<landO<y; <1(i=1,2,..r-1). By (2)and (3), for x € (0,0), 2711y < + < 27"x, we have

t~ 27, 190 2O T PO and (27x )P ~ O ~ O L (27O )
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Applying Holder inequality we have

( f 70| dt)pm

I, ()

a(0) _ a0 Pxn
Fren ’)(t))t Pan dt)

L
( f TGl t“(O)dt) ( f T dt) e
|

f )f(r t) Pin ta(t)dt) (2 x)( p:(:} )(pxn )
o

2-1(pO-a(0)-1) pO)-a(O)-1 f 79
Qr

IA

IA

IA

Ponpa®dt 1y = 0,1, .., (10)

By using Lemma 2.9 and relation (7), we have

PP
([ 1l
; P)=Prn
i

I, (x)

<
PP || c)|[
< &l
< (1 + Co)p 7= Cs,n=0,1,.., (11)

where 0 <x < 1.
From the relations (2), (3), (4), (7), (9), (10), (11), by using Fubini’s Theorem we have

0 1
I < CSsznrpfzfn(p(m—a(m—l) f (xrp<0>rp<x>+a(x)a(0>1 f 1F9)
n=0 Q!

0
Prn ta(t)dt) dx
x

= 1
< C3(~:Z 2-n[+Dp©)-a(0-1] f ( f 19
n[(r+1)l7 0) 0((0) 1][ f (T) 14 t) LY(t) ) d_x
C4Zz PP 0+ 1) a2

n=0

2n+1t
C5Z o[+ Dp(0)-a0)-1] f (|f<r>(t)|”“) t"‘(t)+t“(0)) f N\ gy
e 0 X

Cs(1+C(a))In2 ) 27 p0-a0-1]

n=0

Pun t“(f)dt) dx

IN

IN

IA

- G Z 2771[(7+1)p(0)7a(0)71],

n=0

where a(0) < (r + 1) p(0) — 1 and the constant C¢ > 0 does not depend on #, x. Since p~ > 1, by using Remark
2.2 and Proposition 2.1, we have

= |1

e p0-a0-1]
< C6 § 2 v = C/ (12)
p().a()-rp(.) n=0

2 "x
f (F(0) — Flo) d

2-n-ly
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where the constant C > 0 does not depend on n, x. On account of estimations (12) from inequality (8), we
have

A - f ”p(.),a(.)—rp(-) <G

This completes the proof of Theorem 3.1. [J

Corollary 3.2. Let p € 3(0,1) N R8(0, 1), £V € w;'g’ 0,1),r=1,2,..., and a € R8(0,1) with —00 < a~ <
a(x) < a* < +oo, x € (0,1). Ifa(0) < p(0) — 1, then there exists a constant C > 0, depending on only p~, a™, such
that

”A (f (H)) -f ” =C ”f (r)Hm.),a(.)'

p()a()-p()

4. Hardy averaging operator in power-type weighted grand Lebesgue spaces with variable exponent

In this section, we establish sufficient conditions governing the bounded of the Hardy averaging operator

A from LZ 8’9(0, 1) to LZ (("))’9(0, 1) for any measurable function f > 0 on (0, 1).

Lemma4.1. Let p € 3(0,1) N R8(0,1), & € R°8(0,1) with —c0 < &~ < a(x) < at < +o00, x € (0,1). If
0 < a(0) < p(0) — 1, then there existsa constant D = D (g, p~,p*, a*) > 0 such that

”A (f)“p&(.),a(.) <D ”A (f) (13)

po()a()

for any positive measurable function f > 0 on (0, 1), where p.(.) = p(.) — €, are constants 0 > 0, ¢ € (o,p~ — 1) and
oge(0,p~ -1

Proof. Let
”A (f )“pu(.),a(.) =1

It suffices to prove that there exists D > 0 independent of measurable function f > 0 such that
AN, 000 <D

p(x)—o and plx)—o

By using Propositions 2.1, 2.3 and 2.4 with exponents , we have
plx) — ¢ -0
1 1 ) (p)=e) P
f AfPO-xWdx < f Af ey ey o 205 gy
0 0
_al(pe-e) a@)(e=0)
< 2flafepc e |
m &=0
|7
= 2||A(f)“p“(.),a(.)“x” 1
1 paerd 1 i
< 2max ( f x“(o)dx) ,( f x“(o)dx)
0 0
. vl 1 ke
< 2( f x“(o)dx) +2( f x“(o)dx)
0 0

= D.

Lemma 4.1 is proved. O
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Theorem 4.2. Let p € 3(0,1) N R8(0,1) and a € R°8(0,1). If0 < a(0) < p(0) — 1 with —c0 < &~ < a(x) <
at < +oo, x €(0,1), then there exists a positive constant K = K(0,0, p~,p*,a*) such that

||A (f)“pt(,),a(,),g <K “f”p{(.),a(.),@ 4

for every function f > 0 on (0,1), where K = 2CD (p~ —1)° o7 and are constants O > 0, e €(op -1,
oge(0,p~ -1

Proof. By (13) and since (see [22])

A ,000 = Ml

we get

||A (f)“pk(.),a(‘)ﬁ

45%?
0<§l<lpl?—1 & ”A (f)“pk(‘),a(‘)

0 0
S max sup er lah pra)” SR 4Dl 000
< max OS<LE1§OEV - ”A (f)”pg(,),a(,) ,Da<§tlpl?—l er ||A (f) pa()axl()
0 __0 2
< maxq1,D sup ¢r—<g r— Oiuf er ”A (f)”n Oa()
£SO

o<e<p~-1

< max{l,CD(P_ - 1)9‘7_”%“} sup e f” Oa()
0<e<o peb bt

_ o -
< CD(p-1) 07—

pré (),a(.),0 "

This completes the proof of Theorem 4.2. [J
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