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On Hyponormality of the Sum of Two Composition Operators
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Abstract. In this paper we study some properties of the sums of two composition operators on the Hardy
space. In particular, we investigate hyponormality of the sums of two composition operators. We also

provide some conditions for which the sums of composition operators with linear fractional symbols are
hyponormal.

1. Introduction

Let D denote the open unit disk in the complex plane. The space H*(D), simply H?, consists of all
analytic functions on ID having power series representations with square summable complex coefficients.
The space H*(ID), simply H*, consists of all the functions that are analytic and bounded on ID. If ¢ is an
analytic mapping from ID into itself, the composition operator C,, is the operator on H? defined by C,f = fo¢
for any f in H?. It is well known that the composition operator C, is always bounded on H? by the
Littlewood subordination theorem (see [8] and [19]).

The Hardy space H? has reproducing kernels K, for a € D; if f(a) = (f,K,) for any f in H?. In fact,
K (z) = ﬁ =Y o'z and K, = \/11|_a|2 for & € ID. The reproducing kernels have very useful properties.

In particular, the span of reproducing kernels K, for uncountably many « in ID is dense in H? and the adjoint
of C,, satisties the formula C{,K, = Kg(q) for any a € D.

If @ is any analytic self-map of ID, we call a € D a fixed point of ¢ provided that lim, ;- ¢(ra) = a. For {on
the unit circle and 6 > 1, a nontangential approach region at Cis defined by I'((,0) = {z € D : |z— (] < 6(1 — |z])}.
We say that a function f has a nontangential limit at C when lim,_,¢ f(z) exists in each nontangential region
I'(C,6). We also say ¢ has a finite angular derivative at C € JID if there exists 1 on JD so that (p%gq has a
finite nontangential limit as z — C. If this limit exists, it is denoted by ¢’(C). It is well known that if ¢ is an
analytic self-map of ID, which is neither the identity map nor an elliptic automorphism of D, then there is

a point ¢ of D so that the iterates @, := ¢, 1 o ¢ of ¢ converges uniformly to a on compact subsets of ID.
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Moreover, ¢ is the unique fixed point of ¢ in ID for which |p’(c)| < 1. We say that the unique fixed point c
is the Denjoy-Wolff point of ¢. The Schwarz Lemma implies that ¢ has at most one fixed point in D, and
if c is a fixed point in D, then it is the only one with |¢’(c)| < 1. If ¢ has a fixed point ¢ inside DD, it is the
Denjoy-Wolff point and |¢’(c)| < 1. There can be many fixed points on JID but at most one with |¢’(c)| < 1
and this c is the Denjoy-Wolff point; in this case, 0 < ¢’(c) < 1 (see [8] and [19] for more details).

Let H be a separable complex Hilbert space and let £() denote the algebra of all bounded linear
operators on H. If T € L(H), then we shall use the notations o(T), 0,(T), and 74,(T) for the spectrum,
the point spectrum and the approximate point spectrum of T, respectively. An operator T € L(H) is said
to be normal if T and T* commute. An operator T € L(H) is said to be subnormal if there is a Hilbert
space K containing H and a normal operator N on K such that N leaves H invariant and T = Nl|y. An
operator T € L(H) is called hyponormal provided T*T > TT*. We say that T € L(H) is quasinormal when
[T, T*T] = 0 where [S, T] := ST — TS for operators S and T in L(H). It is well known that quasinormality
implies subnormality and subnormality implies hyponormality. The famous Fuglede-Putnam theorem is
as follows: for normal operators S, T € L(H), if SX = XT for X € L(H), then S*X = XT" (see [9], [16]).

In 1969, H. Radjavi and P. Rosenthal showed that if S and T are two normal operators such that their
linear span consists of normal operators, then S and T commute (see [17]). In 1988, J. B. Conway and W.
Szymanski had tried to generalize the results of [17] to the class of hyponormal and subnormal operators
(see [4]). However, instead of giving the positive answer for these extension, they showed that the result of
[17] does not extend to hyponormal and subnormal operators as finding two noncommuting hyponormal
operators such that their linear span consists entirely of hyponormal. They also showed that if S and
T are two hyponormal operators in L(H) and if ST = TS, then the linear span of S and T consists of
hyponormal operators and both ST and TS are hyponormal. It means that there is a close relationship
between hyponormality of the linear span of S and T and the equation S*T = TS* for two hyponormal
operators S and T in L(#H). As an extension of the study for differences of composition operators, the linear
combination of composition operators has received growing interest (see [2], [13], [14]).

From the above motivations, we focus on our work for hyponormality of the sum of two composition
operators wCy, + Cy for any w € C.

2. Main results

In this section, we study some properties of the sum of two composition operators. Throughout this
paper, we consider the linear pencils wC, + Cy for nonzero complex number w. We now investigate
hyponormality of such sums.

Theorem 2.1. Let ¢ and 1 be analytic maps from D into itself. If wC, + Cy is hyponormal for any nonzero w € C,
then both C, and Cy, are hyponormal and

KICy,, Cyll, P < (IC,, Coplh, KXIC,y, Cylh, ) )

holds for all h € H?.
Conversely, if C, and Cy are hyponormal and Re{w[C;,, Cy]} = 0 for any nonzero w € C, then wCy + Cy is
hyponormal. In particular, if C, and Cy are normal, then wC,, + Cy is normal.

Proof. We see that wC,, + Cy is hyponormal if and only if
[(a)C(p + Clp)*, (UC@ + Clp] >0,
equivalently,

(@WCyp + Cy)'(@Cy + Cy) = (WC,y + Cy)(@Cy + Cy)’,
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which means that
& |wP(CyCp — CypCy) + (Cy,Cy — CyCy)
+@(CpyCy = CyCpp) + w(CyCy = CyC) 2 0
& |lPIC;, Cyl +1C;, Cyl + @ICy, Cyl + w[C;, Cp] 2 0. )

Since w # 0, we can set w = re'¥ for any r > 0 and an arbitrary real 6. Then we obtain from (2) that
[Cy,, Cyl +[Cy, Cyl +re[C;,, Cy] + 1[C;, Cp] 2 0.

Hence it follows that
—-i6 i0

e e
(€5 Cyl + —-1C, Cpl 2 0.

% 1 %
[Co Col + =[G, Cyl + —
7 r
Letting r — oo, we have [C;, C,,] > 0. Hence C,, is hyponormal. Furthermore, since [C:u' Cpl = [Cfp, Cyl it

follows that (2)

& |wPICy, Cyl +IC;, Cyl + 2Re{w[C;, Cyl} 2 0
& |wlX[C,, Colh, by +([C;, Cylh, hy + 2Re{@([C,, Cylh, h)} = 0
= wlX[C,, Colh, by +([C;, Cylh, 1y + 21wIK[C,, Cylh, )] = 0

for all h € H?. Since both [C;‘p, Cyland [Cfp, Cy] are self-adjoint, both ([C},, Cy ]k, h) and ([C;,, Cy ]k, h) are real
and hence

KIC,, Cylh, WP < ([C,, Cylh, hXIC,, Cylh, h). 3)

Since C,, is hyponormal, ([Cfp, Cyplh,h)y > Oforallh € H2. Hence, Cy is hyponormal from (3).

Conversely, we get that

[(wCy + Cy)", wCy + Cy]

(wCy + Cy)'(wCy + Cy) — (wCy + Cy)(@Cy + Cy)"*

= |w|2[C;, Col + [C;, Cyl+ E[C;, Cyl+ w[C;, Col

|w|2[C;, Col + [C:p, Cyl+ 2Re{5[Cfp, Cyl} 4)

due to [C;,C(p] = [Cfp, Cyl". Since C, and Cy are hyponormal, [C;, Cyl 2 0and [C,Cy] = 0. Thus, if
Re{E[C;, Cyl} 2 0, then we obtain from (4) that

[(wCy + Cy)", wCy + Cy] 2 0.
Therefore, wCy + Cy is hyponormal. In particular, if C, and Cy are normal, then
[C*(()/ C(p] =0= [C:[,/ CIP] (5)

Since C, and Cy are normal, we can set ¢ and ¢ as

@(z) = yz for some y with |y| £ 1, and
Y(z) = Oz for some 6 with [0 < 1.

Thus, (p o ¥)(z) = (Y o ¢)(z) = ydz and so
CoCy = Cyop = Copop = CyCo.
By Fuglede-Putnam theorem, we ensure that C,Cy = CyC;, and hence
[Co, Cyl = 0. ©)
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Therefore, we obtain from (4) with (5) and (6) that
[(wCy + Cy)", wCy + Cy] = 0.

Thus, in this case, wCy, + Cy isnormal. O

Corollary 2.2. Let ¢ and y be analytic maps from D into itself and let wCy + Cy, is hyponormal for any nonzero
w € C. Then the following statements hold.

(i) (0) = P(0) = 0.

(i) If Cy is invertible, then Cy, is normal and [C;,, Cy] = 0.

Proof. (i) Since both C, and Cy, are hyponormal from Theorem 2.1, it follows from [7, Theorem 2] that

¢(0) = ¥(0) = 0.
(ii) If Cy is invertible, ¢ is an automorphism of ID such that i(z) = AZ= where |A| = 1 and |c| < 1 from

[11, Corollary 2.0.2]. Since Cy is hyponormal by Theorem 2.1, {(0) = 0. Hence 1(z) = —Az and so Cy is
normal. Thus [C:b, Cy] = 0 which implies [C:P, Cyl = 0by Theorem 2.1. O

Example 2.3. Let ¢(z) = 3z + % and ¢(z) = 1z + 3 be analytic maps from D into itself. Since @(0) # 0 and
Y(0) # 0, wCy + Cy is not hyponormal for some nonzero w € C from Corollary 2.2 (i). On the other hand, we now
let p(z) = %5 and Y(z) = z. Then

z+2

* % 1 _ * _
C(pcl/;Ka = C(Pl——az = C(pKa = Ro(a)
and
. 1
CIPCWKQ = C¢K¢(a) = —= ‘P(“)'
1-gp(a)z
Thus [C,, Cy] = 0. Since Cy and Cy are hyponormal, wCyp + Cy is hyponormal for any w # 0 in C from Theorem
2.1.

Corollary 2.4. Let ¢ be analytic map from D into itself. If wCq + C, is hyponormal for any nonzero w € C, then
@(2) = yz for some y with ly| < 1.

Proof. 1f we replace Cy by Cj, in Theorem 2.1, then C,, and Cj, are hyponormal. Thus C, is normal and
so @(z) = yz for some y with [y| <1. O

Theorem 2.5. Let ¢ and 1 be analytic maps from ID into itself. If wCy, + Cy is hyponormal for any nonzero w € C,
then

KIC,, CylKa, KadP? < (IKal* = K () P) (1Kol * = 1Ky |?)
holds for any « € ID. Furthermore, in this case, either |a| = |p(a)l, [P(a)| or la| = |p(a)l, [P(a)l| holds for any a € D.
Proof. Suppose wC,, + Cy is hyponormal for nonzero w € C. Then ¢(0) = 1(0) = 0 from Corollary 2.2 (i).
Thus using [5, Theorem 2.1] we have ||C,|| = 1 and ||Cy|| = 1. Hence we observe that for any a € ID

([C;, CplKa, Ka) = (CypKa, CoKa) = (CpKa, CKa)
”CgoKaHz - <K(p(a)r K(p(oz)>
||C<pKa||2 - ||K<p(a)||2
ICHIPIKAIP = IKp(eI?

IAN 1l
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< Kl = 1K gl . ()
Similarly, we get that for any a € D

([Cy, CylKa, Ko ICyKall? = IKy(a)IP

ICYIPIKa I = 1Ky I
[IKalP* = 1Kyl (8)

Thus we obtain from (1) in Theorem 2.1 with (7) and (8) that

INIA

KIC,, CylKa, K)P < (1Kl = 1K) UKl = 1Koy lI)
for any a € D. In addition, we have
(IKal? = 11K p@P)(IKal? = 1Ky
1 1

. - N —
= U " Toe@P T T TP

0

IN

)

since I([ij, CylK,, K )P > 0. Thus it holds that

ol < lp(@)l, [p(@)] or |al > |p()], [P()]

holds for any a € ID. Moreover, since ¢ and ¢ are analytic maps from ID into itself and ¢(0) = 0 and 1(0) = 0,
Schwartz lemma implies that

lp(@)] < laf and [iP(a)l < ||
for all « € ID. Thus, we obtain that

lal = lp(@)l, [p(@)] or |a] > |p(@)], [P()]
holds foranya € ID. O

Corollary 2.6. If |p(a)| < |a| < [p(a)| or [P(a)| < |af < |p(a)| for some a € D, then wC,, + Cy is not hyponormal
for some nonzero w € C.

Proof. By Theorem 2.5, we observe that if
K@)l < IKal? < 1Kyl or 1Ky < 1Kall? < IKp(ll

. . 2 _ 1
for some a € D, then wCy, + Cy is not hyponormal for some nonzero w € C. Since [|Kyll” = @’

IKy@ll* = W, and |K,|)? = ﬁ, we obtain the result. O

Example 2.7. Let ¢(z) = 1z + 3 and Y(z) = 3z be analytic maps from ID into itself. Take a = 3. Then (3) =

and z,b(%) = i. Thus, [P(a)| < lal < ()| holds at o = % and so C, + Cy, is not hyponormal.

W10

Recall that a closed subspace M of a Hilbert space H is said to be an invariant subspace for an operator
T € L(H) if Th € M whenever h € M. In other words, if TM C M. We call that M is a reducing subspace for
T e L(H)if TM C Mand TM* € M*. For a positive integer i and a in D, the ith derivative evaluation kernel

at @, denoted as K&, is the function in H2 such that (f, Ky = f®(a) for any function f on H2. In particular,
it is easy to see that K([)l] = ilz' for a positive integer .
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Theorem 2.8. Let ¢ and 1 be analytic maps from ID into itself and let ¢ be the Denjoy-Wolff point of ¢ and ¢ in

%

D. If m is a positive integer, then My (c) = span{Ke, K", -+, KU} is an invariant subspace of @C,, + C;, for any
nonzero w € C. In particular, if wCy, + Cy is hyponormal for nonzero w € C, then (wCyp + C¢)| M) is hyponormal

and if wCy, + Cy is cohyponormal, then (wCy, + Cy, is normal.

o
Proof. We first show that
(@Cy +Cy)'Ke = wC,K. +C K
= @Kp + Ky = @+ DK.. €)
For any function f € H? and any positive integer 1, we obtain that
(f,(Cp + Cy)KIy = ((@Cy + Cy)f, KI™)
= (@(fop)+(foy) K"
= Do + fee).

n-1

= 2190 + IO + (@@ @) + @@ )

i=1

n—-1
= (£ )00 + O + @@ @) + G'@IK)
i=1

where g;(z) and h;(z) are appropriate sums for various products of derivatives of ¢ and 1, respectively.
Hence

n—1

(@Cy + Cy) K" = Y [9:(0) + (@)K + @@’ (@) + @' (@)K, (10)

i=1

Therefore M,(c) is an invariant subspace of (wC,, + Cy)" and so M, (c)* is an invariant subapce of wCy, + Cy,.
In particular, if wC, + Cy is hyponormal for nonzero w € C, then zero is the Denjoy-Wolff point of ¢ and

Y from Corollary 2.2 (i) and so (wCy + Clp)( M, (0)

subapce for (wC, + Cy)* and it is the finite dimensional subspace, if (wC, + Cy)* is hyponormal, then
(wCy + Cy)* is normal on M, (0). Thus, ¥C, + Cy is normal on M, (0). Since every normal operator on a

is hyponormal. In addition, since M, (0) is an invariant

finite dimensional space is reductive, M, (0) is a reducing subspace for wC,, + Cy and so (wC,, + C¢)| M,0) is
normal. O

Corollary 2.9. Let @ and 1 be analytic maps from ID into itself and let c be the Denjoy-wolff point of ¢ and 1 in D.
If wC,, + Cy is cohyponormal for any nonzero w € C, then span{K.} is a reducing subspace for wC,, + Cy.

Proof. From (9) in Theorem 2.8,

(wCy + Cy)'K, = (w + 1K... (11)
Thus, we see that

K. € ker((wCyp + Cy)" — (@ + 1)).
Since wC, + Cy is cohyponormal,

ker((wCy + Cy)" — (w + 1)) C ker(wCy + Cy — (w + 1)).
Hence, it holds that K. € ker(wC,, + Cy — (w + 1)) and so

(@Cy + Cyp)Kc = (w + DK.. (12)

Thus, the conclusion follows from (11) and (12). O
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Theorem 2.10. Let ¢ and 1 be analytic maps from D into itself and let ¢ be the Denjoy-Wolff point of @ and 1 in
D. Then

op(wCy +Cy) C {0, + 1, wq’(c) + z,l/(c),cu((p'(c))2 + (1/)’(0))2, -} Co(wCy + Cy) U {0},

Proof. Let y € a,(wCy + Cy). Then there exists a nonzero function f € H? such that (wCy, + Cy)f = yf. If
y =0, itis trivial. If y # 0, then

wf(p(@) + fY(2) = yf(2) (13)
for z € D. Let f have a zero of order n atc. If n = 0, put z = cin (13). Then

wf(p(e) + f(¥(c) = yf(c).
Thus, we get that

wf(c) + f(c) = yf(0)

andsoy =w+1.Forn=1,2,3,---, if we differentiate (13) n times, then we obtain that

n—-1
Y [5:fOpE) + @ OWEN + 0f (@)@ @) + O Y)W @) =y f*) (14)

i=1

where g;(z) and h;(z) are appropriate sums for various products of derivatives of ¢ and ¢, respectively. Put
z = ¢ in (14). Then we obtain that

wfP)@ )" + fPW (@) =y, ()

and so y = w(@’(c))" + (¥'(c))" which gives the first inclusion is true.

We now show that the second inclusion holds. For an arbitrary positive integer m, set M,,(c) =
span{K;, KE”, e, KL’”]} and My(c) = span{K.}. Then this set is linearly independent. Indeed, we assume that
there existt; € C for j =0,1,2,--- ,m such that Yoo tnKEH] = 0. If weset gj(z) = %(z —c)/ forj=0,1,2,---,m,
then

m m

0=(g;, ) t:K"y =Y Tg(0) = F;
n=0 n=0

forj=0,1,2,--- ,m. In addition, M,(c) is invariant for (wCy, + Cy)* from Theorem 2.8. Thus, the adjoint of

wC,y + Cy can be written as

(wCy + Cy) M) A )

0 By,

(a)ng + CIJ,)’i = (

on M,,(c) ® M, (c)*. In particular, using (9) and (10) in Theorem 2.8, we can write (wC,, + Cw)*) My 38 the

upper triangular matrix whose diagonal elements are w(¢’(c))/ + (¢”(c))/ for j = 0,1,2,--- ,m. Since M,(c)

is also finite dimensional, w(¢’(c))/ + (’(c))) with j = 0,1,2,--- ,m are eigenvalues for (wC, + Cy)". Taking
m sufficiently large, we thus obtain that

{w+1,0p'(c) +¢(c), w(@ @)+ ()2 -} S o((wCp + Cy)").
Thus, it holds that
{w+1,0¢'(0) + (), 0@ (©))* + ' (©))% -} € a(wCy + Cy)

as we desired. O
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Corollary 2.11. Let ¢ and 1 be analytic maps from D into itself. If wC, + Cy is hyponormal for nonzero w € C,
then

is00(wCy + Cy) € {0, + 1,09’ (0) + ¢’ (0), w(@’(0))* + (¥ (0))?, -+ -} € 0p(@C;, + Cy)" U {0}
for any subset A of C, A* ={z:z € A}.

Proof. Since wC,, + Cy is hyponormal, it holds that
isoo(wCy + Cy) C 0p(wCy + Cy).

From Corollary 2.2 (i), we know zero is the Denjoy-Wolff point of ¢ and 1. Thus, we get from Theorem 2.10
that

isoo(wCy + Cy) € {0, + 1, ¢’ (0) + ¢'(0), (¢’ (0))* + (¢ (0)), - - -}.

In addition, it is known that 6(T) = 0,,(T*)" for any hyponormal operator T € L(H). Thus the result follows
from Theorem 2.10. O

We next consider the sums of composition operators with linear fractional symbols.

Lemma 2.12. Let ¢(z) = == with [v| 2 1 + [u| and Y(z) = 25 with |t| > 1 + |s|. Then [C,, Cy] = 0 if and only if

uz+v sz+t
one of the following cases occurs. :
(D) p(z) = Z and P(z) = .
(it) p(z) = zand P(z) = Z;.

(iii) p(z) = = and Y(z) = z.

Proof. Suppose that [C;,, Cy] = 0. We obtain that for any @ € D

1 1 sz+t
C CyK :C*f: p — =C p— .
oy 1 -ay(z) P1-a2; Ps—a)z+t
Note that for s # a, we can write
sz+t _ s, -5 s N 1-=
(s—a)z+t  s—-a t+(-az s—-a 1+ 87
s s
= _K0+(1— _)Ka;g
s—a s—a) i

Thus, we induce that for any a € D withs # a

S S
*CoKe = C Ko+(1- Ko
Goke = €[ Zgkat (1 Z2) K]
S S
= ke (1o K
_ S a 1
s—a s-—-a, =T
1~ fmye?
_ S a
T os—q .= _(ap
STA s-a- g5
s alu(s — @) - ot]

s—a (s—-a)us—a)—ot—(s—a)y]
_slu(s —a) — vt — (s —a)z] — afu(s —a) — vt] (15)
- (s — a)lu(s —a) — ot — (s — @)z] '
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On the other hand, we assert that for any « € ID
_
1 - p@)y(2)

B 1 _ (ua+v)(sz+1)
a 1_( a )(L)_ (ua +v)(sz+ 1) —az’ (16)

ua+v ) \ sz+t

CLPC*(FK& = CIJJK(p(a) = K(p(a) o 17[) =

Since [C,, Cy] = 0, we get from (15) and (16) that

slu(s —a)—ovt —(s—a)z] —afu(s —a) —vt]  (ua+v)(sz+1)
(s—a)[u(s—a)—ovt — (s —a)z] C (a+0)(sz+t)—az

for any a € ID with s # . This implies that

{s[it(s — @) — Bt — (s — @)z] — alu(s — &) — ot} {(a + B)(sz + t) — Az}
= (s—)[us —a) - ot — (s — A)z](ua + v)(sz + 1) (17)

for any a € D with s # a. A computation gives from (17) that
0 = 22[usa’ — s(1 + s — D)@ + s2(1 — v)a] + z{[u(t — D@ + [(2 - Hus]a® — us*a) (18)

for any a € D with s # . Since (18) holds for any z € D, both the coefficient of z? and the coefficient of z in
(18) must be zero. This means that

(19)

usa® —s(1+7s —v)a’ + s2(1 —v)a = 0 and
[(t — D@ + [(2 - Hus|a” — us*a = 0.

In addition, (19) holds for any @ € ID with s # a. Thus, we just find the solutions for which satisfy the
following equations:

us =0,5(1+us-7)=0,s2(1-7)=0
u(t—-1)=0,(2-tus =0,us* = 0.

This ensures that

¢(z) = Zand Y(z) = 7 or
@(z) =zand Y(z) = % or

sz+t

P(2) = 5 and Y(2) = z.

We now show the converse. If ¢(z) = Z and (z) = %, then (p o Y)(z) = Z = (Y o ¢)(z). Thus, C, and
Cy commute. In addition, in this case, C, and Cy is normal. Thus, we ensures that ij and Cy, commute by
Fuglede-Putnam Theorem. Since every composition operator induced by the identity map is the identity
operator, the other cases are also trivial. O

Theorem 2.13. Let ¢ and  be linear fractional maps from D into itself. If C, and Cy are hyponormal and
(C, Cw]Ka, Ka) = 0forall a € ID, then at least one ofC(P and Cyis normal. Furthermore, in this case, wCy +Cy is
hyponormal.

Proof. 1f C, and Cy, are hyponormal, then ¢(0) = 0 and ¢(0) = 0 from [7, Theorem 2]. Thus, we can write

z . 4 .
- > = — >
©(z) P with [v] > 1 + |u| and ¢(z) prowrey with [t| > 1 + |3
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since ¢ and 1) are linear fractional maps from D into itself. Define e by ex(z) = zF. Since ([Cfp, CylKa, Ka) =0
foralla € D,

0 = <[c;,c¢]iakek,iafe>
iia" (IC;,, Cyler, ;).

k=0 j=0

Set a = re'®. Then, foralla € D
0 = <[Ce Ctp]Ka/ Kt)z)eimg
Z Z rf+kei(f‘k‘”)9<[C;, Cylex, ej).
k=0 j=0

Thus, we have
1 [ .
0 = — | (C,, CylKa Ka)e ™do
2 Jo

Y A, Cyle, i)
k=0

for every 0 < r < 1. This implies that ([C;,, Cylex, exn) = 0 and so

(’7’
<[C:P’ C¢]€k1 em> =0

for all integers k and m where m > k > 0. Therefore
(IC), CyI'Ka, Ka) = {[Cp, CylKe, Ka) = 0

for all « € D. Thus (e, [C},, Cylen) = O for all integers k and m where m > k > 0. Hence

<[C:{)/ Clp]ek/ €m> =0

for all non-negative integers k and m and so [C;,, Cy] = 0. Thus, we know from Lemma 2.12 that [C;,, Cw] =0
implies that ¢ and gb satisfy the one of (i), (i) and (iii) in Lemma 2.12. Here, we note that if ¢(z) = Z with
[v] > 1 and (z) = 7 with |t| > 1, then C, and Cy, are normal. Every composition operator with the 1dent1ty
map is the 1dent1ty operator. In addltlon ifwetake [u| = v—1withu >1and|s| =t —1with t > 1, then
both C, and Cy are subnormal or hyponormal from [6, Theorem 5]. Furthermore, since C, and C, are
hyponormal and [C},, Cy] = 0, wCy + Cy is hyponormal from Theorem 2.1.  [J

Proposition 2.14. Let ¢(z) = with |u| =v—1and v > 1 and Y(z) = yz with [y| < 1. Then

MZ+7)

—ualal(y?* - y)
(uay +v = ylaP)(ua +v - ylal?)

<[C;/ CIP]KDU Ka> =
forany a in ID.

Proof. We note that

<[C:/)/ Clp]Kar Ky = <C23C1,0Km Ka) - <C¢C;Ka/ Ka)
(CyCyKa, Ka) = (C Ky, CyKa) (20)
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for any a € ID. Since

1% * % 1 *
C,CyKa = CoKa(¥(2)) = C, (m) = CKay(2) = Kpay)(2),
we get that
<C;C¢Km Ka) = <K(p(zxﬂ(z)/ Ka(z)>
1
= K(P(ay)(a) = sz. (21)
1= Hay+o
On the other hand,
<C;Ka/ C;Ka> = <K(p(a)(z)/ Ktp(a)(z»l
= Kgo(a)(ll)(a)) = (22)

a2y
T

Hence, a computation gives from (21) and (22) that

—ualal(y* - y)

»CyKa, Ka) = (CiKo, CyKa) =
<C({)C¢ ar Ka) <Cgo UUCL,U a) (my+5—y|a|2)(ﬁ+5—7/|a|2)/

which gives the result from (20). O

The following example explains that C, + Cy may not be hyponormal even if both C, and C, are
hyponormal.

Example 2.15. Let ¢(z) = %5 and Y(z) = 3z be analytic maps from ID into itself. Then C,, + Cy is not hyponormal
and Re{[ij, Cylt <.

Proof. In Proposition 2.14, takeu =1,v=2,y = %, and o = —%. Then a direct computation gives that
1.1¢1_1
------ ) 2
([C,, CylK 1, K 1) = 2 474 2 =<
e B T FE T

Thus [{[C;, C¢]K_%,K_%>|2 = ﬁ. However, [Cfp, Cyl = 0 since Cy is normal. Since (1) in Theorem 2.1 does
not hold, Cy, + Cy is not hyponormal. Moreover, since C, and Cy are hyponormal, Re{[C},, Cy]} < 0 from
Theorem 2.1. O

Corollary 2.16. Let ¢(z) = == with [u| =v—1and v > 1 and (z) = yz with [y| < 1. If y = 1, then wCy + Cy is
hyponormal.
Proof. By Proposition 2.14,

~Talal?(? - )
@y +— ylaP)ia + 5 - ylaP)

<[C:P’ CIP]KD(/ Ka> =

for any a in ID. If y = 1, then ([C},, Cy]K,, Ks) = 0 for any a in ID. Hence the proof follows from Theorem
213. O

Recall that for an operator T € L(H), the spectral radius r(T) and numerical radius w(T) of T are defined
by r(T) = sup{|A| : A € 6(T)} and w(T) = sup{Tx, x)| : |lx|]| = 1}, respectively. If #(T) = ||T||, then T is said to
be normaloid and if w(T) = r(T), then T is said to be spectraloid.



Y. Kim, E. Ko/ Filomat 36:11 (2022), 3561-3572 3572

Proposition 2.17. Let ¢ and 1 be analytic maps from D into itself. If wC, + Cy is hyponormal for any nonzero
w €D, then

llwl = 1] < HwCy + Cy) = w(wCy + Cy) < || + 1.

Proof. We know from [5, Theorem 2.1] that

1 <IC < 1+|p(0)] and
Vi-leF ~ IColl < 1-lp(O)F (23)
< ||C ” < 1+y(0)]

1
VET ViTooF
If wC, + Cy is hyponormal for any nonzero w € C, then ¢(0) = ¢(0) = 0 from Corollary 2.2 (i). Thus we

see [|Cyll = [ICyll = 1. Hence we have

llwCyp + Cyll < |0llIColl + ICyll = lw] +1

and

llwCp + Cyll = |lwlllColl = ICyll| = llw| — 1.

Since every hyponormal operator is normaloid and every normaloid operator is spectraloid from [1], we
obtain the result. O
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