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Abstract. The aim of this paper is to propose a new generalization of metric space which may open a new
framework. As an application, we consider the analog of Banach contraction mapping principle that works
properly.

1. Introduction

In an axiomatic framework, it would not be wrong to attribute the emergence of the concept of the
distance to Euclid, maybe even earlier. The systematization and standardization of the distance in abstract
mathematics were proposed by Frechét [2] under the name of ”L-function” which is known as "metric”
after Hausdorff:

For a nonempty set X, a distance function d : X X X — [0, +00) is Euclidean metric or ”standard metric” or
only "metric” if it fulfills the following conditions:

(c1) self-distance: d(x,y) = 0, if and only if, x = y for all x, y € X,
(c2) symmetry: d(x,y) = d(y,x), forall x,y € X.
(¢3) triangular inequality: d(x, y) < d(x,z) + d(z,y) forall x, y,z € X,

Here, the pair (X, ) is called “Euclidean metric space” or “standard metric space” or simply “metric space”.

The notion of metric space has been used not only in mathematics but qualitative sciences. For example,
one of the interesting generalizations of metric, so called, partial metric [10] was given to solve the certain
problems of Domain Theory of Computer Science. Later, the notion of partial metric was extended with
the new notion, dislocated metric [13]. Besides these abstract constructions, the metric notion has been
generalized and extended in various distinct ways. Among all, we shall recall some of these generalizations
which are very familiar and mostly interesting. One of the early generalization is quasi-metric that is
obtained by omitting the axiom (¢2). Another early proposed notion is semi-metric [11] which satisfies
only (c1) and (¢2). On the other hand, Branciari [12] consider a distance which is obtained by changing the
triangular inequality in metric with quadrilateral inequality. Another generalization of metric was obtained
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by replacing the triangle inequality with the modified version, d(x, y) < s[d(x,z) + d(z,y)] forall x, y,z € X
and for fixed s > 1. This new notion is known quasi-metric [16] in some sources, and b-metric [14],[15] in
some other sources. In what follows, we recall cone metric [17] that was obtained by changing [0, +c0) in
the definition of mapping d : X X X — [0, +o0) by a cone of a Banach space, with certain properties. This
idea was extended as complex-valued metric [18], and later, as quaternion-valued metric [22]. Another
trend of the extension of metric is based on the geometry of three points instead of two points, such as,
D: XX XXX —> [0,+00). The notion of 2-metric [6], D-metric [7], G-metric [8], S-metric [9] are the famous
examples of this trend. There are more notions, such as multiplicative metric [5], ultra-metric, partial
metric [23],m-metric[24-26], modular-metric [4], fuzzy metric [3], and so on (see [19-21] for more details).
Unfortunately, not all of the above notions have a worth. As it shown in [1], some of them are equivalent
to each others.

In this manuscript, we shall introduce a new generalization of metric notion which is Hausdorff. Further,
in the topology of this new metric space, open (respectively, closed) ball is open (respectively, closed) set.
Further, we consider the analog of Banach contraction mapping principle that works properly.

2. Main Result

In this section we introduce a new extension of a metric space and we examine slightly its topology.

Definition 2.1. Let X be a nonempty set. We say that m : X X X — [0, +00) is super-metric or super metric if

1. ifm(x,y) =0, thenx =y forallx,y € X

2. m(x,y) = m(y,x), forall x,y € X,

3. there exists s > 1 such that for all y € X there exist distinct sequences (x,), (yn) C X, with m(x,, y,) — 0 when
n tends to infinity, such that

lim sup m(y,, y) < slimsup m(x,, y).

n—-oo n—o00

Then, we call (X, m) a super metric space.

Example 2.2. Let X = [0, +00] and define

xX+y
m X # y,x * O,y #0
m(x, ]/) = .
=Yy
max {%, %} otherwise

Suppose that y € X and (x,), (y,) are two distinct sequences in X such that m(x,y) — 0as n — oo. Since the
sequences are distinct we have m(x,, y,) = ity 0asn — oo. Thus, lim x, = lim Yn = 0. Therefore, there
n—oo

Xp+yn+1

exists N > 0 such that for all n > N, we have ”
. . Ynty ¥ y . Yoty
= = < = .
hglsgpm(y"'y) hr,fls::pywyﬂ y+1 7 y+1 Shr,ffo?pxwyﬂ

In the case y = 0 the proof is straightforward. Thus, (X, m) is a super metric space. It is worth mentioning that the
space is not JS metric because considering a sequence (x,,) such that x,, — x, in this metric is possible while x,, — 0

and x = 0. Hence, for all y € X, we have m(x,y) = 4. Also, m(x,,, y) = xt;zl If there exists s > 1 such that

¥y _ . Wty y
> —m(x,y)§5111:1aso?pxn+y+1 _S(y+1)'

Then, for all y € X we have s > % and this is a contradiction because X is unbounded. Therefore, (X, m) is not
JS-metric space.
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Definition 2.3. Let (X, m) be a super metric space and let {x,} be a sequence in X. We say that {x,} converges to x
in X, if and only if, m(x,, x) — 0, as n — oo.

Definition 2.4. Let (X, m) be a super metric space and let {x,} be a sequence in X. We say that {x,} is a Cauchy
sequence in X, if and only if, lim,, . sup{m(x,, x,,) : m > n} = 0.

Definition 2.5. Let (X, m) be a super metric space. We say that (X, m) is a complete super metric space, if and only
if, every Cauchy sequence is convergent in X.
2.1. Banach fixed point theorem in super metric spaces

In this section, we prove the Banach fixed point theorem in super metric spaces.

Theorem 2.6. Let (X, m) be a complete super-metric space and let T : X — X be a mapping. Suppose that 0 < a <1
such that

m(Tx, Ty) < am(x,y), (1)
forall x,y € X. Then T has a unique fixed point in X.

Proof. Let xo € X and let x; = Txp. If xp = x1 then x; is the fixed point and the proof is completed. So
suppose that xo # x1. Thus, m(xg,x1) > 0. Thus, without loss of generality, we can define x,.1 = Tx, such
that x,, # x,41. So m(x,;, x,41) > 0, for all n € IN. So we have

m(xn/xn+1) < Cmn(xnrxn—l)

< aPm(x,-1, Xn-2)
: (2)
é a"m(xy, xo),
Taking limit from both side of 9 implies that
lim m(xy, Xp41) = 0. ®3)

Now suppose that, m,n € IN and m > n. If x, = x,,, we have T"(xg) = T"(xo). Thus we have, T"7"(T"(x¢)) =
T"(xo). Thus, we have T"(xo) is the fixed point of T"". Also,

T(T™"(T"(x0))) = T"(T(T"(x0))) = T(T" (x0))-
It means that, T(T"(xp)) is the fixed point of T"". Thus, T(T"(xo)) = T"(x0). So T"(xo) is the fixed point of T.
So without loss of generality we can suppose that x, # x,,. Therefore,

lim sup m(x,,, Xp12) < slim sup m(x,41, Xn42). 4)

n—oo n—oo

Thus, since lim sup m(x,, x,4+2) = 0, we

n—oo

lim sup m(x,, X,13) < slim sup m(x,42, X443) = 0. (5)

n—o0 n—oo
Inductively, one can conclude that 31_{{)10 sup{m(x,, x,;) : m > n} = 0. It means that {x,} is a Cauchy sequence.
Since (X, m is a complete super metric space, the sequence {x,} converges to z € X. We claim that z is the
fixed point of T. On the contrary, assume m(z, Tz) > 0. Note that

m(xp41, Tz) = m(Tx,, Tz) < am(x,,z) = 0 (as n — o). (6)
Thus, 1}1_%10 m(x,41, Tz) = 0. If there N > 0 such that for all # > N, xy41 = z, (6) concludes that m(z, Tz) = 0

and so we have z is the fixed point for T. Otherwise, suppose that for all n € N, x,, # z. Thus we have,

m(z, Tz) < slim sup m(x,41, 12), (7)
n—oo
and one can conclude that m(z, Tz) = 0, which is a contradiction. Thus, z = Tz is the fixed point of T in X.
Also, the uniqueness of the fixed point is straightforward from (8). O
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Example 2.7. Let X = [2,3] and define

X#Y,

m(x,y>={ 0 xly

Let (xy), (yn) be two distinct sequences such that m(x,, y,) — 0 as n — oo. Since the sequences are distinct we have
M(Xy, Yn) = XuYn — 0, and we can choose y, — 0 and x,, — u as n — oo, where u € X. Moreover, for any y € X,

lim sup m(y,, y) = limsup y,y = 0 < slimsup m(x,, y) = limsupx,y =u -y,

n—oo n—o00 n—-oo

and it follows that (X, m) is a super-metric space. Now consider T : X — X as follows

rx={

Considering s = %, o= %, x # 3and y = 3, we have

, X#3,
, x=23.

Nl N

m(Tx, Ty) =m(2,%) =2X 3 =3<

> X 3x = am(x, y),

N =

because 2 < x < 3. The other cases are straightforward and so the mapping T has a unique fixed point by Theorem
2.6 for a = 1. But note that if we consider the Euclidean metric D(x,y) = |x — yl, then for all a € [0,1], if x, =3 — 1
and y = 3, we have

3 1 1 o
Tx—-Tyl=2-=|== - =)=-3|=-—
[Tx — Tyl = | 2I 2>a|(3 n) 3| o
since0 <a <1< 7, foralln > 2. Thus, T is not a Banach contraction with respect to (X, D).

Theorem 2.8. Let (X, m) be a complete super-metric space and let T : X — X be a continuous mapping. Suppose
that @ : X X X — [0, +00) is an upper-semi continuous mapping such that

m(x, Tx) < p(x) — p(Tx), (8)
forall x,y € X. Then T has a fixed point in X.

Proof. Let xp € X and let x; = Txg. If xg = x; then x; is the fixed point and the proof is completed. So
suppose that xo # x1. Thus, m(xg, x1) > 0. Thus, without loss of generality, we can define x,,.1 = Tx, such
that x,, # x,41. So m(x,,, x,41) > 0, for all n € IN. So we have

m(xy, Xp41) < Q(Xn) = @(Xn11), )
so we have
k k
Z M(Xy, Xpg1) < Z P(xn) — (1) = @(x1) — P(xk41) < P(x1). (10)
n=1 n=1

Thus, Y7 m(x,, Xz41) < 0. So we have

lim m(x,, x,41) = 0. (11)
n—o00

Now suppose that, m,n € N and m > n. If x,, = x,,, we have T"(xp) = T"(xp). Thus we have, T""(T"(xg)) =
T"(xo). Thus, we have T"(xo) is the fixed point of T"". Also,

T(T"™(T"(xo))) = T" " (T(T"(x0))) = T(T"(x0)).
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It means that, T(T"(xp)) is the fixed point of T"". Thus, T(T"(xo)) = T"(x0). So T"(xo) is the fixed point of T.
So without loss of generality we can suppose that x, # x,,. Therefore,

lim sup m(xn/ xn+2) < Sm(xn+1/ xn+2)' (12)

n—oo

Thus, since m(x,,, x,+2) — 0 as n — oo, we have

lim sup 1n(xn/ xn+3) < Sm(xn+2/ xn+3)' (13)

n—oo

Again, inductively, one can found that lim sup{m(x,, x,,) : m > n} = 0. It means that {x,} is a Cauchy
n—00

sequence. Since (X, m) is a complete super metric space, the sequence {x,} converges to z € X.
Taking into account the continuity assumption of the mapping T, it follows that z = Tz is the fixed point
of TinX. O
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