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On Dirac Systems with Multi-Eigenparameter-Dependent
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Abstract. In this work, we investigate a Dirac system which has discontinuities at finite interior points
and contains eigenparameter in both boundary and transmission conditions. By defining a suitable Hilbert
space $ associated with the problem, we generate a self-adjoint operator 7~ such that the eigenvalues of
the considered problem coincide with those of 7". We construct the fundamental system of solutions of
the problem and get the asymptotic formulas for the fundamental solutions, eigenvalues and eigen-vector-
functions. Also, we examine the asymptotic behaviour for the norm of eigenvectors corresponding to the
operator 7". We construct Green’s matrix, and derive the resolvent of the operator 7~ in terms of Green’s
matrix. Finally, we estimate the norm of resolvent of the operator 7. In the special case, when our problem
has no eigenparameter in both boundary and transmission conditions, the obtained results coincide with
the corresponding results in Tharwat (Boundary Value Problems, DOI:10.1186/s13661-015-0515-1, 2016).

1. Introduction

In this section we consider some of the notations and relations that will be used in this study; then we
prove some useful theorems and lemmas in the following sections. In this work we shall investigate a new
class of boundary value problems which consist of the Dirac system

T(y) := Py’ (x) — Q)y(x) = Ay(x), (1)

on finite number disjoint intervals [do, d1), (di-1,4d:), i = 2,m and dm,dn1], wherea =dy <dy <dp < -+ <
dm+1 = b, together with boundary conditions at end points x = a,b

11(y) == La(y(a)) + A Ls, (y(a)) =0,

2)
Ta(y) := Lp(y(®)) + ALs, (y(b)) = 0, 3)

and the transmission conditions at interior points d; € (a,b),i = 1,m,
T,i(y) = Oniya(d;) — 61,11 (d)) =0, (4)
T2i(y) = L1,i(y(di) + ALo,i(y(d;) = 0, (5)
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where p; > 0 (i = 1,m + 1) are real numbers,

pi,  x€la, di);

p():={ p;, x € (die, di)(i = 2, m); (6)
pm+1/ xe (dm/ b]/
_ 0 p) [ n® 0 | nx)
P(x) - ( _p(x) 0 )/ Q(x) - ( 0 LIZ(X) )/ ]/(x) - ( yZ(x) )/ (7)

Ly(y®)) Lo, (y() By1(0) = Bya(b)  sinSay1(b) —cos Daya(b) |, i =1,m, ®)
Li(yd))  Lri(y(dy)) 02,iy2(d;) — 0 y2(d}) 02,iy1(d;)

Aisacomplex spectral parameter; g1 (-) and g»(-) are real-valued functions which are continuous in each of the
intervals (d;_1,d;) (i = 1,m + 1) and have finite limits ql(d;—’) and qz(d;—’) (i= l,_m) respectively; a, &', B, p’ € R;
O1,iy 0y 01y 04 ; € R, 01, 02, &, 85, # 0 (i = 1,m); 91,9, € [0,7) and

1,i7 1,i7

w:=det( o a )>0, v:=det( B F )>0. 9)

La(y(a) le(y(ﬂ))] { ayi(a) — a’yz(a) Sin\91y1(a)—COS\91yz(a)]
= ,

cosd;  sindy sind; cosdy

The mathematical modeling of several practical problems in areas of mathematical physics requires solu-
tions of boundary value problems. The boundary value problems with discontinuity at one or more interior
point have become an important area of research in recent years because of the needs of modern technology,
engineering and physics, see [2, 10, 14, 15, 21, 22]. Moreover, there has been a growing interest in boundary
value problems with eigenparameter appears not only in the differential equation but also in the boundary
conditions of the problems, see [3, 5, 7-9, 13, 16, 17, 20, 24]. The spectral analysis and some properties of
Dirac systems with transmission conditions have been studied by many authors, cf. [6, 18-21]. In these di-
rect problems there are at most two transmission points, see [6, 18, 20, 21]. In [19], Tharwat studied the Dirac
system which has discontinuities at finite interior points and has no eigenparameter in both boundary and
transmission conditions. Our objective is to discuss the Dirac system with multi-eigenparameter-dependent
transmission conditions and contains an eigenparameter, at the same time, in all boundary conditions. The
problem (1)—(5), as far as we know, does not exist. The rest of this paper is organized as follows: In the
next section, we shall construct the special inner product in the Hilbert space $ and define a symmetric
linear operator 7 in this Hilbert space $ such that the boundary-value-transmission problem (1)—(5) can
be interpreted as the eigenvalue problem of the operator 7. Section 3 presents the construction of the
fundamental system of solutions of the problem (1)-(5) and verify the simplicity of the eigenvalues of the
problem (1)—(5). In Section 4, we derive the asymptotic formulas of the eigenvalues of the problem (1)-(5)
and the corresponding eigen-vector-functions. In Section 5, we discuss the asymptotic behaviour fo the
norm of eigenvectors corresponding to the operator 7. In the last section, we construct Green’s matrix, and
derive the resolvent of the operator 7 in terms of Green’s matrix. Then, we estimate the norm of resolvent
of the operator 7.

2. An Operator Formulation with the Suitable Hilbert Space

In this section we will derive an inner product with the Hilbert space $ := H & Cm+2,

m+1
H = {y(x) = ( 5;8 ) 1), 1 € P L2<d,-_1,dz->}, (10)
i=1
m+2 times
—_——

C"?:=CeC---aC
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and a symmetric linear operator 7~ defined on this Hilbert space such a way that the problem (1)-(5) can be
considered as the eigenvalue problem corresponding this operator.
Let us introduce a new equivalent inner product on Hilbert space $ = H & C"*2 by

L j j m m j-1 —
. Ai j+1 1 — H'- A 3 A[ujvj
. V . = A T = == =051 . = i=0 11
ue), v( )>€> Z;‘[ pjs1 ]f; u (x)o(x) dx + a)u101 + " U0y + Z —62 ‘ (11)
= ! j=1 2]
where A, = 1, 62,1’ >0,i=1,m, Ay =1and T denotes the matrix transpose,
1,i 02,
u(x) (%)
ﬁl 271
um =| 2 |, v =| 2 les, uw=|"1W|, o =10 |en,
“ o e 02(x)
U Om

m+1

ui("), vk(-) € @Lz(diflrdi)/ i, O, uj, 0, €C, j=1,m, k=12
i=1

In the Hilbert space $ we define a linear operator 7 : $ — $ with domain 9(7") as following;:

u(x)
al m+1
DT = U@ =| ;2 e@:u<x>=(”l(’"],uk<-)e@L2<d,-_1,d,-), B €C, j=Tm, k=122, ;
! 1z (x) i=1
o

1. u1(-) and uy(-) are absolutely continuous in [dy, d1) U(di_l, d;) U (dy, dp+1] and have finite limits ul(d;—')
i=2
and uy(d;), i = 1,m, respectively;
2. t(u) € 9;

3. 1y = Ly, (u)a), il = Ly, (u)(b), ui—r = Lo 2(u)di-2), i =3,m+2;

(12)
and the linear operator 7 : D(7") — 9 is defined by
u(x) (1) u(x)
L, (u(a)) —La(u(a)) Ly, (u(a))
- b
| Le®) | Ly(u(b)) , Lo, b)) | _ o). 13)

L1 (u(dh)) —=L1(u(d1)) L1 (u(dh))

Lon@u@n) Lo \Lom(uidn)
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Then, from the above definition of the operator and its domain, the multi-point discontinuous Dirac system
(1)—(5) can be written in the form

u(x)
Ly, (u(@))
Ly, (u(b))

TUR) = AUE), U@ =) o)

€ D(T).

Lon(1t(d,)

Consequently, by the eigenvalues and the corresponding eigen-vector-functions of the problem (1)-(5)
we mean eigenvalues and first components of corresponding eigenelements of the linear operator 7,
respectively. For convenience we denote ‘W(u, v;-) the Wronskian of u(-) and v(-), defined in [12, p. 194],
ie.,

W(u,v;x) = det( Zig; ;‘igg ) (14)

Theorem 2.1. The linear operator T~ is symmetric operator.

Proof. Let U,V € D(T). Then, from the definition of the operator 7 and its domain D(7"), we get

THOA = [ ]fd (Tu(x)) "0(x) dx — —La(u(a))llsl (©(a)) - Hl 22 © Lp(u(b) Ls,(@(0))
(15)
Z’”-‘ AL ,(u(d )Lo,j(0(d; ))
j=1
Since equation (1) can be rewritten as
p)us(x) — q(ur(x) = A (x), m
2 xela,d)| o, d) | bl (16)
P (%) + ga(x)uz(x) = —Aus(x), =2
then, by partial integration and a short calculation, we have
(TUC), V(g = U, TV = W, d) + W, 5a) - [ [ AW, 5b) + [ [ AW, 5d5)
i=0 i=0
m—1 ]
[HA][W w,Tdz,) - W,T; d+>] = = [La(u(@) L, @) — Ls, (u(@))La(0(@))]
jzlm i=0 (17)
x Hfj 1 [zsﬁ(u(b))z:sz(a(b)) — L5, (u(b) Ls@(0))|

o TT1og [ £,010)) L B0) = L2, £1,B(t)|

Py 7

=

Since u(x) and v(x) are satisfied (2)-(5), consequently we can obtain the following three equations

Lo(u@)Ls, (0(a)) = Lo, (u(a) La(0(@) = 0W(u,v;0), (18)
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Lp(u(b))Ls,(0(b)) — L, (u(b)) Ls(0(b)) = -vW(u,v;b), (19)

1
2
52

[ £0j(0(d)) L2,jB(d) = Lo j(u(@d) L1,,@(d)] = AW, Td?) - W, 5;d5),

~
I

=
3

(20)

Substituting equations (18)-(20) into (17), we have
(TUC), V(D =UC), TV

so the linear operator 7 is symmetric.
|

The following lemma explain that all eigenvalues of the problem (1)—(5) are real.

Lemma 2.2. All the eigenvalues of the multi-point discontinuous Dirac system (1)—(5) are real.

uy(x)
uz(x)
(1)=(5). Thus integrating by parts we get

Proof. Let ( ) be a non-trivial eigen-vector-function corresponding the eigenvalue u of the problem

d/’+1
f (u(x)) "tu(x) dx
d

j

m T A e (T A
i=0 1 T— — i=0 !
Z[—pm ] fd/ (tu(x)) TH(x) dx Z[—pm )

j=0 =0

- W, u;d;)+ W, wa)— | | AW, wb)+ | | AW, u;dl) (21
1 (21)

i=0 i=0

- mi (ﬁ A,-] [ W wd;,,) - W,z d))]
j=1 \i=0

From boundary conditions (2) and (3), and transmission conditions (4) and (5), we can obtain

W(u,u;a) = L‘l)z us (@), (22)
a+ psin 81|
W (u, ;) = —L")z lua (), (23)
|ﬁ + psin 82|
2
AW, Td?) = W Td) = @ = |m@)| , j=Tm 4)

Substituting equations (1), (22), (23) and (24) in (21) and by using a short calculation, we get

i A j+1 e A i+
Z(;—Ol] j: #(u(x))Tﬁ(x)dx:Z(;—ol] f (u(x)) " pui(x) dx
j=0 a i j=0 a i
w(f = ) 2 TT A YE— 2
+ —————— @) + | | A [uz2(b)] 25
‘a+ysin81|2 ’ g )‘B+ysinx92)2 : =

m (j-1

+E-p)), [H Ai] )
j=1 \i=0

i=

2
7




which leads to

m

(=1 [Z

]:
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dji1
[ = ] [ (0 + o)

 Juz (@)

|a + psin 81|2

3360

- A,- vl (b)) .
|ﬁ+‘usin\92(

3l

=1

(26)

Since w,v >0, A; >0,i=1,m and pi+1>0,j= 0, m, then we get u = . Consequently all eigenvalues of the

discontinuous Dirac system (1)—(5) are real.

O

The next lemma follows immediately from U L V in the Hilbert space 9,

U(x, ) =

u(x, 1)
Ls, (u(a, p1))
Ly, (u(b, 1))
Loy (u(dr, i) |

Lz,m(u(.dm, U1))

V(xr ['12) =

o(x, uz2)
Ls, (v(a, p2))
Ly, (0(b, p2))
L1 (v(dh, p2))

-£2,m(v(.dm/ 2))

H1 # pa.

Lemma 2.3. Two eigen-vector-functions u(x, y1) = (ul(x, H 1)) and v(x, Up) = (vl(x, H 2)) corresponding to different

us(x, 1)

0y (%, U2)

eigenvalues [y and o of the problem (1)—(5), respectively, are orthogonal in the sense of

7=0

H

4 208 p b, 00)) Lo (olb, o) + Z

Z‘( pin ]fd 1[{”1("'“1)”1“"#2)+“2<xfm>vz<x,uz>}] dx+iﬁsxu(a,ul»z:sl(v(a,uz»
j+ ;

(27)
A iLo ](M(d]/ p)Le, ](U(d]/ #2))

j=1

62
2,j

3. Construction of the Fundamental System of Solutions and the Characteristic Function

With a view to constructing the characteristic function A(A) we define two fundamental system of

solutions of (1)

91(-,A) 31, A)
JA) = 3 A) = 28
o A) ( 12(, 1) ) 3 A) ( 320, 1) 28)
where
D11(x,A),  x€la,d), ma(x,A),  x€la,d), L
I)l(xr A) = I)l,i(xl A)/ X € (di—lldi)/ i= 2/ m 1)2(.7(', /\) = I)Z,i(xl /\)/ X € (di—lldi)l i= 2/ m (29)
1)1,m+1 (x/ /\)/ X € (dmr b]/ I)Z,erl (x/ A)/ X € (dmr b]/
5aCo ), xe lad), i), xelod),
31(.7(, /\) = 31,i(xr A)/ xe (di—l/df)/ i= Zrm SZ(x/ /\) = 32,i(x/ A)r X e (di—lfdi)/ i= 2/ m (30)
31,m+1(x/ /\)/ X € (dm/ b]/ 32,m+1 (x/ /\)/ X € (dmr b]

For the next consideration, we need the well-known Theorem 1.1.1, cf. [11, p. 3]. By using the same method
as in proof of Theorem 1.1.1 in [11, p. 3], we have the following results:
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1. The problem, which consists of the equation (1) and the initial conditions,

i@, A)=a" +Acosd, 1y, A)=a+Asind,, (31)
has the solution y(x,A) = ngg’ g; ) on [a, di). This solution is a unique solution and an entire
2,1\A,
function of A € C for each fixed x € [a, d1].
2. The solutions y(x, A) = ( g; Hig ;\\; ) ,m, of (1) on (d;, di+1), which satisfy the initial conditions
i+
yi(di, A) = 6, Ly, Ad, A, y(di,A) = 6, [nz id;, A) + Anyid; ,A)] 1,m, (32)
2,i
are the unique solution and the entire functions of A € C for each fixed x € [d;, dis1], i =1, m.
3. Again, the differential equation of (1) on (d;_1, d;), i = 1, m, have unique solutions /(x, ( gilg ﬁ; )
1
i = 1, m, satisfying the initial conditions
0, i . L . ,
yi(di, A) = 31 @A),y ) = g%z,m(di JA) = /\aﬁl,m(di JA), i=1m, (33)
which are entire functions of A € C for each fixed x € [d;_1, d;],1 = 1,m.
4. The differential equation (1) on (d,,, b] together with initial conditions
y1i(b,A) =B +Acosd, ya(b,A) =B+ Asindy, (34)
has an unique solution y(x, 1) = ( 2;’"“12? ;; ), which also is an entire function of parameter A € C
02,m+ 7

for each fixed x € [d,,, D].
Then, from the initial conditions (31) and (34) we can verify that
LS] (I)(a/ A)) =w, and LSZ (3(b/ /\)) = -V, (35)

respectively.
Let us consider the Wronskians

) L . _ I)l,i(x/ /\) I)2,14(951 /\) . . H—
Ai(A) == Wi, 3x) = det( i) i) |7 X [di1, di], i=1m+1, (36)
which are independent of x € [d;_1, d;]. Since the functions vy ;(x, A) and 3i(x,A), k =1,2,i =1,m+1, are

entire of the parameter A for all x € [d;_1, d;], i = 1,m + 1, then the functions A;(A), i = 1,m + 1, are entire of
the parameter A. From the initial conditions (32) and (33), a short calculation gives

Aiy1(A) =

A(A), i=1m, AeC.
=15

Consequently, the zeros of the functions A;(A), i = 1,m + 1, coincide. Then, it is convenient to define the
characteristic function A(A) of problem (1)-(5) as

A(A) = H A Aia(D) = A(A), i=T,m. (37)
j=1
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Lemma 3.1. The eigenvalues of the problem of finite number of transmission conditions (1)—(5) consist of the zeros
of the characteristic function A(A) and form an at most countable set without finite limit points.

D1 (x/ /\)
I)Z(x/ /\)
condition (2) and the transmission conditions (4)—(5), respectively. Consequently, to find the eigenvalues of
the boundary value problem (1)—(5) we mean that to find the zeros of the following equation

Proof. From the initial conditions (31) and (32), the vector-valued function ) satisfies the boundary

(B + Asin92)n1,m41(b, A) = (B' + A cos 92)02mr1(b, A) = 0,

which leads to

A = H Ai[(B + Asin 82)y1,me1(b, A) = (B + A cos 92)m2,me1(b, A)] = 0. (38)

i=1

From Lemma 2.2, the function A(A), define in (38), can have only real roots, and so it does not vanish
identically. Therefore, the zeros of A(A) form an at most countable set without finite limit points. [J

The simplicity of the eigenvalues of the problem (1)—(5) is given from the following lemma.

Lemma 3.2. Every zero of the function A(A) has multiplicity one.

Proof. Let A, u € C, A # . Then from (16), a short calculation gives

(1= A) (1(x, D1, @) + v2(x, D)va(x, @) = % (m1x, A)2(x, 1) = 1(x, wv2(x, A)). (39)

I)](X, /\)

Da(x, A) ) in (29), we can conclude that

Applying the above equation and the definition of the solution (

o (110,
(H—A)Z{—’ZO ]
=0

Pj+1

f (01,,‘+1(X/ A1, (X, @) + 92, j41(x, A2 41 (x, [J)) dx =
dj

v1,1(dy, Dvza(dy, 1) = v1a(dy, w2i(dy, A) = (1,1(a, A)vi(a, w) = v1,1(a, wva,i(a, A))

+ H Ai (01,m41 (0, AV2,me1(, 1) = V1,me1(b, WV2,m11(b, A))
i=0
m

~ T T2 Orea @y A2sa @y 1) = 91,001 (@, 192,001 (A, 1))

o

=1( 1]
i [H ,-] (91,171, D21 @y, ) = V11 (A, 1)V2, 1A, 1))

i=0

3

—

j=
m—

[y

j
- [H Ai] (1)1,]‘+1(d7, A2, (@], 1) = )01 (d], w02, (d], /\)) ,

j= i=0

—
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which leads to

m j+1
(b - /\)Z( Pt ]f (I)l,j+1(x/A)I)1,j+l(x/(u)+I)2,j+l(x//\)t)2,j+1(xr.u)) dx =

j=0

HA (W1,m+1(0, A)v2,mr1(b, 1) = V1me1 (b, 1)V2,m41(b, A)) = (W1,1(a, A)v21(a, 1) — v1,1(a, Wo2,1(a, 1))

=0
m=1( J (40)
+ Z [H Ai} (1)1,j+1(d]7+1, A)2,je1(d gy, 1) = 91,01(d 7, 02,41 (d /\))

m J
-y [H A,-] (950, D ja (@7, 1) = D11 (@7, 02,1 (d5, 1))

From the initial conditions (31) and (32) we have the order respectively

v1,1(a, A)21(a, 1) — vi1(a, wv21(a,A) = (u - Nw (41)

m—=1

Z [H ] D1 ]+1(d]+1/ A)I)Z ]+1(d]+1/ [J) P ]+1(d]+1/ Pl)l)Z ]+1(d]+1/ ))
j=0

]

- Z[HA] D1 (@5, (], 1) = 1 (@, )0a 1 (A7, 1) (42)

=(A-p Z [H Ai] Y1,j1(d0, D)V, (@, 1)-
=0 \i=0

Substituting equations (41) and (42) in (40), we obtain

(u=2) Z[ ]f; ’ (1)1,]'+1(x/ A1, (X, @) + 92,j41(x, A)02 41 (%, M)) dx = (A - o
j=0 /

+ H Ai (01,m41 (0, M)V2,me1(b, 1) = V1,me1(b, @)V2,m11(b, A)) (43)

i=0
m=1( J
+A-m)] [H A,-] 01 (d7,y, A1 jia (@7, ).
=0 \i=0

Dividing both sides of (44) by (A — u) and by letting y — A, we have

. m=1( ]
_Z[H;;:lA de ((Ul,jﬂ(x,)\)) (1)2]+1(x A) )dx— + [H Az] D1,j+1( ]+1/A))

j=0 \'i

u 091 ms1(b, A Mo r1(b, A
T om0, 228Dy, P2t D),
i=0

(44)

To prove the lemma, we need to prove that the equation (38) has only simple zeros. To prove this, we
suppose the conversely, that is the equation (38) has a zero, say A*, of multiplicity two. Then the next two
equations hold

(B + A" sin 92)01 me1(b, A7) = (B + A" cos 92)92 1 (b, A7) =0, (45)



M. M. Tharwat / Filomat 36:10 (2022), 3355-3379 3364

1, m+1(b, A7) Mo m+1(b, AY)
JA JA
Because of v # 0, B — A" sin 9, # 0, consequently the above two equations can be rewritten as

B’ + A" cos 9,

(B+A"sin 9y) +5in 9291 y41(b, A7) — (" + A" cos 97) —cos I mr1(b, A7) = 0. (46)

D11 (b, A7) = mnzmn(b/)\ ), (47)
IM1mi1(b, A7) B+ A" cos 82 Iy s1(b, A7) v .
A T B+ Arsind, A T B+ Asin 9,02 D21 (b, ). 48

Then, from equations (47) and (48) in (44),with A = A*, we get

m H{: Ai i+l 2 )2 ( ,m+ (br/v))z
¥ (—pjfl ] L (s g 00 o 2t

m=1( ]
+ (H Ai] (170, 19)" = 0.

=0 \i=0

(49)

Since w,v > 0,A; >0,i = 1,_m and p; > 0, j = 1,m + 1, consequently, 9y j(x, A") = 02j(x,A") =0, j =1,m+1,
which is impossible. Therefore, all zeros of A(A) are simple.. [

Here, the sequence {A,},cz will be a sequence of eigenvalues of the problem (1)—(5) corresponding to a
sequence of eigen-vector-functions {y(-, A,)},ez. From equation (37), we have

(@ + Acosd1)31(a,A) — (@ + Asind1)311(a, A) = —A(A) (50)

and since 3(-,A), defined in (30), satisfies (3)—(5), then {3(-, Ax)}nez is another sequence of eigen-vector-
functions. Since all eigenvalues of the problem (1)—(5) are of multiplicity one, then there exist non-zero
constants ¢, such that

306 A) = e, An), X € [do,dn) ()i, d) )@, dna], n € Z. (51)

i=2

Since all eigenvalues of our problem (1)—(5) are real, consequently, we can now assume that all eigen-vector-
functions are real-valued functions.

4. Asymptotic Behavior of Eigenvalues and Eigen-Vector-Functions

Our main in this section is to derive the asymptotic formulas of the eigenvalues {A,},cz of the problem
(1)-(5) and the corresponding eigen-vector-functions {n(-, A,)},ez. To obtain these asymptotics, we need the
following lemma, see [12].

Lemma 4.1. The solution v(-, A), defined in (29), satisfies the following integral equations, for x € [a, d1),

911(x, A) = —(a+ A sin 91) sin [A(J;_ a)] + (&’ + A cos 91) cos [/\(x — a)] - T1[m11](x, A) —%2,1 [211(x, A), (52)
1
_ Ax —a) , |AMx-a) | =
D2,1(x, A) = (@ + A sin 1) cos [ o +(a’ + A cos 91)sin [ ] + T 1[01,11(x0, A) = To1[02,1](x, A), (53)

and for x € (d;, diy1),i=1,m,

O1,i _
D1,ir1(x, A) _il)l,i(di ,A) cos [

Mx—d)] o
o

5 [Uz,i(d?r A) + Ay1id;, /\)] sin [M]
2,i

Pi+1

i+1

(54)

= Tir il A) = 52,i+1[r)2,i+1](x/ A), i=1m,
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01 Alx — d; 02, Alx —d;
D6, A) =y, (d7, ) si [ﬁ] 21 [y, A) + Ay (5, )] cos [M]
(5 Pi+1 5 Pi+1 (55)
+ 311,1'+1[1)1,i+1](x1 A) - zZ,i+1[1)2,i+1](xr A), i=1,m,
where Iy 141 and gk,m (k=1,2,i=0,m) are the Volterra integral operators defined by
1 M [Ax—t
Talpalin ) = o | sm[ ( )] LIRS (56)
Pi+1 Pi+1
1 [ Alx —t
Tl )= o [ cos[ ( )] A1t D), 7)
Pi+1 Pi+1

Proof. Taking into account (29), (31) and (32), for proving this lemma we need only substitute p;1v) ., (¢, A)—
Avia(t,A) and —piyivg (5 A) — Anzia(f, A) instead of g1(£)91,i41(E, A) and g2(£)v2,41 (¢ A), respectively, in

the integrals =1 j41[D1,i+1](x, A) — Ez,i+1[f)2,i+1](xf A) and E%1,z'+1[1)1,i+1](xf A) = Tpia02i11(x, A), i = 0,m, and
integrate by parts. O

Similarly one can establish the following lemma for the solution 3(-, A) defined in Section 3.

Lemma 4.2. The solution 3(-, A), defined in (30), satisfies the following integral equations:

, A - x) . . [)\(b—X)]
3 me1(x, A) =(B" + A cos 9;) cos + (B + Asind,)sin
3,me1(x, A) =(B 2) [ - B 2) - (58)
- 61,111+1 [31,m+1](x/ /\) - 62,111+1 [32,m+1](x/ /\)/ X € (dm/ b]/
) , /\(b—x)] . [A(b—x)]
ma1(x, A) = — + Acosdp)sin| —= |+ (B + Asin9,) cos
32,m+1(x, A) B 2) [ o B 2) — (59)
= S Bl A) = Somr1V2me1l(x, A),  x € (dw, 1],
0, A(d; 0, ; 1 Ad; — x
51105, ) = 5231010, ) cos [%] + [ i (€], ) = Al ,A>] sin [%] )
- @1,1'[31,1'](96/ A+ Coilnd(x,A), x€ (i, di), i= 1, m,
o). 0 ; 6’ o
1, . ( i X) /\(dz X)
3,i(x, A) = — ESIJH (df, A)sin [ o ] + [6 3o (df, A) = 31 i (df A)] cos [T 61)
— il A) = Coilzad(x, A),  x € @iy, di), i=1,m,
where Sy ; and ék,i (k=1,2,i=1,m+ 1) are the Volterra integral operators defined by
1 oAt —-x
Cril3k,il(x, A) := — f sm[ ( )] gr(t)3k,i(t, A) dt, (62)
pi Jx pi
~ 1 i At —
Cril3k,il(x, A) == — fd co [ ( )]Qk(t)Skz(t A)dt (63)
pi Jx pi
Let 7 = |JA|. In the nextlemma, the solution ( glig’ ;\\; ) has the asymptotic representation uniformly with
2, s

respect to x, x € [a, dq), |A| — oo, cf. [11, p. 55], see also [4, 19, 20, 23].
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Lemma 4.3. Let © = |JA|. Then, for |\| — co and x € [a, d1), we have

911(x, A) = Acos [A(J;_ ) + 81] +0 (exp [T (= a)]) , (64)
1

P1

21(x, A) = Asin [Mx 9, 91] +0 (exp [T (= “)]) . (65)
P1 p1

Proof. By the same technique as in the proof of Lemma 1.11.1 in [11, p. 55], we can prove (52) and (53). O

Consequently, by using the results of the above lemma and equations (54)—(55), the asymptotic formulas of
91,i+1(x, A)

the solution
D,is1(x, A)

), with respect to x € (d;, di11),1 = 1,m, are given from the following lemma.

Lemma 4.4. Let © = |JA|. Then, for |\| — oo, we get

D12(x, A) = —7? 6,2 L cos [—/\ (“h—a) + 81] sin [—A (x—dy) + O(/\ exp [T (_x — 4 + —dl — a)]) , (66)
01 p1 2 p2 P
5 - - — -
Doo(x, A) = A2 == 21 cos [M +\91] cos [M] +O(/\ exp [T (x—d1 + dl—a)]), (67)
52,1 p1 p2 p2 p1

where x € (d1, dp) and for x € (d;, di+1), i = 2, m, we have

han () =D [ ] =

S _ i Ald;—diq _4q
j:] 2,j pl j:2 p] pl+1
. (68)
. x —d; ! d]‘ - d]‘_l
+O|Aexp|T + ,
P [ Pi+1 ]221 Pj
_ i Ad;—di _ 4.
=1 2,j Pl =2 pj Pi+1
(69)
) —d: di—d_
+O/\’exp7x dl+ 2L
pi+1 j=1 p]
Asin Lemma 4.3 and Lemma 4.4, we have proven the following lemma.
Lemma 4.5. Let © = |JA|. Then, for |\| — co, we obtain
$1m+1(x, A) = A cos [/\(b =) _ Sz] + O(exp [T (b= x)]) , x€(dy, b], (70)
Pm+1 Pm+1

S (3, 1) = —Asin [A(b — _ 92] +0 (exp [T (b= x)]), x € (dy, b, (71)

Pm+1 Pm+1

o _ _

31,m(X, /\) /\2 61 M cos [M — 82] sin [M]

1,m Pm+1 Pm (72)

+ O(/\ exp [T (dm —x, bod )]), x € (dy-1, dm),
Pm Pm+1
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o) _ B
3am(x,A) = — /\261_/”’ cos[M _ 32] cos[A(d’” x)]

Lm Pm+1 Pm (73)
dm —X b— dm
+ O(/\ exp [T (— + —)]), x € (dm-1, dm),
pm Pm+1
A(b = dy) O D U et OO PG
i, A 1 1+1/\l+2 | - 9| X — | X -
31m—i(x, A) =(=1) H 61 o ] cos o 2 H sin — sin —
. dpi — X i Am1-j = Am—j
+0 /\H—leX T m-i + / / xE(dmz ’ ml) = Im_ll
P [ Pni ; Pm+1-j 1

i ’

o . _ i (A (et — ._
32,m—i(x/ /\) :(_1)1+1/\1+2 H % X COS [% _ 82] % H sin[ ( m+1—j m ])] % COS |:/\ (dm—l : X)]
m+

=0 1,m—j Pm+1-j

Z m+1 -~ m i xe (dm—i—l/ dm—i)/ 1= l,m——l
Pm—i = Pm+1-j

+O0| A" exp |t

(75)

Now we are ready to derived the needed asymptotic formulas for eigenvalues and eigen-vector-functions
of the boundary-value-transmission problem (1)—(5).

Theorem 4.6. The eigenvalues of the consider problem (1)—(5), whose behavior may be expressed by the sequence

+1
:Aff)}:; , have the following asymptotic representation for n — oo:

<n.=._EL_( 1 ) (1)

Ayl R (n+2)7'c 9 |+0 o) (76)
o ._ _penm (l) _

M"m—m4+0n' 0=2,m, (77)
AT = bp i (( + )n+92)+0( ) (78)

Proof. By substituting (68) and (69), with i = m, in equation (38), we obtain the asymptotic representation
of the characteristic function A(A)

’

m . _ " AMd—d. B
AL =(=1)" H % % A2 cos [M + 91] « H sin [%] « cos [/\ (zmjm) 3 82]
]7
b - d ul d - d'—l
+0 /\m+1 exp |t m + ] ] ‘
[ p[ [ Pm+1 Z pj

The equation (79) can be rewritten as

(79)

A(A) = E1(A) + Ex(A),
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m_ 5 dy — m Ald: — d’—l —d,
Hq( H —] X A"*2 cos [M + 91| X sin M X COS [M - \92] , (80)
j=1 01 1j p1 il pj Pm+1
]
b - dm = d] - df_l
Ey(A) := 0| A" exp |t + ) (81)
P pm+1 le P]

Now we apply the Rouche’s Theorem, for Z; (1) and Z,(A), which states that: For any two analytic functions
fi1(A) and f»(A) inside and on a closed contour T, if fi(A) > f2(A) on T, then f1(A) and fi(A) + f2(A) have the
same number of zeros inside I, provided that each zero is counted according to its multiplicity. Therefore,
the characteristic function A(A) of our problem has the same number of zeros inside the suitable contour as
E1(A). Consequently, with a short calculation, the asymptotics formulas of the zeros of A(A) are given by
(76), (77) and (78). O

By putting the asymptotic expressions of the eigenvalues AD, ¢ = T,m+1 in (64)(69) we can obtain
the corresponding asymptotic expressions for eigen-vector-functions of the boundary-value-transmission
problem (1)—(5):

(%, AY)
y(x, AY) =
1o, A0) )
wa( A, x€lady), 82)
e A =1 0 AY),  xe (@i d), (=2,m), C=Tm+1,k=12,
I)k,erl(x/ /\515))/ X € (dm/ b]/
where
PL_((n+ Dy = 91)cos|((n + D= 81) =% + 9, [ +0(1), x€[a,d)
1 di—a 2 Yeos |\t )=o) gy T ’ &),
v1(x,AY) = (83)
O(n), xe(dydi), (i=1,m),
dlpi (0 + Dy - 91)sin [((n +hm-9) dxl__”; ; 91] +0(), xelad),
n2(x, AY) = (84)
O(n'), xe(dyd), (i=1,m),
for{ =2,m,
penm penm(x — a) ]
cos +3(+0Q), € [a,dv),
de—dea [Pl(dé’ —dey) W, xelsd)
021 ( penm )2 [Pf nn(d; — a) ] : [Pf nm(x — dl)]
- + 91| X ————|+0n), x€(dy,do),
6y \d¢ —de cos p1(de —dp-1) s p2(de —de-1) (), x < (@, d2)
1y, AY) = | (85)
1 02, penm \i+1 [ penm(d; — ] [Pf nn(d; —d;- 1)]
-1) ‘ x( ) + 91| x
1) g 0 de—de €08 p1(de - d{’ ! H sin pi(de —de—1)
| pennlx —di) i o
XSln[m] +O(1’l>, X € (dj,dlur]), (1—2,1’}1),
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pentn sin[p""“(x_a)+sl]+0(1), xelad),

de—dea p1(de — de-1)

021 ( pent )2 [Pl nri(dy — a) pe nn(x—dl)]

- +91| % B " +0Wm), xe(dy,d),

0%, \de —dea o8 pde—dey) cos pa(de — dp—1) (n), x € (dy, d2)

na(x, Ay) = (86)
i+ nn(dy, — a) penm i-1)

P o

D" d—drs) ° pide—de) 1_[ pi(de —de-1)

Ul(x/ /\gn+1)) —

%o [ penm(x —d;)

j=1

S m]"‘o(”), x € (di, dir1), (i = 2,m),

Ifin—;llm (02 + Hm + 8) cos [((n + D+ 9) pp—r?(rll)(i ;ma)) +9|+0Q1Q),  xe€lad),
2%1 (ﬂ—;; ((n+ Dy + 92))2 cos [((n + D+ 92) % " 91]

X sin ((n+ %)n+\92) %] +0(m),  x€(d,d),

(- 1)1 [] y (bpjm (( n )n + \92))”1 cos [((n + %)n + 82) % + 91] X

X g sin [((n + %)n + 92) %] X sin [((n + %)ﬂ + 92) %]

+0(n'), X € (di,din), (i = 2,m),

(87)
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Pm+1 1 . 1 Pm+1(x —a)
b dm <(1’1 + E)T[ + \92) sin [((l’l + E)T( + 192) m + \91] + 0(1), X € [d, dl),
021 ( Pm+1 1 )2 1 Pm+1(d1 — a)
6’2/1 (b — ((n + )T+ 82) Ccos ((n + )+ 82) —Pl(b =) + 91| X
m - d
X COS [((n + %)n + 92) %] +0(n), x € (dq,d>),
x,A,(qu) —
I)z( ) (_1),'_1 i % X( Pm+1 ((n + 1) +9 ))Pr1 ((Tl+ 1) +9 )Pm+1(d1 —ﬂ) + 9| x
Lo, " \o—a, \" T2 ST e -,y T

L 1 Pm+1(dj —dj-1) 1 P (x — di)
X B sin [((n + 5)7‘[ + Sz) —Pj(b —an) ] X COS [((n + E)n + 82) —Pi+1(b — dm)]

+0 (ni), x € (d;, diy1), (i = 2,m),
(88)

where the above asymptotic approximations of eigen-vector-functions hold uniformly for

x € [do, ) | Jdir, d) | (i, da].
i=2

Remark 4.7. If A" is an eigenvalue, v(x, A*) and 3(x, A*), see Section 3, are linearly dependent. Thus, the asymptotic
approximations of 3(x, A), € = 1,m + 1, do not require individual consideration.

5. The Asymptotic Formulae for Eigenvectors Norms

Let {A,},ez be the sequence of zeros of A(A) corresponding the eigenvectors @(, A,) of the operator 7,
where

(x, Ay)
LSl (I)(El, An))
Ls,(n(b, An))

AN =] ) o, An))

=
m
N

(89)

Lm0y 1))

In this section, we will examine the asymptotic behaviour for [|®(-, A,)lls, where || - || is the norm corre-
sponding to the space $.
For n # k, since 7 is symmetric, the following orthogonality relation

(D(-, An), P(, Ay =0 (90)
holds. Let
l/)(x, An) - n(x, An) (91)

IDC, Anlls”
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With short calculations, it is easy to prove that the eigenvectors

P(x, An)
le(lP(ar /\n))
Lo, (b, An))

o An) = Lo1(¢(d1, Ay)) |

neZ. (92)

Lo (W@(d An)

are orthonormal, that is
TW(x, Aw) = AP0, A),  (W(, An), W, A))g = OF, (93)

where 6 is the Kronecker delta.

In what follows we will obtain the asymptotic formulae of ||D(-, A,)||s in case A, = /\E,"Hl). The other
cases may be considered analogically. To obtain the asymptotic formulae of ||®(-, A,)|ls, we need the next
lemma.

Lemma5.1. Let A, = A"V, The following asymptotic formulaes hold:

Lo, (0(a, A7) =0(), (94)
Lo1(n(dy, A" V) = 5;1_’;;": ((n + %)n + 92)cos ((n + %)n + 92) % +9[+0Q), (95)
L0, 1) =(-1) b, ]1 Z: (2 (o Dy 0]
X Cos [((n + %)7‘( + sz) % ; 91] x (96)
X ijsin[((n+ %)n+\92) %] +O(ni‘1), i=2,m,
Ls,(0(b, A" ) = O (n™). 97)

Proof. From (8) and (29), we can get
L, (0(a, A" V)) = sin 911.1(a, A" V) = cos 91921 (a, A7)
Loi(0(di, AT)) = S0.01,di, ATY), i=Tom,

Ls, (b, AT"*)) = sin 8201 a1 (0, 1Y) — o8 920201 (5, AT

By a short calculation, the above three equalities and the formulaes in (87)—(88) lead to the asymptotic
equalities in (94)—(97). O

Lemma 5.2. Let (-, A"*V) define by (89). The following asymptotic formulae of the norms ||®(-, A"+D)||g hold:

1 77 %:%0 ( pun 1 1
- + )+ ))
po L5 5% (b—dm ((” U

D¢, ATl =

1 Pm+1(dr — a) 98
X COS [((n+ 2)n+\92) —Pl(b—dm) +81]>< (98)
X H sin [((n + %)n + 82) %] Vi1 — dy + O (0™

i=2 ! "
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Proof. From the definition of the inner product space defined in (11) and the definition of the eigenvectors
(-, "), we have

(o007} = ) [ e e
J

j=0
1 m+ m+
= Lo, (0@, A ) Lo, 0@, A))

R %
14

0T s (b, ATY) L, (v(b, ATV

i Hz 0 o A iL2,j(v(d}, A(m+1>))-£2](l)(d], /\(m+1)))
62

+
j=1

By a short calculation, the formulaes in (87)—(88) lead to the following equalities:

di )
% d[@ﬂnﬁw%f+@ﬂnﬁw%fyk=%«;g%«n+§n+%»(m—dw+OﬂL (100)

107,68 4
A [ D1 (x, /\(m“))) (1) (x, /\(m“)) ] dx = — 221 ( Pt ((n + 1)71 + 92))
P2 p2 11 0y \b—dy 2 (101)

Pms1(dr —a

X Cos? [((n + E)n + 82) (b dm)) + \91] (dy —dp) + O(nz),

and, for j = 2,m,

I A e
Eiéﬁ%ﬂm»wwﬁ+mmw“W1w

pj+1 i

1 ! 0] iézri m
L ><( Pl (102)

L0y "=,

j
X (H sin [((n + %)n + 82) %” 1 —dj) + O(n2f).

i=2

pm+1(d1 _a) +9 ]

(( . )n . ‘92))2]+2 X cos? [((n + %)T[ + 92) 0= )

Using (100), (101), (102) and Lemma 5.1 in (99) we obtain

1 m 6’ ,621- l 2m+2
Y N Li Pm+1 ( 1 ))
L el by gl e (R LER

(m+§m+sﬁ

e

i=2

X cos? (103)

pm+1(d1 - a)
mw—@>+9]

2
(m+%m+sg&%%%%%ﬁﬂ(%ﬂ—mﬁ+0@my

and the proof of the equality (98) is complete. [
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6. Green’s Matrix, Resolvent Operator and Self-Adjointness of the Problem

Let 7 be the operator defined in Section 2 and let A be not an eigenvalue of the operator 7. To conclude
the the resolvent operator R(7-, 1) = (7 — AI)"!, we consider the following operator equation

) )
Ls, (u(a)) :
_ _ _ Lsz(”(b)) _ | (x) | 2 _ fl(x)
(T =AU =F, U@ =| 2% o ,u<x>—(u2(x) W=l =10 a0
Lo (u(d) Zm

Consequently, from the definition of the operator 7~ ((12) and (13)), the operator equation (104) is equivalent
to the nonhomogeneous differential equation

p)uy(x) = (A + g1 (x))u1(x) = fi(x), m
xefa,d) | Jdi, d) ) b1, (105)
p(x)ui(x) + (A + g2(x))uz(x) = —f2(x), i=2
nonhomogeneous boundary conditions
Zy = =Ly(u(@)) — ALy, (u(a)), (106)
Zy = =Lg(u(b)) — ALy, (u(b)), (107)
nonhomogeneous transmission conditions
zi = =Ly, w(d)) = ALyi(udy), i=1,m, (108)

and homogeneous transmission conditions (4). The general solution of the following homogenous differ-
ential equation

p)u;(x, A) = qr(x)ur(x, A) = Aua (x, ), m
: }x e la,d) | J(dior, ) (@ ],
i=2

p)u(x, A) + g2(0)uz(x, A) = —Aua(x, A),

has the next form

D11(x, A) = [ 31,1(x,A)
¢ ( D21, 1) ) tG ( 2a(x, A) ) xeled),
i\Ay /\ - i\A, /\ . —_—
T B PPV
1)1,m+l(x/ /\) - 31,m+1 (xr /\)
Cm”( D2,m+1(x, A) )+Cm+1( 3o,me1 (%, A) )' x & (n,bl,

where C; and 51-, i = 1,m+ 1, are arbitrary constants. Using the method of variation of parameters to the
nonhomogeneous linear differential equation (105), we can conclude the general solution of (105) in the
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form
cen 6w ) een(LGR) xema
u(x, 1) = amm(@ﬁjﬂ+amm(g&%), X € (dior, d) i = 2,m),
Cont) ) ) Gt 0 L) ) et

where the functions C;(x, 1) and 5i(x, A) (i = 1,m + 1) satisfy the next system of equations

qummﬂﬂawﬂmW”:%¥

x € [a,dy),

Q@JMM%M+QWJW“LM=_€?'

Clx, Dag(x, A) + Cl(x, A)sai(x, A) = f 1;(),

1

x € (di,dy), (i=2,m),

- X
Ci(x, Mn1i(x, A) + Clx, A)3pe(x, A) = _fl),
and

’ Pl _ A

Cm+1 (¢, A2, mer(x, A) + Cm+1(x, M3ome1(x, A) = — ,
m+
X € (dy, b].

4 ~ _ fZ(x)

Cm+1(x’ A)I)l,m+1(x, A) + Cm+1(x/ /\)31,11‘1+1(xr A) = _—p ) ,
m+

3374

(110)

(111)

(112)

(113)

Thus the equations (111), (112) and (113) have the order respectively unique solution, with taking into

account A is not an eigenvalue and A;(A) #0(i=1,m + 1),

1 “
C1(x, A) = m]; 3 (t, /\)f(t) dt‘i‘Cl,
x € [a, dv),

— 1 x . ~
(M%M—EEELLDUJUWW+Q,

1 4
Cilx, ) = T, A f()dt+C;,
()= s [ TGN B
x € (diz, dy), (i=2,m),
— 1 X —
Ci(x, A) = T, A f(dt +C;,
)= x|, Ve
1 .
Cons1(x, ) = ————— | 37(H, A () dt + Csr,
e ) = s [T DO+ Co

X € (Cm/ b]/

— 1 x —
Curi(,A) = ————= Tt M) f(E)dt + Cousa,
a6 1) = s [ DO+ Co

(114)

(115)

(116)



M. M. Tharwat / Filomat 36:10 (2022), 3355-3379 3375

where
(Eiiiiﬁi) te la,d),
o=t (20, teuna,i=2m
(7). seun
(216D), rema
3t A) = (282 ) te (di1,dy), (i =2,m),
() ), rec

Substituting equations (114), (115) and (116) into (110), the general solution of (105) has the following form

n(x,A) [+ A _
PlAl(/\) . 3 (t/ A)f(t) dt + plAl(A) i ) (t/ /\)f(t) dt + Cll)(xr A) + C13(xr /\)r
X € [ﬂ, dl)/
v, A) (T I ‘ ~
o | 2 [ e nsea S fd NSO+ Gt 1+t ), )
X € (di—ll di)/ (Z = 2/ m)/
n(x, 1) fh . 3(x, A) .
pﬂ+1Aﬂ1+1 (/\) N 3 (t/ /\)f(t) dt + pm+1Am+1(/\) i I) (t/ A)f(t) dt + Cm+11)(xr A)

+Cm+13(xr /\)/ X € (dmr b]

Substituting equation (117) into equations (106) and (107) as well as equations (108) and (4), we obtain the
following equalities, by taking into account the initial conditions (31)—(34),

—_~ Zl

“= Ay
_ _ 1 i -
C; ZCi+—fd TN dE+ ——11 (T, A), i=1m,
+1 PACD di—lr) (t, A f(t) A v1i1(df, A)
- (118)
Cm 1= 2
i Am+1(/\)/

1 i+l 2
CiZCi + — Tt//\ N dt + i ; dT,A’ .=1’ ,
+1 Pirz1Ais1(A) fd’d 3 (L A)f() 6’21-Ai+1 31,i+1( A, m
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which lead to

3T A tdt+ ar A Z L i=1m,
Z[P}HAJH(A)f (DFOd+ 5], V| = 52
Ci= (119)
) .
2 = 1
Art(D) rEmE

and

Z
M)

(120)

Z

i—1
Z [P}A ) fd T(t /\)f(t) dt, +6, 1)1 ]+1(d] ,A)] ) i=2,m+1.

From (119) and (120), the general solution in (117) can be written as

be ) (T s(x, AR

i BRIEAY) f’f ]H( ) g
]1 A () 3L f(Ddt + —é, A y(x, A) Amﬂm)o(x,A)

3(x,A), x€lad),

N (/\)

;’V(Xﬁ)) f 1 3T<t,A)f(t)dt+;([f’,(AA)) BNV

B u y(x, A) P i j+1( dr,A) 2
u(x, A) = +]Z[m j: 3 (t,A)f(t)dt+T1)(x,/\)]— o~ (A)t)(x,/\) (121)

i1 a W1 a(dh, 1)
3(3@/\) J T Z]Ul,]+1( i’

+ Tt A)F(b) dt, + — e —

Z[ A t, )f(t) e

x € (dim, dy), (i = 2/_771),

3(x, A)] A,

A (/\)

y(x, A) b i 3(x, A)
pm+1Am+1(/\) t A)ft dt pm+lAm+1((/zi) /‘)
m 2010t
S [ [ e —]
j=1

2j j+1

b7t A)f(E)dt - y(x, A)

1(/\)
3(x, ), x € (dn, b],

A (/\)

which can be represented in the next form, by taking into account (37),

u(x, A) = 2 H; fd G, t, A) (1) dt + v(x, A), (122)
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where
UL Z]Sl;+1(d A) Zs Z1
x,A)— x, A 3(x,A), x€lady),
L o N R ) Ry xe )
" zi3je(d], A) A < 29 (d], ) @) % )+ @)
— YA+ ) 3 A) - X Y
o) =1 & o na T LT Y TR A(A)‘ (123)

x € (di, dy), (i =2,m),

i Z]I)1]+1(d /\) Zn Z1
YA N W@ A @A), € @ b,

=1

and G(x, t, A) is called Green’s matrix of problem (1)-(5) and is given by, see [1, 3, 19, 20],

. 3, AT(HA), a<t<x<b xt#d,i=1m,
G t0) = 1o (124)
px, A3 (tA), a<x<t<b «xt#d,i=1m.

With a short calculation, using the equation (8) and the first equality in the initial conditions (32) and (33),
the solution in (122) can also be written as

m i,_ A i1 m )
P f Gl L VWt + - 0G0,z + 122 1 (G b 1,

P i+1 d;
0 (125)

+

Zm: T1- Asz(Q(X d;,A))Z;

j=1

Consequently, the resolvent of the operator R(7-, 1) = (7~ — AI)~! can be expressed in the next form, see [2],

(G0, 1), F0),
gT(x/ //\)
Lo,(G(, 1), F0) )@ Lo (Glon )
RT MEw = | T (CONTOING 4 4) = (G6 A FO), , G A) = 582((5 ((;C,;AA);) . (126)
L21(GC, ), EO)) () P
i L21(G(,d, 1)
L2n((GC, 1), FC)) ()

Since the spectrum of the operator 7 consist of eigenvalues and all eigenvalues of the operator 7 are real,
then the next lemma shows us that each A € C, IA # 0, is regular point of 7.

Lemma 6.1. Let A € C, A # 0. The resolvent operator R(T", A) satisfies the following inequality

IR(T, MEC)lls < ISAITHIECNls,  F() € 9. (127)
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Proof. Let U(x) = R(T", A)F(x),

&)

Z1
up eD), Fw=|2 |es, ():(ﬁ(x)].
e 9= (e

Zm

Since 7 is a symmetric operator and 7 U = AU + F, then

0 =(TUC), UC)g —UC), TUC
= AUCE), U())g +<FC), U())g = AUC), U())g — UC), F()g -
Consequently, from the last equality we conclude
FAXNUEIG = T UC), F()g - (128)
By using Cauchy-Schwartz inequality we obtain

1T CUE), FODg | < KUC), g | < IUONSIECOI- (129)
Hence, from (128) and (129) we get (127). O
The following lemma shows us that the operator 77, corresponding the problem (1)—(5), is self-adjoint.
Lemma 6.2. The operator T~ is self-adjoint on the space 9.

Proof. By the same technique as in the proof of Lemma 3.1 in [20, p. 13], we can prove the deficiency spaces
of the operator 7 are the null spacesandso 7 =7". O
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