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Abstract. In this paper, we consider a linear operator of the Korteweg-de Vries type

du Pu du
Lu= @ + Rz(y)ﬁ + Rl(y)ﬁ + Ro(y)u

initially defined on Cgf’n(ﬁ), where Q = {(x, y):—m <x < m,—00 <y < ool Cg‘jﬂ(ﬁ) is a set of infinitely
differentiable compactly supported function with respect to a variable y and satisfying the conditions:

u(-m,y) =ul(m,y), i=0,1,2.

With respect to the coefficients of the operator L , we assume that these are continuous functions in
R(—00, +00) and strongly growing functions at infinity.

In this paper, we proved that there exists a bounded inverse operator and found a condition that
ensures the compactness of the resolvent under some restrictions on the coefficients in addition to the
above conditions. Also, two-sided estimates of singular numbers (s-numbers) are obtained and an example
is given of how these estimates allow finding estimates of the eigenvalues of the considered operator.

1. Introduction. Formulation of results. Examples

The solvability of boundary value problems for differential equations of odd order and, in particular,
for the Korteweg-de Vries equation is devoted to a significant literature [1-9] and the papers cited there.

In this paper, in contrast to those interesting papers, we consider the existence, compactness and
estimates of the eigenvalues and s-numbers of the resolvent of a class of the Korteweg-de Vries type linear
singular operators in the case of an unbounded domain with strongly increasing coefficients.

In the paper, we consider the differential operator

Ju Pu du
Lu+ pyu = @ + Rz(y)ﬁ + Rl(y)g + Ro(y)u + pu (1)
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initially defined on C{’ (Q) where Q = {(x, y):-n<x<m-00 <y <oo}, u>0 C (Q) is the set of
infinitely d1fferent1able and compactly supported functions with respect to the variable y and satisfying the
conditions:

ud(~m,y) = ul(m,y), i=0,1,2. ()

Further assume that the coefficients Ro(y), R1(y), R2(y) satisfy the following conditions:

i) Ro(y) = 69 > 0, Ri(y) = 61 > 0, —Ra(y) = O > 0 are continuous functions in R = (=00, +00);

ii) o = sup Fff <o, = sup Fff <o, g2 = sup Zf <o

ly—tI<1 ly—tI<1 ly—tI<1

The operator L + uI admits closure in the space L,(Q), which is also denoted by L + pul.

The indicated operator generates the so-called periodic problem without initial conditions. As you
know, if the boundary regime operates sufficiently long, then due to the friction inherent in any real
physical system, the influence of the initial data weakens over time. Thus, we arrive at a problem without

initial conditions [10].

Theorem 1.1. Let the condition i) be fulfilled. Then the operator L + ul is continuously invertible in the space L,(£2)
for u > 0 and the equality

u(x, y) =L+ yl)‘lf - Z I, + #I)_lfn(y)einx, 3)

n=-—o00

holds, where f(x,y) € Ly(Q), f(x,y) = i fuy) - €™, fu(y) =< f(x,y), €™ >, i2=-1,<-,>isascalar

product and
(ln+uhz=2'(y) + (=in®Ra(y) + inRy(y) + Ro(y) + wz, z € D(ly,)

Defination 1.1 We say the operator L is separable in space L,(Q) if the estimate
|5 i
Iyl

holds for u € D(L), where C is independent of u(x, y), and || - ||2 is the norm of L,(£2).

83
RT3 | + R 5], + IRotwrel, < camate + e

Theorem 1.2. Let the conditions i) - ii) be fulfilled. Then the operator L is separable.

Example 1. Let Ro(y) = [yl + 1, Ri(y) = e¥, Ryo(y) = =10 - €, —co < y < o0. It is easy to verify that all the
conditions of Theorem 1.2 are satisfied. Consequently, the operator L is separable, i.e.

u

- | &3
yll,

~10- v
o

u
e%”2 +{|(yt + Dyu|, < CALully + [ully),

where C is a constant.

Theorem 1.3. Let the conditions i)- ii) be fulfilled. Then the resolvent of the operator L+ AI, A > 0 is compact if and
only if
lim Ry(y) = +)

|y|—>oo

Definition [11]. Let A be a linear completely continuous operator and let |A| = VA * A. The eigenvalues of
|A| are called the s-numbers of the operator A.

The non-zero s-numbers of the operator (L + uI)~! be numbered according to decreasing magnitude and
observing their multiplicities and so

S+ D™ = AL+ D7D, k=12,..

We introduce the counting function N(1) = ). 1, of those Sy greater than A > 0.
Si>A
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Theorem 1.4. Let the conditions i) - ii) be fulfilled. Then the estimates

ct Z Almes(y e R: Qu(y) < c'AT) < N(A) < ¢ Z Almes(y € R: Quy) < c7'A™)

hold, where Q,(y) = | — in®Ra(y) + inR1(y) + Ro(y)| and ¢ > 0 is a constant not depending on Q,(y) and A.

Example 2. In this example we will show how Theorem 1.4 allows to obtain estimates of the eigenvalues
for the operator (L + ul)™
Consider the operator:

du >Pu du
(L+ phu = @ + (—lyl + 1)$ + (lyl + 1)5 + (Iyl + Du + pu 4)

u € D(L), u > 0. From equality (3) it follows that if s is a singular point of the operator (L + ul)~!, then
s is a singular number of one of the operators (I, + yI)‘1 (n = 0,%£1,%2,...) , and vice versa. Therefore,
taking this into account, further, we denote by Sy ,(k = 1,2, ...) the singular values of the operator (I, + uI)™
(n=0,+1,+2,...) for u > 0. According to Theorem 1.4, we have

C—l

Cc
W < Skn < W, k=1,2,.., n=0,+1,%2,... (5)

Now, suppose that the operator (I, + uI)~! has an infinite number of eigenvalues, then from estimate (5)
and Weyl’s inequality [11], we obtained that

Mknl < Hl/\]n| < Hsjn <c (k,)_i (| |+ 1)2

Further, using the inequality ¢ - k! > k* (k = 1,2, ...), we obtain the estimate of the eigenvalues:

Ml < 9K 1
knl =~ 3/ =1,5..
T (Il + 1)

2. The existence of the resolvent. Proof of Theorem 1.1

Lemma 2.1. Let the condition i) be fulfilled and u > 0. Then the inequality
I+ D], ) = G0 + ) il o

holds for all u € D(L), where 69 > 0.

Proof. Compose the scalar product < (L + ADu,u >, u € Cy (Q). Integrating by parts and taking into
account that terms outside the integral vanish by virtue of u € C"O (Q), we obtain

@+ phyul|, ) = G0 + ) el -
2(QY)

Since the norm is continuous, the last estimate holds for all u € D(L) . Lemma 2.1 is proved.
It is easy to verify by direct computations that the operator (1) in L(£2) can be reduced using the Fourier
method to the study of the following operator

(Il + uD)z = 2 (y) + (=in’Ra(y) + inRy(y) + Ro(y) + p)z(y), (6)
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zeD(l,),n=0,+1,%2, ...

Here we present a number of statements that reduce the existence and compactness of the resolvent
of the operator I, with strongly increasing coefficients to the case of an operator with periodic bounded
coefficients.

Consider the operator

(In,j + ul)z = 2'(y) + (—in3R2,]-(y) +inRy,j(y) + Ro j(y) + w)z(v),

where Ry j(y), Ry,j(y), Ro,;(y) are bounded periodic functions of the same period, obtained by the continu-
ation of Ry(y), Ri(y), Ro(y), from A;=(j—1,j+1), j€ ZtoallR = (~o0,0).
The operator I,,,j + ul admits closure in L(Q) , which is also denote by I, j + ul.

Lemma 2.2. Let the condition i) be fulfilled. Then the estimate

([ + Dz, = G0 + ) lIzll,
holds for all z(y) € D(L,; + ul), where || - ||2 is the norm of Lo(R).

Proof. Let z(y) € CJ’(R), z(y) = u(y) + i9(y). Then the equality

00 00

< (ln,]« +ul)z,z >= z'(2f ud'dy + f (—nSRz,j(y) + anrj(y))lzlzdy) + f (Ro,j(y) + y)lzlzdy

—00

holds. Hence, using the properties of complex numbers and taking into account that Ry ;(y) does not change
sign, we obtain

00

| < (I + ul)z,z> | > f IRo,j(y) + pl lzI*dy.

Hence, using the continuity of the scalar product for all z(y) € D(l,,; + ul) , we have

(@ + uDz|, = S0 + ) Izl -
Lemma is proved.

Lemma 2.3. Let the condition i) be fulfilled. Then the operator (I, ;j+ ul) has a continuous inverse operator (I j + ul) ™
defined on the whole Ly(R).

Proof. Lemma 2.3 is proved in the same way as Lemma 2.2 of [12].
Let {(,0]'}]?"’:_oo € C;(R) be a set of functions such that p;(y) > 0, suppp; C Aj(j € Z), Aj = (j—1,j+ 1),

b Piy) =1

j=—00

Here we note immediately that any point ¥ € R can belong to no more than three segments from the
system of segments {suppp;}[13,14].

Assume

Kuf = Y, 9i);+ uD s,

j:—oo

Buf = Z Qi lnj+ul) ' if, fECTR), u20.

j=—oo
It is easy to verify that
(o + uDKf = f+ ) @)y + 4Dy, 7)
j

where (I, + ul)z = =z’ (y) + (=in®Ra(y) + inR1(y) + Ro(y) + 1)z, z € D(1,).
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Lemma 2.4. Let the condition i) be fulfilled. Then there is a number uy > 0 such that “B#Hz_a <1 forall u> pyo.

Proof. Repeating the computations and arguments used in the proof of Lemma 3.2 of [12], we obtain the
proof of Lemma 2.4.

Lemma 2.5. Let the condition i) be fulfilled. Then the estimate

[t + )z, = G0 + ) Izl -
holds for all z € D(1,,).

Lemma 2.5 is proved in exactly the same way as Lemma 2.2.

Lemma 2.6. Let the condition i) be fulfilled. Then the operator I, + ul for p > o is boundedly invertible and the
equality
(L +ul) ' =K, (I-By)™. (8)

holds. Here g is the number in Lemma 2.4.

The proof of Lemma 2.6 follows from the representation (7) and Lemmas 2.4 and 2.5.

Lemma 2.7. [15]. Let the operator L + uol, (uo > 0) is boundedly invertible in L,(QQ) and the estimate
“(L+yl)uHL2(Q) > cllull,)y, u € D(L+ ul) holds for u € [0, uol. Then the operator L : Ly(QQ) — Lo(Q) is
also boundedly invertible.

Proof of Theorem 1.1. Lemma 2.6 implies that

k

() = ) (O + D) fu()e™ 9)

n=—k

is the solution of the problem
(L + uhu(x, y) = fi(x, y),

u(-m,y) = u(m,y), i=0,1,2,

k .
where fi(x, ) 5 fe,y), fioy)= Y faly)-e™, i* = =1, (I, + ul)™" is the inverse operator to the operator
n=-k

I, + ul. Using Lemma 2.1, we obtain

1
etk — il <

= S0+ ”fk _fm”Lz(Q — 0, as k,m — oo.

Hence, by the completeness of the space L,((), it follows that there exist a unique function u € L(2)
such that

k(3 9) S (), s km = o (10)
It follows from (9) and (10) that
u(e,y) = (L+ ) fOoy) = ) U+ ) fuly) - €™ (11)
is a strong solution for the problem
(L+wplu=f (12)
ud(-m,y) =ul(m,y), i=0,1,2. (13)

for any f € L,(Q).
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Let us recall the definition of a strong solution. The function u € L,(Q) is called a strong solution of the
problem (12)-(13) if there exists a sequence {ux}>, € C7 () such that

,TT

llux = ull, = 0,

|(L + pl)uy —f”2 —0, as k— oo.

Hence, it is easy to verify that formula (11) is the inverse operator to the closed operator L + ul.
Now it follows from Lemmas 2.1, 2.7 and equality (11) that Theorem 1.1 is holds for all u > 0. Theorem
1.1 is completely proved.

3. Proof of Theorem 1.2.

In order to prove separability (maximal regularity of solutions), we first give a series of lemmas that
reduce the question of separability of an operator with unbounded coefficients to the case of an operator
with periodic bounded coefficients.

Lemma 3.1. Let z(y) € D(l,; + ul) and z(y) = u(y) + i3(y), then inPRy(y)z(y) € La(R) if and only if
1Ry (y)u(y) € La(R) and n®Ry(y)S(y) € La(R).

Proof. The proof follows from the property of complex numbers. Let in*Ry(y)z(y) € La(R). Then

i Razf; = [[°Reu; + [ Ra)s;

Remark. This Lemma is also holds for inR; (y)z(y).
By virtue of Lemma 3.1 we consider the operator

(l,,,]' + ulu = u'(y) + (—in3R2,]'(y) + ian,j(y) + RO,]'(]/) + wu,

in the set of infinitely differentiable, compactly supported and real-valued functions and the set is also
denoted by C7’(R), where Ry j(y), Ri1,j(y), Rz;j(y) are bounded periodic coefficients of the same period
Aj=(G-1,7+1), j==0,%1,+2....

Lemma 3.2. Let the condition i) be fulfilled. Then the estimates:

([t + uDu)||, = Ro(y) llull,, n=0,1,%2..., where Ro(y;) = miAgRO,j(y);
yea;

([ + uDu)||, > IR @) lully, 7= %1, £2..., where Ry(Y;) = min R (y);
Yyeh;

[0, + uDu@|, = PR lull, 1= 1, +2..., where Ry(7)) = min |Rz, ()],
YEA;

hold for all u(y) € D(l,,,j + ul).

Proof. Taking the fulfillment of the equality f_ o:o u'(y)u(y)dy = 0 for all u(y) € Cy’(R) into account, we find
that

| < (I + phu,u>| = Ifw(—in3Rz,j(y) + inRy,(y) + Ro,i(y) + wlufdyl,
Hence, using the Cauchy inequality, we ha\;:
||l,,,j + yI)u(y)Hz > Ro(yj) llull,, n=0,£1,£2..;
([ + uDu@)||, = IRy @)y, 7= 1, £2..;

(@ + uDu@), = PR lull, 1= %1, £2....

Here we take into account that the coefficients Ro(y), Ri(y), R2(y) do not change sign for y € R. Lemma 3.2.
is proved.
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Lemma 3.3. Let the condition i) be fulfilled and u > po, @ = 0,1,2,3, p(y) be a continuous function defined on R.
Then the estimate

PGl + ,,11)-1“1(12)%2(@ < o) sup P, + yI)‘WExAO%Z(A]_) . (14)
J

holds.

Proof. Let f € C7(R). From the representation (8), taking the properties of the functions ¢; (j € Z) into
account, we have:

o J*1

It G+ D7 Al < Y f 1Y PO Pl + D) el = B~ fPdy.

j=—00 0 k=j-1

Hence, applying the inequality (@ + b + ¢)* < 3(a® + b? + ¢?) once again and using Lemma 2.6, we obtain
the estimate (14). Lemma 3.3 is proved.

Lemma 3.4. Let the conditions i)-ii) be fulfilled. Then the following estimates:

”Ro(]/)(ln + ”I)_1‘|L2(R)—>L2(R) <C<oo; n=0,%1,+2..;

R @bl + uD 7| sy < Cr < 005 1= #1225
[Re@lP o+ pD7|, oy < Co < 005 1= 21,42,
hold, where Cy, C1, Cy are independent of n (n = 0, £1, £2...).

The proof of Lemma 3.4 follows from Lemmas 3.2 and 3.3.
Proof of Theorem 1.2 Using the representation (11), we find that

2

<2m ) [|Ro(w)(l + MI)_lfn(y)“iz(Q) =

La(Q) n=-co

Y Ro)b+ p) 7 fuly) - €™

n=-—00

||R0(y)(L + HI)_lf“iz(Q) =

<210 Y [Ro@) + D7} s W -

n=—o00

Using the last inequality and Lemma 3.4, we obtain

Rowux, ;) = [Ro@) + Dl ) <27 Y (AW < CIAL 0

n=-—oo

From here we finally have
2 2
”Ro(y)u(x, y)“LZ(Q) <C ”(L + luI)u”LZ(Q) ’ (15)

where (L + ul)u = f(x, y).
Similarly, using Lemma 3.4, we have

2

< Gy || + uyu;
Lx(Y)

Q) (16)

du
Rl(]/)g

2
< G|+ pbulf; - (17)

Pu
Ro(y) 5=
9% |y
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It is easy to verify that

3

du >Fu du
= H(L + ulu — Rz(y)ﬁ - Rl(y)g — Ro(y)u — pu

Iy

La(Q) L (9

Hence, from inequalities (15)-(17) we obtain

Ju

79 < Cs ||@ + pbyul|,,

o (18)

where C3 > 0 is a constant number.
The inequalities (15)-(18) prove Theorem 1.2.

4. Proof of Theorem 1.3. Compactness of the resolvent

Lemma 4.1. Let conditions i)-ii) be fulfilled. Then the resolvent of I,(n = 0, £1,£2, ...) is compact if and only if

lim Ro(y) = oo.
|y|—><x3

Lemmas 2.5 and 2.6 imply that the resolvent of the operator (I, + ul)u exists for all u > 0. Therefore, it
suffices to prove the compactness of the inverse operator [, .
To prove Lemma 4.1, first consider the case n = 0. In this case, the operator Iy will take the form:

loz(y) = 2’ (y) + Ro(y)z(y), z(y) € D(Iy).

It follows from Lemma 3.4 that the domain of the operator coincides with the space W, Roy) (R). W Ro(y) (R)

is the Sobolev space with weight obtained by completing C;°(R) with respect to the norm:
b0 = [ P + REG)Rd).
R

It is easy to note that the range of the operator [j! coincides with the space W, Ro(y) (R). Therefore, it remains
to prove the compactness of the embedding of the space W] Ro(y)(R) into the space Ly(R).

The space W;/RO » (R) is compactly embedded in L,(R) according to the result of [16] (Theorem 6.1) if and
only if
Ry(y) — o0, as y — oo, (19)

where R{(y) is a special averaging of functions Ry(y), where
y+4
Ry(y) =infld™' :d™! > f R3(t)dt}.
-4
To complete the proof of Lemma 4.1, we need the following lemma.
Lemma 4.2. Let conditions i)-ii) be fulfilled. Then
¢ 'Ro(y) < Ry(y) < cRo(y), forall y€R, (20)

where ¢ > 0 is a constant.
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Lemma 4.2 is proved in the same way as Lemma 12 of [17] and Lemma 2.7 of [18].
From (19) and (20) the proof of Lemma 4.1 follows for the case n = 0.
Now it remains to prove Lemma 4.1 for the case n # 0. Note that according to Lemma 3.4 for 1 > 0

Jimn [+ D7y = O

where (I, + ul)z = 2’ (y) + (=in®Ra(y) + inRy(y) + Ro(y) + w)z(y), z(y) € D(1,).
Hence it follows that it is sufficient to prove the compactness of the operator I;! for any finite n # 0.
Taking this into account, to complete the proof of Lemma 4.1 for the case n # 0, werepeatall computations
and arguments used in [12] to the proof of Theorems 1.2-1.3.
Proof of Theorem 1.3. Theorem 1.1 and equality (11) imply that the resolvent of the operator (L + ul) has
the form:

ue,y) = (L+pl)y ™ f = Y (o+ ul) fuy) - €™, (21)

n=-—oo

where f(x,y) € Lo(Q), flx,y)= L fuly) -elnx,
According to Lemma 3.4
lim @ + uD|| = 0.

It follows from this and from (21) that the operator (L + ul)~! is completely continuous if and only if

(I, + ul)™* is completely continuous. Now Theorem 1.3 being proved follows from Lemma 4.1. Theorem
1.3 is proved.

5. Estimates of singular numbers (s-numbers). The proof of Theorem 1.4

To prove Theorem 1.4, we need the following lemmas below. We introduce the following sets:
M = {1 € Lo(R) : [l + Ilul; < 1},
where |||| norm in L,(R).
~ , , 2 . 2 2
Mc, ={u € Ly(R) : |lu I3 + ||—1713R2(]/)u||2 + Hle(y)u”2 + ||RO(]/)M||2 < Col;
~ , . 2 . 2 2
MC51 ={ueLlR):|u ||§ + ||—m3R2(y)u||2 + ||le(y)u“2 + ||R0(y)u||2 < Col},
where Cy > 0 is a constant independent of u(y) and n.

Lemma 5.1. Let the conditions 1)-ii) be fulfilled. Then the inclusions are valid

Mca €M S Mc
where Cy > 0, C > 0 are constant numbers independent of u(y) and n(n = 0, £1, +2,...).
Proof. Letu € Z\7IC51. Then we have

utal + N3 < W13 + [|=in* Raypu[, + [[inRa ]2 + |[RoCyyuel [ + Il (22)

By virtue of condition i), we find:

[Rotypulf + 1018 < [Ro(wull, + 5 [Rotwnl; < 1+ ) [Rotonlf;- (23)
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Using (23), we obtain from inequality (22)

Latal2 + 3 < 1’1 + | =in*Ra(u| + ||inRa wyu; + |[RoCyyu][; + luli2 <
< 1B + i Rapalf + [linRs il + 1+ 5 [Ro(ypuf <

< Colllr'1y + [|=im*Roypu; + linRs wpul; + [ Rowpul),

where Cp = max{1,1+ 3}.
Since u € Mc-, the last inequality implies that

2 2 -1
laully + llull; < Co - Cy* < 1.

The inequality (24) implies that u € M, i.e. Z\7IC51 C M. The left inclusion is proved.

3698

(24)

Now, let us prove the right inclusion. Let u € M. This means that u € D(l,, + ul). Therefore, by Lemma

3.4, we have:
[Rou|fz = [[Ro(y)tu + D)™ + ilyus < C2 ||t + a5
Hence, we get that
[Rotypul < €2 @, + iyul

Similarly, repeating the above computations, we get
JinRawul; < €3l + wbul;

i Ra(yul, < Gl + bl

where C, C; and C; from Lemma 3.4.
Now compute the norm |[u’|:

/Il = ||(ln + D = (=in®Ra(y) + inRa(y) + Ro(y) + pyul|, < |1 + uDul|, +

+Co ||t + plyu]|, + Co ||t + ]|, + C | + pDul|, + || + pDul|, < C3 ||t + pyull, -

Hence, we have
l1'lly < Cs ||t + pDyul), ,

where C3 = max{1,C,, Cy,C}.
In order to estimate the norm H yu||2 , we used Lemma 2.5 here, i.e. the inequality

e, < @ + uyuf,

From inequalities (25) — (28) we find

/15 + [|=in®Ra ]y + linRs pully + [RoCpully < GG [t + wyuf;,

where C4 = max{C, Cl, Cz, C3}.
From inequality (29) we find

11 + [[=in*Rawull, + [l ull, + [Ro(wully < GGl + ppuf; <

<2-C2ILyulls +2 - C3 - u? |full3 .

(25)

(26)

(27)

(28)

(29)
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Hence, we obtain
, . 2. 2 2
llu'|15 + ||~in®Ro(y)ul[, + ||inRy (y)ul[, + ||Ro(yyul|, < Colllluullz + l1ul3),

where Cp = max{2-C3,2- u-C3}.
Since u € M, the last inequality implies that

/13 + ||~in*Ro(yul |, + ||inR (][ + |[Ro(wpu]s < Colluael? + ul2) < Co-

This implies that u € ZVICO ,ie. M C ]\71,;0 . Lemma 5.1 is completely proved.
Definition 5.1 [11]. The magnitude
dy = infsup inf |lu —v||,
Kt yeM VEYk

is called Kolmogorov k-widths (diameters) of the set M, where {Y}} is the set of all subspaces in L,(R) whose
dimensions do not exceed k.
The following lemmas are valid.

Lemma 5.2. Let the conditions i)-ii) be fulfilled. Then the estimates
th’i‘k < Sp1 < cd~k,k =12,.,

hold, where ¢ > 0 is a constant, Sy are the s numbers of the operator l;l, dy , élvk are the Kolmogorov widths of the
corresponding sets M, M.

Lemma 5.3. Let the conditions i)-ii) be fulfilled. Then the estimates
N(cA) < N(A) < N(c'h),

hold, where N(A) = Y. 1 is the counting function of those S.1 of the operator I;;* that are greater than A > 0,
Sks1>A

NA) = Y, 1isthe counting function of those d greater than A > 0.
d>A

Lemmas 5.2 and 5.3 are proved in exactly the same way as Lemmas 4.3 and 4.4 of [12].
Lemma 5.4. Let the conditions i)-ii) be fulfilled. Then the estimates
c_l)\‘lmes(y eER:Quy) <A H<NW) < c)\_lmes(y €R:Quy) <cA™),
hold, where Q,(y) = | — in®Ra(y) + inRy(y) + Ro(y)| and ¢ > 0 is a constant not depending on Q,(y) and A.
To prove Lemma 5.4, we first prove the following lemma.

Lemma 5.5. Let the conditions i) - ii) be fulfilled. Then the estimates

' Qu(y) < Qu(y) < cQu(y), (30)
hold, where ¢ > 0 is a constant and Q;,(y) is a special averaging of the functions Q,(y) (see Lemmas 4.1 - 4.2).

Lemma 5.5 is proved in the same way as Lemma 4.2.
Proof of Lemma 5.4. We denote by L}(R, Q,(y)) the space obtained by completing C°(R) with respect to the
norm

s = [ 1P + QP

It is easy to verify that Mc LY(R, Qu(y)). Hence, using Lemma 5.5 and also repeating the computations
and arguments used in the proof of Theorem 1.4 from [12], we obtain the proof of Lemma 5.4.
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Proof of Theorem 1.4. Theorem 1.1 and the equality (11) imply that

ue,y) = (L+u) " fOoy) = Y (o+ D) fuly) - €™, >0, (31)

n=-—00

The representation (31) implies that if s is a singular point of (L + ul)~! then s is a singular number of
one of ([, + yl)‘l(n =0,+1,+2,..), and vice versa, if s is a singular number of one of (I, + ‘uI)‘1 then s is a
singular point of (L + uI)~!. The proof of Theorem 1.4 follows from this and Lemma 5.4.
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