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Division Problem of the Perturbed Form of Order One of the
Chebyshev Form of Second Kind

B. Ben Hadj Ali*, M. Mejri?

Institut Préparatoire aux études d'ingénieur EI Manar, Université Tunis El Manar. Campus universitaire El Manar-B.P 244
El Manar 11, Tunis 2092, Tunisia.

Abstract. We study the regularity of the form ( linear functional) satisfying the functional equation
(x? = c*)u = Av where c € C, A € C — {0} and v is the perturbed form of order one of the Chebyshev form of

second kind. The integral representation of the form u is highlighted. Moreover, some symmetric second
degree forms of class two and four are given.

1. Introduction

Several authors have studied the problem of division of a regular form by a polynomial [1,3,4,8,10,11,15]:
Let v be a regular form, find all regular forms u fulfilling the following algebraic equation

Ru=Av, A € C-{0},

where R is a monic polynomial.

In particular, for R(x) = x see [4] and for R(x) = x? consult [8]. Moreover, the cases R(x) = x*> and R(x) = x*,
have been studied in [10] and [11] respectively.

Recently, we have studied the case where R(x) = x2—c%ceC-{0). Basically, we dealt with v = U
the Chebyshev form of second kind [1]. The present work concerns the study of the case where v is the

perturbed form of order one of the Chebyshev form of second kind [7,12,13] and fulfilling the following
algebraic equation [1,12]

2
2_ o\ _ @ _ 2_ _ @Y
(x*—a“) 4(w_1)ﬂ,w€C {0,1}, a -1
Then,
2 22 2y, — Y
(= )(x* —a)u 4—(60_1)7//,

which give a particular study of the division problem of a regular form by a polynomial with deg(R) = 4
and and v is the Chebyshev form of second kind.

The preliminaries results and notations are thoroughly presented in section two. In the third section, we
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give explicitly the regularity conditions of the form u a detailed study regarding the class of is provided.
Also we establish the second degree character of the form u. In the fourth section, we study some particular
cases, which allowed us to give some examples of symmetric second degree forms of class four ( which is
not given in the literature as far as we know ) and of class two ( that are not dealt with in [14]) . The last
section is devoted to establish the integral representations of the forms given above.

2. Preliminaries and fundamental results

Let P be the vector space of polynomials with coefficients in C and let #’ be its dual. We denote by
(w, f) the effect of w € P’ on f € P. In particular, we denote by (w), := (w, x"), n > 0, the moments of w.
For any form w, any polynomial g, any a € C — {0} any c € Cand b € C, let w’, gw, h,w and (x — ¢)'w be the
forms defined by duality

@', f) =, ), {gu, f) = W, gf), {(x — o) "'w, f) = (w, O.f),
where (0.f)(x) = L9 rep,
We also define the right-multiplication of a form by a polynomial with

(wf (x) — <w xf(x)— 5f(5)>’ w e Pl f c P.
Next, the product of two forms is defined as

(uo, fy:=w,vf), u,veP, feP.
We call polynomial sequence (PS), the sequence of polynomials {P,},>0 when deg P,, = n, n > 0. Then any
polynomial P, can be supposed monic and the sequence becomes a monic polynomial sequence (MPS). Let
{wy >0 be its dual sequence defined by (wy, Py) = 0y m, n,m > 0.
The MPS {P,},5o is orthogonal (MOPS) with respect to w € ' when the following conditions hold
(W, PyPy) = 140pm, n,m > 0,1, # 0, n > 0. In this case the form w is said to be regular. The form w is
called normalized if (w)y = 1. In this paper, we suppose that the forms are normalized. Thus, w = wy and
{P,}ns0 satisfies the standard recurrence relation

{ Po(x)=1 , Pi(x)=x- g,

P P . ~,P (1)
ni2(X) = (¥ = BY )Pusa(x) —9F Pu(x), n 2 0; yF  #0,n20.

The regular form wy is said to be symmetric when (wp)zq+1 = 0, n 2 0, or equivalently ,Bﬁ =0,n2>0,in (1)

[5].

Let us recall some results:

Lemma 2.1. [5] Let w € ', f,g € P and a, b € C. The following formulas hold:

(fw) = fu' + f'w, )

(x =) ((x = ayw) = w = (w)ody, 3)

(x—a)to, = blTa(a,, ~8a),a#b ; (x—a)to, =0, (4)
(0uB,f)(x) = (046 f)(x) = ( of = 0uf)x), a#b, 5)

where (0,4, ) = f(a), f € P.

Definition 2.2. A MOPS {P,,},>0 with respect to w is called semi-classical sequence if w fulfils an equation

(¢w)’ +yYw =0, (6)

where ¢ monic and degy > 1. In this case, the form w is called semi-classical.
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Let us introduce the integer s(¢, ) = max(deg ¢—2,degp — 1). Then s = min s(¢, {) where the minimum
is taken over all the pairs (¢, 1)) occurring in (6) is called the class of w. By extension, the integer s is also
the class of {P,,},>0 [5].

We have the following result:

Proposition 2.3. [5] The form w satisfying (6) is of class s = s(¢, V) if and only if
1;(@0 P(c) + () | + | (w, Oy + O2) 1) # 0,
ce
where Z(¢) = {c, ¢(c) = 0}.
In the case when there exists ¢ € C such that ¢(c) = 0 and | Y(c) + ¢’(c) | + | (w, Oty + 0%}) |= 0, we have

(Ocpw) + (69 + 629 )w = 0,

Let {P,,},>0 be a MOPS with respect to w and {Pf})}nzo be the first associated polynomial sequence where
Pg)(x) = (w, M), n > 0. The sequence {Pﬁ,l)}nzo is orthogonal with respect to w® and satisfies (1)

with ﬁgll) = n+1’ 7’% = 7/5+2’ n=0.
The monic second kind Chebyshev polynomials are defined by [2,6,7]

Up(x) =1 , Ui(x) =x, -
Upi2(®) = ¥y () = U, (), 12 0. 7

We denote by v the perturbed Chebyshev form of order one of the Chebyshev form of second kind and
{Sulnz0 its MOPS, we have [12]

So(x) =1, Si(x) =x, ®)
Sn+2(x) = xsn+1(x) - Gn+15n(x)/ nx0,
with , ,
01 = Zw/ On+1 = Z/ nz 1/ weC— {0/ 1/2}/ (9)
(pv) +¢v =0, (10)
2
2 2 _ 2 __ 2_ 2y 2__ @
P(x) = (x" = 1)(x* —a”), P(x) 3x(x"—a%), a -1 (11)
We know that [1]
w-1
Sni2(x) = Unsa(x) — Tun(x)r n 0. (12)
Now, let us consider the following problem:
find all regular symmetric forms u satisfying
2=cHu=Av, AeC-{0}, ceC-{0}, (13)
with the constraint (1)p = 1.
When u is regular, let {Z,},,50 be its corresponding MOPS fulfilling
Zo(x) =1, Zi(x) =x, (14)
Zn+2(x) = -xZn+1(x) - yn+1zn(x)/ n>0.

From (13), the existence of the sequence {Z,},>¢ is among all the strictly quasi-orthogonal sequences of order
two with respect to Av that is [1,9]

Zn+2(x) = Sn+2(x) + ansn(x)/ nz 0/ (15)

witha, #0, n > 0.
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Remark 2.4. Let {S,,(., 4)}n=0, be the co-recursive polynomials for the sequence {Sylnz0. One may write [2,5]
Su(x, 1) = Su(x) — S (), n 2 0, (16)
where S(_ll) =0.
Let us recall the following results:

Proposition 2.5. [1] The form u is regular, if and only if, S,(c,—2) # 0, n > 0.

Moreover, |
Spia(c,—%
%z—lﬁLjﬁ,nZQ (17)
SH(C/_?)
A
y1=cS51(c, —E)f (18)
SZ(C/_A)
=7 ¢ 19
V2 112’ 19)
An+1
Vn+s = aaanZO (20)

n

Proposition 2.6. The form u given by (13) is regular if and only if

A, #0,n>0,
with X
M:CzAw@—%mﬂ@¢anzau4:0 1)
In this case, we have
— (2 w
ap = —(c +A- Z)’ (22)
An+2
=- >
An+1 An , N2 0/ (23)
y1=0C+A, (24)
A +4)0 —w
__A 2
V2 i 12 (25)
_wm
VB - 4 a(), (26)
Lo oy 27)
Vn+4 4 P s = U.
Proof. We have
Su(c, —Z) =S,(c) + ;Sn—1(c)' n = 0.
On account of (7), (8) and (9), we get S,(ql) = U,, n > 0, then last relation becomes
A A
Su(c, _E) =S5,(c) + EU,H(C), n>0. (28)

Also, by (7), (8) and (9), we have

A A, A+ A
SO(C/_?) = 1/ Sl(cr_z) = c . (29)
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We may write
A A
Sn+2(c, _E) = Spa2(c) + ;Un+1(6), nx=0,
using the formula (12), we obtain

2+ A

A
Swiale,~5) = Upe1(0) %un(c), n>0.

Based on (29), we can deduce that

A 244
Sn+1(cr _E) =

LU, () - %un_l ()= A, n20. (30)

Taking into account relation (30) and Proposition 2.5, we can deduce that the form u is regular
A, #0,n>0.

Furthermore, the relations (22)-(27) are an immediate consequence from (29)-(30) and Proposition 2.5. [

3. The class of the form u and its second degree character

3.1. The class of the form u
From the relations (10)-(13), we get
(pu) +gu =0, (31)
with
P) = —A)F-ad)*-1) , Px) = -3x(* - A —ad). (32)

We see that the class of the form u is at most s = 4.
Let us recall the following result:

Proposition 3.1. [1] The class of the form u depends only on the zeros ec, where € = £1.

Proposition 3.2. When u is a reqular form, let
8 =22 - 1)+ A2a% -1 - %), (33)

9 =2(1—a?) + AQa® -1 - %). (34)

We have
(a) The form u is a semi-classical of class s = 4 when ¢ # a?, > # Lorc> =a?, 91 #00rc? =1, 9 # 0and u
satisfies (31)-(32).
(b) When ¢? = a?, 91 = 0, the class of the form u is s = 2, and we have

(pr1u) + Pru =0, (35)

P1(x) = (P = a®)(x? = 1), P1(x) = —x° + (3a* - 2)x. (36)

(c) If > =1, 9, = 0, the class of the form u is s = 2, and we have

(P21t + Pou =0, (37)

Pa(x) = (% = a?)(x? = 1), Po(x) = —2x(x* — a?) (38)
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Proof. The following formula is needed [5]

(6u(£9)(@) = FX)(Bug) () + g@)(Oaf)(x),a €C, f, g € P.

From (32), we get
P(ec) + P’ (ec) = 2ec(c® — a?)(* - 1).

Also, we have )
(Gscw)(x) = (eec((xz - Cz)w))(x)/
using the formula (39), it follows that
(Gsclﬁ)(x) = (x2 - cz)(chl,lJ)(x) + (x + eo)p(ec).

Similarly, we get
(0%.P)(x) = (x* — P)(O*P)(x) + (x + €)@’ (ec) + P(ec).
Based on (41) and (42), we can deduce that

(Oech) () + (O2P)(x) = (¥ = A)(Oect)) + 02.00)(x) + (x + £0)(Y(ec) + ¢’ (e0))+p(e0),

but from (11), we obtain successively

(6uc) + 62.0)(x) = —20% — ecx + 24> -1,

and
P(ec) + ¢’ (ec) = 2ec(2c* —a* = 1).

Which implies that

(Oec)(x) + (0% P)(x) = (% — cz)(—sz —ecx +2a% — 1)

+2ec(2c? —a® = 1)(x + ec) + (2 — a®)(* - 1).

Then,

(U, 0cc + 0%.P) = (u, (x* - cz)(—2x2 — ecx +2a% — 1)))

+(u, 2ec(2c* — a® — 1)(x + ec) + (¢* — a®)(c® — 1))

Equivalently,

(U, 0P + 0%.P) = ((0® = Au, —2x* — ecx + 2a* — 1)
+(u,2ec(2c® — a* — 1)(x + ec) + (2 — a®)(¢* - 1)),
by (13) and the fact that u is a symmetric form, the last relation can be written as
(U, 0:c + 0%.P) = A(v, —2x* — ecx + 24> — 1)

+2c22c2 —=a? = 1) + (2 = a¥)(* - 1).

But (v, -2x? — ecx + 2a% — 1) = 24 — 1 — 4, then

(u, 0. + O2.0) = A(2a2 -1- %) +23222 —a® = 1) + (2 = a®)(* - 1).

(a) If ¢* = a?, relation (44) becomes

(U, 0cat] + 0%,0) = A(207 =1 - %) + 202 - 1) = 9.

3496

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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When ¢? = 1, by (44), we get
T2 2 w 2
(u, 0. + 02¢) = A(20* =1 - E) +2(1-a%) = 9,. (46)

In the case where ¢? # a%, ¢ # 1, based on (40), (45), (46) and Proposition 2.3, we can not simplify the
equation (31). According to Proposition 3.1, we can deduce the desired results.
(b) In this case, from (40) and (45), we can simplify equation (31) by the factor x?> — a2, and we obtain (35)
with

B1 = 0,0_40, P1 = 0,0_, + (0,0%, + 026_,).

Since P(x) = (x2 — a?)%(x2 = 1), P(x) = —3x(x> — a%)?, we obtain (36).
Moreover, by (36), we have (f){ (¢a) + P(ea) = 4ea(a® — 1) # 0, then we cannot simplify equation (35) and the
class of the form u is s = 2.
(c) When ¢® = 1, 9, = 0, by (40) and (46), equation (35) can be is simplified by the factor x> — 1 and we
obtain (37) with

P2 = 01010, P2 = 010_19 + (016%, + 020_1).

Since ¢(x) = (¥ = 1)*(x* = a?), P(x) = =3x(x* - 1)(x* — a%), we obtain (38).

Furthermore, by (38), we have ¢)(¢) + a(e) = —2¢(1 — a?) # 0, then we cannot simplify the equation (37)
and the class of the form u is s = 2.

[

3.2. The second degree character of the form u
Let us introduce the formal Stieltjes function S(.; w) of the form w:
(W)n

n+l "
n>0

S(z,w) = — (47)

Definition 3.3. A regular form w is said to be a second degree form if there exist two polynomials B(z, w) (monic)
and C(z, w) such that
B(z, w)S?(z, w) + C(z, w)S(z, w) + D(z,w) = 0, (48)

where
D(z, w) = (wHC(., w))(z) — (wzﬁgB(., w))(2). (49)

The regularity of w means that B(.,w) # 0, C?((., w) — 4B(.,w)D(.,w) # 0 and D(.,w) # 0 [6].

A second-degree form w whose corresponding formal Stieltjes function S(z, w) satisfies (48) is necessarily
semi-classical and fulfils [6]
(P(x, wyw)" + P(x, wyw = 0, (50)
with
ad(x, w) = B(x, w)(C*(x, w) — 4B(x, w)D(x, w)),

a(x,w) = —%B(x, w)(C*(x, w) — 4B(x, w)D(x, w))/, (51)

where a represents a normalization constant.

Remark 3.4. Keeping the same notation in [12], we have v = i(a, — 355, then we have the following results:

Proposition 3.5. [12] On has
B(z,v)S%(z,v) + C(z,v)S(z,v) + D(z,v) = 0, (52)

with ) 1
B(z,0) = (2 - %), C(z,v) = — =z, D(z,0) = ———, (53)
w-—1 w-—1
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1 { w 1
—ﬂz 2(6()—1)Z+ \/22_1

.arg(z)

where the principal square root of a complex number z is Vz = Vizlexp(i*5>), —n < arg(z) < m.

S(z,v) = = z}, z € C —{-a, +a}, (54)

Proposition 3.6. When the form u is regular it is a second degree form and we have

B(z, u)S*(z, u) + C(z,1)S(z, u) + D(z,u) = 0, (55)
with
B(z,u) = (22 — ¢)*(z* — a?),
C(z,u) = (2% — cz)(Zz(z2 —a?) + /\Zj%%z), (56)
D(z,u) = 2(z* — a%) + A2=22% — MA—_zl,
A w 1 z
S = G ape =) -1 15 VZ1 )-moa &7
Proof. We know that the Stieltjes function S(z, u) of the form u defined by (13) is given by [1]
1
S(z,u) = m(AS(Z, v) - z) (58)
Equivalently,
S(z,v) = %(z2 —*)S(z,u) + %z.
Using the equation (52), we can deduce that
B(z,u)S*(z, u) + C(z,1)S(z, u) + D(z,u) = 0, (59)

with
B(z, u) = (z> - ¢?)’B(z, ),
C(z,u) = (22 - ¢)(2zB(z,v) + AC(z,v)), (60)
D(z,u) = z°B(z,v) + AzC(z,v) + A2D(z, v).

Taking into account (53), we obtain (56).
The result in (57) is a consequence of equations (58) and (54). O
4. Some particular cases

Remark 4.1. In this section, we denote a(w) := a, u(@a(w),c,A) = u, Ay(a(w),c,A) = A,, a,(a(w),c,A) =
An, yn+1(a(a))/ ¢, A) =Vn+1, N > 0.

4.1. The case where ¢ = 3
Proposition 4.2. The form u(a(w), 3, 1), is reqular if and only if, 40 + 1 # 0, 41 —w + 1 # 0.

Y
In this case, we have
1 (-1)" 1 (-1
A3n(ﬂ(0)), E/ /\) = 23n+1 (4A + 1)1 ASI’H—l(a(a))l E/ /\) = 231+2 (4A —w+t 1)r
1 -1)"
Bapa(@(@), 2, 0) =~ oL > 0. (61)

2 23n+3 7 =

w

1 1- 1 _
ao(a(w), 5,A) = (A + Tw) a1 (@) 5, 1) = gy
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1 41 +1
azn+2(a(@), E'A) i@ —w+1)

1 4l -w+1
a3n+3(a(w), E/ A) = _Tr n=0. (62)

4A+1 4l -w+1

yila@), 3,0 = 2 @), 3,0 = A,

o 1
L @A+ 1)@ -0 +1)

mW@;M=—

1 (4A+1)2

1
_ - —_— >
Vansa(a(@), 2’ ) 4od) —w+1’ nz0,

1 (4A — w + 1)?
)= T s
)/3n+5(a(w)/ 2/ /\) 40)(4/\ +1 , =z 0,

1 w? 1
N T @@ ey "0 (63)

)/3n+6(11(w)/

Proof. By virtue of [13], we have LI3V,(%) = (;31,,)’ , U3n+1( )= (233;1’, U3n+2( ) =0, n > 0. This implies (61).

On one hand, based on (4.1) and Proposition 2.6, we can deduce that the form u(a(w), 5,A) is regular if and
onlyif4A +1#0, 41 -w+1 #0.

On the other hand the relations (62)-(63) are a consequence from the relation (61) and Proposition 2.6. [

Proposition 4.3. When u(a(w), 1, A) is regular, one has

/2/

(a) u(a(w), 2,/\) it is a semi-classical of class s = 4, when w # - "f

L F X2 1“ 3 and we have

(Pla(@), % Au(a, %,A))' + Plaw), % Nu(a(w), % A) =0, (64)

with
Blatw), 5,00 = (= D~ a@ - 1),

Pla@), 3, () = =330 = D) - alw)), (65)

(b) When w = wy, k = 1,2, with w, = = "f and wy = 1+’ theform u(a(wy), Z,A) is of class two and satisfy the
following equation

@wwﬂéﬂmmwaédﬁ+¢mwx§mmmM»§M=a (66)
with . )
<W@@Tmm=w—yw—u

Plat@n), 3, )) = =32 = 2 (67)

Proof. (a) We have a*(w) = § if and only if w = wy, k=1,2.
From the affirmation (a) in Prop051t10n 3.2, the form u(a(w), 3
c=t#a%c=1#1

(b) When W = a)k, k =1,2, by virtue of the statement (b) in Proposition 3.2, the form u(a(wy), 2
two and fulfilled (66) with (67) since a(wy)? = 1. O

,5,A)is of class s = 4 and satisfies (61)-(62) since

,5,A)is of class
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4.2. The case where ¢ =1
Proposition 4.4. The form u(a(w), 1, A) is reqular if and only if(Z(/\ +1) - a))n +2A+1)#0,n>0.
In this case, one has

2+ 1) - w)n+2(1 +1)

Au(a(w),1,7) = S ,, n>0. (68)
wfatw), 1, = LD,
1240+ 1) = @)(n+2) +2(A + 1)
ap1(@(w), 1,A) = —— n 0. (69)
4 20+ -wh+2A+1)
A4(A+1) -
Pila(@), 1,4 = A+ 1, pafate),1,0) = -4 D=,

@ 5(A+1) - 3w

)/3(0(61)), 1/ /\) = 4 (4(/\ 1) )2
+1)—w

7

120 +1) - w)(n +3) +2(1 +1)
Yna(@(@), 1,A) = = X
420+ D) - w)n+2) +2(A +1)

A+ - w)n+2(1 +1)
A+ - @)+ +201+1)

n>0. (70)

Proof. We know that [2]
_ 1 sin((n +1)0)
U = 5 sin)
It follows that , U,(1) = ”;”1, n > 0. From the previous relation, we obtain (68).
By Proposition 2.6 and (68), we see that u(a(w), 1, A) is regular when (2(/\ +1) - a))n +2(A+1)#0,n=0.
The relations (69)-(70) can be deduced from (68) and Proposition 2.6. [

,n >0, x=cos(0). (71)

Proposition 4.5. If the form u(a(w), 1, A) is regular, we have
(a) The class of u(a(w), 1, A) is s = 4 if 9o # 0 and satisfies the following functional equation

($a(@), 1, Mu(a, 1, 1)) + §a@), 1, Hu(a@), 1, 1) = 0, (72)
with
Pa(@),1, 1)) = (¢ - ?(@)(¥* - 1),
Pla(@), 1, 1)) = =3x(x* = 1)(* - a*(w)). (73)
(b) The class of u(a(w), 1, A) is s = 2 if 9, = 0 and the following functional equation holds

(Fr(a(@), 1, Dua, 1, 1)) + dr(a@), 1, Vua(w), 1, 1) = 0, (74)

where 5

(Z)l(a(a))/ 1/ /\)(x) = (xZ - az(a)))(x2 - 1)/

P1(a(w),1,A)(x) = =32 + (3 — 20°(w))x. (75)
Proof. (a) Taking into account the statement (a) in the Proposition 3.2, we get the desired results.

(b) From the the statement (b) in the Proposition 3.2, we can deduce that the functional equation (72) can
be simplified by the factor x> — 1, and we obtain (74) with (75). O

Remark 4.6. The cases (b) in Proposition 4.3 and the Proposition 4.5 are not studied in [14].
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5. Integral representation of the form u

In order to determine the integral representation of the form u, we need the following results:

Proposition 5.1. [12] The form v possess the following integral representation

+1 )
0,y = b(f-a) + f@) +p [ g @, f € P, a€ €1 -1,41]

with
L@ g o2 e @
b_2+4(1—a))(1 =2 )’p‘Zn(l—w)‘

Lemma 5.2. let a,c € C. The following formulas hold

(x+0) =) (6o + 64) = ﬁ((s_a + 04— —0c), A %,

(+a) - a) (64 +64) = zl—a(éiu ~ ).

Proof. We need the following formula easy to prove from the definition:

11
=% Ao

(x-b)1o, = - (60— Op), a # b.

Let ¢ = +1, by (4), we get (x — ¢) 16, = L((Sw - 6c). Therefore

ea—c

(x+0) (X =)0 = gal_ C((x +0) 00— (x +0)715c),

and by the formula (4), it follows that

(x + C)_l(x - C)_lésu = gul_ C(Eal-i- C(ésu - 6—c) - %(6c - 6—0))-

Thus,
1 1 1

Ty —o)ylg = - 5 -
(x+0)7(x =) Oca az_czéé”+2c(ea+c) - 20(&1—0)60

Based on last relation, we can deduce (78).
From (4), we have (x —a)~'6, = =5,. Then

(x+a)Y(x—a)to, = —(x +a)"'5],

using the formula (80), it follows that

1 1
-1 -1 _ /
(x+a)y (x—a)" 0, = _Zéa - E(éa —0-4).
By virtue of (81), we get
- _ 1, 1
(x+a) 1(x —a) 167(1 = Zé—a - E((‘La — 04)-

The relation (79) can be deduced by addition both sides of the relations (81) and (82).

3501

(76)

(77)

(78)

(79)

(80)

(81)

(82)



B. Ben Hadj Ali, M. Mejri/ Filomat 36:10 (2022), 3491-3504

Lemma 5.3. Let w be the form defined by

(w, f) = f 1- ’;f(x)dx feP aeC-1-1,+1[

We have )
ro =0 up= [, e s
1 +1 ,—1—X
_i(fl de)f(c)
1 Vite
+2_c(j:1 mdx)f(—c), feP,ceC-1-1,+1],
+1 r—
<@+®1w—ole>=Pj;Zﬁtﬁ%ﬁfiaﬂww
1, " Vie=e
“5e(? f s LI
1 +1 \/1_—2
E(Pf T a g, fePeel -1

where P f %d nd P f % f(x)dx means the Cauchy principal value of the integral at ec .

—00 —00

Proof. Let f € P, we have
(x+07 =) w, f) = (w, (0-00)f),

and by the formula (5), we obtain

<(x+c) (X—C ZUf>— <w,65f—6_cf>.
Taking into account (83), we get
(x+0x=0'w, f) =
PR OR ORI

2 ), 2-a? x-c x+c
The relation (86) implies (84) and (85). [

Proposition 5.4. Let f € P, we have
(a)Ifc € C-]1—1,+1][, ¢ # a?, the form u is represented by

W ) = s (f(0) + f@)
+1 N o)
+{1 _Ab " @(f (le—dex)}f(_c)

1 Ab A +1 Vi
+ U i

1 viw
I e o Wi

3502

(83)

(84)

(85)

(86)

(87)
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(b) When c €] — 1, +1], one has
(u, fy = (f(—a) + f(@)
1 Ab Ap N2
+{§ Tz’ E(P Il (x2 —a?)(x + C)dx)}f(—c)
1 Ab Ap SR VA
+{§ 22— §<P f_‘l (x2 —a?)(x — C)dx)}f(c)
+1 “ /1 2
(c) In the case when a? = c?, the form u possesses the followmg zntegml representation
1 Ap P 1-22
w f)= {5 " .[1 (x2 —a?)(x +a)dx}f(—a)
1 Ap oV1-2
+{§ B E(P Il (x2 —a?)(x + a)dx)}f(a)
+1 _ xz
#5(1@=fo) 4 ap [ T s )
Proof. Based on (77) and (83), we may write
v =b(0-, + 6a) + pw, (90)
where w is the form defined by (83).
We know that [1]
= %(5_C +00) + Ax + ) Hx — o) Mo, 91)

Taking into account (90), we get

u= E(é_c +0.) + Ab(x + o) Hx — ) (6-s + Oa)

+Ap(x +¢) M (x - o),
and by Lemma 5.2, we obtain the following formulas

Ab

1 Ab
W="m_o (6 +6) (2 - az_cz><6*0+6c)
+Ap(x +c¢)” x—otw, & +#a (92)
and .
(5_a + ) + ga (62, = 6;) + Ap(x +a) ' (x = ). (93)
(a) In this case, by (92), we have
)\b
(u, fy = (f(—a) + f(@)) + ( =3 )(f(0+f©)
+Ap{(x + o) N x — o) lw, f) (94)
By virtue of (84), we obtain (87)

(b) When ¢ €] — 1, +1[. The relation (88) is a consequence from (94) and (85)
(c) When ¢? = a2, by (93), we obtain

(u, f) = (f( a) + f(a)) + —(—f( a) + f'(@)) + Ap((x +a) " (x = ) ", £,
Using (84) since a € C—] — 1, +1[, we can deduce (89). O
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