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Existence Result for Stochastic Fractional Coupled System

Noureddine Bouteraa®

?Laboratory of Fundamental and Applied Mathematics of Oran (LMFAQ), University of Oranl, Ahmed Benbella. Algeria
Oran Graduate School of Economics. Algeria.

Abstract. This paper focuses on the study of the existence of a mild solution to time and space-fractional
stochastic equation perturbed by multiplicative white noise. The required results are obtained by stochastic
analysis techniques, fractional calculus, semigroup theory and Leray-Schauder nonlinear alternative.

1. Introduction

In this paper, we are interested in the existence of solutions for nonlinear fractional difference equations

{ DY [u—h(u)] = Au () +u-Vu+ f () W),

xeD,t>0,
‘Difv-h@]=Av(t)+v-Vo+gm)W(t),

1
xeD, t>0, e
subject to the initial conditions

u(x,0)=uy(x), xeD, t=0,
v(x,0)=0vy(x), xeD, t=0,

(2)
and the Dirichlet boundary conditions
u(x,t)=0, x €dD, 3)
v(x,t) =0, x€dD,

where u € D ¢ R?, u (x,t) represents the velocity field of the fluid, the state u () € H, H is the separable
real Hilbert space equipped with inner product (-, -), the operator A is the Laplacian, f, g and h are a
functions satisfying some hypotheses are detailed below in Section 3, the termes f (v) W () = f (v) %W(t)
and g(u) W () = g(u) %W(t) describes a state dependent random noise, where W (t);¢[o 7} is a Fi—adapted
Wiener process defined in completed probability space (€, F, P) with expectation E and associate with the
normal filtration

Fi=0{W(s) : 0<s<t},
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and ‘Df is the standard Caputo fractional derivative of order a (0 < a <1) for the function u (x, t) with
respect time f which is defined by

4)
du(x,t) _ (
T a=1,

t u(, _
{ ‘Du(x,t) = ﬁfo “g;s) (t—s)"%ds, 0<a<1,

where I : (0,4+00) — R, defined by

+00

I'(u)= ft”_le_tdt,

0

is called Euler’s gamma function.

Fractional order differential operators are global while many integer order differential operators are
local. Therefore, fractional calculus can be useful to describe many of real-world problems that cannot
be covered in the classic mathematical literature, see [17]. Since the next state of many systems depend
on its current and historical states, researchers need to use a method that co-ups well with the real life
problems. These problems happen in anomalous transport [18], economics [1], relaxation electro-chemistry
[14]. However, it has been shown recently that fractional integrals and derivatives possess better modeling
capabilities for describing challenging phenomena in physics, material science, biology, stochastic compu-
tation, finance, etc, see, for example, [2, 7, 23]. Random differential and integral equations are typically
used to model subdiffusion phenomena, see [8, 25]. Because of the fractional time derivative of the state
variable in the model, a solution at a time instance ¢ is related to the solution at all the time previous to
t. For example, a stochastic model for drug distribution in a biological system was described by Tsokos
and Padgett [26] to a closed system with a simplied heat, one organ or capillary bed, and re-circulation
of ablood with a constant rate of flow, where the heart is considered as a mixing chamber of constant volume.

The existence and non-existence results for partial differential equations (Navier-Stokes equations
(NSEs)) in [13]. Chemin et al. [4] studied the global regularity for the large solutions to the NSEs. Miura
[19] focused on the uniqueness of mild solutions to the NSEs. Germain [9] presented the uniqueness criteria
for the solutions of the Cauchy problem associated to the NSEs. However, The existence and uniqueness
of solutions for the stochastic Navier-Stokes equations (SNSEs) with multiplicative Gaussian noise were
proved in [20, 28]. The large deviation principle for SNSEs with multiplicative noise had been established
in [29, 31]. The time-fractional Navier-Stokes equations has been recently treated by a number of authors.
It is presented as a useful approach for the description of long memory processes which are governed by
anomalous diffusion processes [22, 33] and due to its significant role in simulating the anomalous diffu-
sion in fractal media [6, 32]. The research on numerical approximation and techniques for the solution of
stochastic differential equations driven by fractional Brownian motion (FBM) has attracted intensive inter-
est. Most early established numerical methods are developed for handling the space fractional or the time
fractional stochastic differential equations driven by FBM. The existence, uniqueness and other quantita-
tive and qualitative properties of solutions to fractional stochastic partial differential equations or nonlinear
neutral stochastic differential equations with time-dependent delay have been extensively considered by
many authors, see, [10, 11, 21, 24, 30] for details. So, the subject of the present paper, is a class of system of
fractional stochastic partial differential equations satisfying certain global Lipschitz and growth condition
and it seem that little is known about existence of mild solutions for coupled fractional stochastic partial
differential equations. Hence, the main aim of this paper is to fill this gap and to enrich this academic area.
By the motivation of the above works, the main contribution of this paper is to establish the existence of
mild solution for the problem (1) — (3). Using mainly the Holder’s inequality, stochastic analysis and the
approach is based on the Leray-Schauder nonlinear alternative.

The outline of this paper is as follows. In Section 2, we will introduce some notations and preliminaries,
which play a crucial role in our theorem analysis. In Section 3, we give the main result of this paper.
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2. Preliminaries

In this section, we give some notions and certain important preliminaries, which will be used in the
sequel.
Let (Q,F P, {F};50) is a filtered probability space with a normal filtration {F};», satisfying that Fy contains
all P-null sets, where P is a probability measure on (Q, F), F is the Borel o—algebra, and the operator A as
infinitesimal generator of a strongly continuous semigroup on the Hilbert space H = L? (D). In particular,
let

A=-A,D(A)=H;(D)nL*(D),

where Hj (D) is the usual Sobolev space. It is clear that the operator A is self-adjoint. Let ¢; denote the
eigenvectors corresponding to eigenvalues Ay such that

Ae, = Arex, e = \/isin (kﬂ), Ak = 712](2, ke N".
For any o > 0, let H be the domain of the fractional power A? = (—A)%, which can be defined by
0>0, Ale = yfek, k=1,2,...

and

H = D(A%) = {v € L*(D), s.t. ol = nyvi < oo},

k=1

where vy = (v,¢) with the inner product (-,-) in L? (D), the norm ||H| = IA%Z) , the bilinear operator
B(u,v) = u-Voand D (B) = Hé (D) with the slight abuse of notation B (1) = B (1, u). Then, we can rewrite the
first equation in (1) supplemented with the first boundary conditions in (2) — (3) as follows in the abstract
form

{ D [u () —h(u ()] = Au(t) + Bu®) + f (0 () 22, ¢ >0, 5

1 (0) = uo,

Similarly, we can rewrite the second equation in (1) supplemented with the second boundary conditions in
(2) — (3) as follows in the abstract form

DI [o(H) = h (v (D)] = Av () + B @) + g ut) 22, t >0,
v(0) = vy,

where (W (), t > 0} is a Q-Wiener process with linear bounded covarience operator Q such that a trace class

operator Q denote Tr(Q) = ), Ax < oo, which satisfies that Qe; = Ayer, k = 1,2,..., then the Wiener process
k=1
is given by

MICEDIRATACES
k=1

where {Bi};- is a sequence of real-valued standard Brownian motions.

Let Lg =12 (Q% (H) ,H) be a Hilbert-Schmidt space of operators from Q% (H) to H with the norm

W%§MMJ,

loll.; = [[o@*
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ie.,

12 = {cpeL(H) : i'Aéch%en ’ <oo},

n=1

where L (H) is the space of bounded linear operators from H to H.
For an arbitrary Banach space K, we denote

1
ol = (Ellol)", Vo e IP (QFEP,K), Vp22.

Definition 2.1. An F—adapted process X on [0, T]xCQis elementary processes if forapartitionp = {t =0 <t; < ... <t, =T}

and (F,) —measurable random variables (Xy,),,, , X: satisfies

n—-1

Xe (@) = Y Xi (@) X (1), for 0<St<T, weQ.
i=0

The It6 integrale of the simple process X is defined by
T n-1
[x@awe = Y x6) 0 ) - W,
0 i=0

whenever Xy, € L* (Fy,) for all i < n.
The following result is one of the elementary properties of square integrable stochastic processes.

Lemma 2.2. ([15, 16] It6 Isometry for Elementary Processes) Let (Xi)en be a sequences of elementary processes.
Assume that

T
f E[X (s)]*ds < oo,
0

where | X[ = Y. X?. Then
=1

T 2
oo

0o T
E ;[Xl(s)dW(s) E ZfXIZ(s)ds < oo,
- 0

0 =1

Remark 2.3. For a square integrable stochastic process X on [0, T1, it’s It6 integral is defined by

T T
fX(s)dW(s)z}i_r}ngn (s)dW (s),
0 0

taking the limit in L2, with X,, defined in Definition 2.1. Then the It6 isometry holds.
We shall also need the following result with respect to the operator A (see [34]).

Lemma 2.4. Letv > 0and T (t) = ¢4, t > 0 is a semigroup generated by an operator —A on LF. Then, there exists
a constant C, dependent on v such that

AT (Dl gy < Cot™, >0,
in which L (K) denotes the Banach space of all bounded operators from K to itself.
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Next we will introduce the following lemma to estimate the stochastic integrals, which contains the
Burkhoder-Davis-Gundy’s inequality.

Lemma 2.5. ([12]) Forany 0 <t < t, < T and p > 2 and for any predictable stochastic process v : [0, T|xQ — L2
which satisfies

T 5
[ | ||v<s>||igds] <,
0

then, we have

p t

<C(p>E[ ||v(s>||igds] :
/

The existence results is based on Leray-Schauder nonlinear alternative [29].

t

fv(s) dW (s)

LIl

Lemma 2.6. (Nonlinear alternative for single valued maps). Let E be a Banach space, C a closed and convex subset
of E and U an open subset of C with 0 € U. Suppose that F : U — C is a continuous and compact (that is F(l_l) is
relatively compact subset of C) map. Then either

(i) F has a fixed point in U, or

(ii) there is a u € JU ( the boundary of U in C) and A € (0, 1) with u = AF (u).

Ispired by the definition of the mild solution to the time-fractional differential equations (see, [6, 31, 33]),
we give the following definition of mild solution for our problem (5).

Definition 2.7. An F;-adapted stochastic process (u(t),: t € [0, T]) is called a mild solution to (5) if the following
integral equation is satisfied

t
u(t) = Eq(Ouo+h(u(t)+ f(t = $)" " Eqa (t— ) B(u(s))ds (6)
0

t
+ f (t= 8" Eun (t—5) f (0 () AW (S),
0

where the generalized Mittag-Leffler operators E, (t) and E, , (t) are defined, respectively, by
E0- [LOTEO®,
0

and

o)

Eua(f) = f a0, (0) T (16) do,

0

where T (t) = ™™, t > 0 is an analytic semigroup generated by the operator —A and the Mainardi's Wright-type
function with a € (0, 1) is given by

[e9)

(-1)" 6
LKL (1~ a(1+k)

Ca (9) =
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Lemma 2.8. ([3]) Forany o € (0,1) and =1 < v < co. Then

< _ T(1+v)
Ca(g) > 0and ]0‘ 0 Ca (Q)dG = m,

forall © > 0.
The linear bounded operators {E, ()}, and {E, .« (1)}, in (6) have the following properties.

Lemma 2.9. Foranyt>0,0 < a <1and 0 <v < 2. Then, there exist a constants C = Cr(g(_lojvv)) and D = &%)

T(1-av)
such that
IEa () Xll < CEZ XN, ||Eae () x|, < DEZ X 8)
Proof. Fort > 0and 0 <v < 2, by means of Lemma 2.4 and (7), we have
I Ol < f Lo (O)IALT (2°60) I 6
0
< [artec. @i
0
Sy
rdl-av) X
= Ct'7xll, xeL*(D),
and
Eos Ol < [ bt @laT(0) o
0
< [ cartome @i
0
o GCal'Q-v) _w
= Tt
= Dt 7 |xll, xel*(D),
The proof is completed. [
Lemma2.10. ForO<a<1land0<v <2and0 <t <tp <T. Then, there exist a constants C' = ﬂ% and
0 2
, _2aT(2-%)
= W such that
I(Eq (£2) = Ea () Xl < C' (b2 = 1) * X, 9)
and
[(Eaa (t2) = Eaee (t1)) |y < D (t2 = 12) % X (10)

Moreover, for any t > 0, the operators E, (t) and E,  (t) are strongly continuous



N. Bouteraa / Filomat 36:11 (2022), 3573-3591 3579

Proof. Forany 0 < Ty < t; < t; < T. It is obvious to see:

t
dT (t20) N
[ 24 = 1(50)-1()

31

[}

- f at* TOAT (170) dt,

ty

and by (7) and Lemma 2.4, we have
I(Ea (t2) = Ea (t1)) Xl IIA (Eq (f2) — Ea (12)) Xl

) A, (T(t56) - T(t0)) xdo

IA

f w6, (0) f F Az T (°6) 2 dtdO

0

0 ty
f Coaf752, (6) [ f t“z”dt]nxnde

0 31

IA

) 2cr( -3 e
i ewry (5% =6l
26,T(1-3)
T[YVI"(l_L‘(V)

= C'(b-t)?|Ixll, x € L*(D).

(2 — 1) = llxl

IA

Also
[[(Eaa (£2) = Eaa (41)) X

”Av (Ea,a (tZ) - Ea,a (tl)) X”

(e8]

f a0l (0) A, (T (t50) - T(£10)) xdo

0

(e8]

[
f 0%, (0) f FU A, T (10) xll» dEdO
ty

0

(o] 153
fCVaZGHCa (@{ffik{_ldf]llxlld@
0

3]

IA

IA

2aC,T(2-%
- vr(1+a((1_ g)))< -7 )i
2C,T(2- %)
VIST (1+a(1-3))
= D'(b—t)7 |Ixll, x € L*(D).

N

(b2 — 1) Il

IA
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Thus
I(Ea (£2) — Ea (1)) Xllg» — O,
and

|(Eaa (t2) = Eaa (t1)) X|

w0

as t; — t, which mean that the operators E, (t) and E, , () are strongly continuous. [

3. Existence results

In this section we present our main results on the existence of mild solutions of problem (5). To do this,
we impose the following hypotheses.
(H1) A is the infinitesimal generator of {T (t), t > 0} on H and also assuming that the operator E, (), t > 0
is compact.
(Hz) The functions f, g : Qx H — LJ satisfies the following global Lipshitz and growth conditions:

If @oll,z < Riwll, [|f @) = £ @), < Rl =l

and

lg @l < R llll, Jlg (0) = g @), < Rl = o],

forany u € H, v € H and R, R’ are a positive constants.

(H3) The initial values ug, vy : Q — H" is a Fp—measurable random variable, it hold that
luolly vy < o0, forany 0 <v<a <2.

and
[oollpuvy < 00, forany 0 <v <a <2.

(H4) The function h : L2 — L3 is continuous and there exists L, > 0 such that

Ellh (u1 (£)) = h (u2 (t))llig <Lyllun () —ux O, t €10, T1, w1, up € L,

2’
and

Eflh (u (t))llzé < LElu®I,, t €[0,T], ue L.

27
LO

(Hs) Let N > 0 be a real number, then the bounded bilinear operator B : L?(D) — H™! (D) satisfies the
following properties

IB @)llg1 < N llull*,
and
IB (u) = B (0)llg-1 < N (l[ull + [[ol]) lu = ll,

for any u, v € L* (D).
In the proof of main result, we need the following Lemmas.
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Lemma 3.1. Assume that conditions (H1) and (Hs) hold. Let @, be the operator defined by for each u € K
t
Dy (1) = f (t =) Eq (t —5) B(u(s))ds. (11)
0
Then, @1 is continuous and maps K into itself.

Proof. It is obvious that ®; is continuous. Next we show that ®; (K) c K. By (H1), (Hs), (8), (11), Lemma 2.5
and by applying Holder inequality, we have

t 14
El @) @I, = E L[lt—-@“-lAlEma<t—s>Av1B<u<9>ds (12)
0 HY
! (551 ot ¢
< D f (t—s)ﬁds] f E [I1Av1B (u (5))[F] ds
0
' p—1 t
< e | @y [Efiuon,]
9 0

t

= MJEMwmﬁVa

0

p_l a+
where y1 = DPC (p) N¥ [p(%l),l] (T)p(Tl)_l.
Which means that ®; (K) c K. This complete the proof. [

Lemma 3.2. Assume that conditions (H1) and (H,) hold. Let @, be the operator defined by for each v € K

t
D (v) = f (t=3)"" Enu(t—5) f(0(s) dW (s).
0

Then, @, is continuous and maps K into itself.
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Proof. By (H;),(H>), (8), Lemma 2.5 and applying Holder inequality, we have
P
E[|(@20) (B)Il,

t
E th—@w4Emaa—@fxv@»mN@>
0

HY

t 2
D'E f [t =) Eqa (£ - s)“2 A, f (v)||i§ ds]

IA

IA

D”C(p)[ (t—s) 77 ds] E||Avf(v)||L2ds

P

IA

2 2 a2
DPC(p)(W) T f Ella.f @], ds
0

t

= 2 [Eflee, ]

0

;(Za 1)-2

where v, = C(p) D¥ R”[ = 1) 2] T
That is @, (K) C K. This complete the proof O

Lemma 3.3. Suppose (H1) holds. Then
E{lIE« (8) uollp ] < E [lluollp»]-

Proof. By Lemma 2.4, we have

EIE. O uollyr] < E fCa(Q) lIA, T(f“Q)uoll ; ‘
< E fca(e) Z 0Ay e ] de‘
n=1
< E fca(e) Z Ay, eOM e>2J d@‘
n=1
< E Ca(G)IIuoIIHvdel=E[||uo|IHv].
/

O

Now, let @3 be the operator defined by for each u € K

(3u) () = Ea () uo + h (u (1)) -

Lemma 3.4. Suppose (H1), (Hz) and (Hy) hold. Then @5 is continuous and maps K into K

3582

(13)
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Proof. The continuity of @3 follows from (H3) and (Hy).
Next, we show that ®@; (K) ¢ K. From (H;), (Hy), (8) and Lemma 3.3, we have

E[|(P3u) (t)llzé < Elluollg+1 + Ellh (u (f))llzg < Elluollge] + LnE ||u (t)llig .
So, we conclude @3 (K) c K. [

Remark 3.5. In a similar manner, we get a similar previous lemmas in Section 3, when, we take f (v) = g (u) and
consider the following second integral equation ( that is, the mild solution to the second abstract formulation to

(1) -Q):
t t
o) = [@-9" Eun-9BEONE+ [ (-9 Eunlt=9g @AW E) + Eu ()0 + H0).
0 0
Now, we present the existence result of this paper. Let
Y = {u € C([0,T],H"), sup Ellu )|l < oo almost surely and v > 0}.
te[0,T]

From (6) and Remark 3.5, we consider the operator

Y:YXY—>YXY,

Y(u(t),v®)=F@®),o®),Gwu),v)), wo)ell(QH), te[0,T],

where

t
Fu,0) () = f(t - s)“_1 Eyo(t—5)B(u(s))ds
0

t
+ f(f = 8)" " Ena (t =) f (0()) AW (5) + Eq (D 1t + 1 (u (1)),
0

and

t
Gu,v)(t) = f (t =) ' Epu (t—s)B(v(s))ds
0

t
+ f(t - s:)"‘f1 Eoo(t—5)g(s)dW (s)+E,({#)vo+h(v(t)).
0

Note that, the product space (Y X Y, ||(i, v)||) is a Banach space equipped with norm [|ul| + [[v]|. Clearly,
the fixed point of Y = (F, G) are solutions of problem (1) — (3). Then, the coupled system of boundary value
problems (1) — (3) can be written by

Y (u,v) = (F(u,0),G(u,0)).
Now, we set F = F; + F», where

(F1u) (£) = Eo () uo + 1 (u (1)),
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and

t

t
(Fa (1, 0)) () = f (=) Eu (t—5)Bu(s)) ds + f (=9 Ena (t—5) F (0 () AW (5),
0

0

fort e [0, T].

Lemma 3.6. Assume (Hy), (H3) hold and 0 <v <a <2, p > 2. Then
EllEa (t2) = Ea ()}, < (C'V (2= 1) * E ol

Proof. We set

Iy = Fi (t2) = F1 (t1) = Ea (t2) ug — Eo (t2) 1o

For any p > 2. By (9), it follows that

E [”Av(Ea (tZ) uy — E, (tl) uO)”p]
(C'Y (ty —t)? Eluoll’ .

E[Inlf, |

IA

It is obviously to see that the term ||(F; (t2) — F1 (t1))lly — 0 as t1 — t,, which means that the operator F; is
strongly continuous. [J

Lemma 3.7. Assume (H1), (Hz), (Hs) hold and 0 < v < a <2, p > 2. Then, the operator F is uniformly bounded.

Proof. From Lemmas 3.1, 3.2 and by means of the extension of Gronwall’s lemma, we have

sup E [|IF2 (u,0) (DI}, ] < oo,
t€[0,T]

that is, the operator F; is uniformly bounded. [J
Lemma 3.8. Assume (H1), (Hp), (Hs) hold and 0 < v < a <2, p > 2. Then the operator F, is equicontinuous.

Proof. Forany 0 <t <t; < T, from

(F2 (u,0)) (t2) — (F2 (u,0)) (t1) (14)

- f (s = ) Eu (s — ) B(u () ds + f (ts = 5" Ean (s = 5) £ (0 (6)) AW (5
0 0

f

5]
_ f (t1 = 9" Eu (b1 — ) B (1 () ds - f (t1 = 9" Ean (b1 = ) f (0(s) AW (5).
0 0
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We set
L o= f (s = ) Ena (t2 = 5) B (1 () ds — f (h = 9% Ena (1 =) B (1 ) ds
0 0
5]
= f(tl - s)a—l [Ea,a (t2 - S) - Ea,a (tl - S)] B (1/[ (S)) ds
0 \
# [ 9 = 1= 9| Eu 2 - 9 B9 s
Ot2
+ | (t2=8) " Ega(ts—5)B(u(s))ds
/
= Iy +1Ixp+Ds,
and
tr t
Iy = f (tr = )" Eqa (ta — 5) £ (1 (5)) dAW(s) — f (t1 =) Enu (1 — 5) £ (0) dW (5)
0 0

f

- f (t = ) [Eua (t2 = 5) = Ea (b1 — 9)] f (0(5)) AW (5
0
f

# [ [0= 9" = =9 a2 =) F 0 ) AW

0
" f (s = ) Eun (2 = 5) f (0 () AW (5)

= 131 + 132 + 133.

For the first term I»; in (16), by (Hs), (10), Lemma 2.5 and Hoélder’s inequality, we have

s oam]

p—1
Ny (tz—m”““f”[ [@-9% dsJ [ Elasaen |

0 0

E{lall. ]

t
f (t1 = 5" [Eun (f2 = 8) = Eun (t1 = 8)] B (1 5)) ds
0

IN

pa(v+1)

: aa(P=1Y
NV(D'Y Cp)T? 1(pa_1) (EB%E[uu(s)uiﬁ](tz—m :

IA

3585

(15)

(16)

(17)
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Using (Hs), (10), Lemma 2.5 and Holder’s inequality, we have

E{l2I, |

and

E{ls |

IA

IA

IN

IN

H P
E[jﬂh—#*—%—ﬁ““&%am—ﬂBW@MS‘ (18)
0
f B p-1
D? f {[(t2 —9 = (-9 x (s —s)'“(é'”’}"” ds]
0
t
x | E[IA-1B @), ] ds
/
R
p- > pa(l-v)-2
DPNPC(p)T | ———— E 4 -t) 7,
“”[Ma-#gﬂ [zﬁ]wmmw)m )
t P
E[fﬁfﬁvﬁmaﬂm—ans»% ‘ (19)
5]

p-1 t

E[IlA-1B (u G)I, | ds
-1

t
a(v+1)
D¥ f (bh—s)' 777 ds]
t

p
(++11))1] (Sup E [Ilu (S)”z]l]] (f2 — tl)m(;") .
p(a - o) _

5 te[0,T]

t

NPDFPC(p)

Similarly, using (H1), (Hz), (Hs), Lemma 2.5 and Hoder s inequality, we have

E{l |

and

IN

IA

IN

5]

\fm—@*%mﬂm—@—mﬂ@—Mf@@mwm

0

p
} (20)

t 2
C@ELﬂM—w4mwmm—W£mm—MWVMm%@]
0

p=2
2 t

quww—m@Lfm—J%%% fEWw@WﬂS

0 0

2pa—p-1 - 1 p71 pav
/D YRITYS (”—) sup E [l 6] |t - )%,
@ 2pa—p-2 te[o,r;] [ Jftt2=h
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H p
E(lEall,] = El f [(t2 =) = (t1 = )| [AvEa (b2 = 9)] f (0 (5)) dWs (21)
0

< C(E [ f A [N | feE ds]

0

h LT
< C(p)Dr f {[ta=9*" =t -9 x (ta -9)F )" ds]

0

t
x | E||lf@e)|.|ds
fefireor)
20-2  \*
< Ol )
" ( sup E [| <t>||P]) T
te[0,T]
and
t P
E(lslf,] = El f (2= 9)"" AyEa (b =) f (0(5)) ds ‘ (22)

< C(p)E [ f (b2 = )" Ay (12 = 9)||° Hf(v(s))”ié ds]

0

[5) p%z ty
< C(p)D¥ (tz—s)“—l—"z"] x | E||f @), |ds

;1[‘ J\ [ L[)]

2 (p - 2) L;Z z;;cz(zzv)—z;a

< C(p)DpRp(Zpa(?.—v)—2(p+2)) [;ILS%E [||M(f)||p]](t2—t1)

Taking expectation on the both side of (14) and taking into account the estimates (18) — (22), we deduce that
I(F2 (4, v)) (t2) = (F2 (1, 0)) (D)l ey < C (k2 = 1),

. —v)— 2pa(2—v)-2! 2
where y = mm{%, ”p(lzpv) Z Pat 12;7 (+ )} when0 < t, —f; < 1.

Otherwise, if t, —t; > 1, then we set y = max{

a(v+1)  a@-v-1) 2pa2-v)-2p
2 7/ 2 4

- }.D

Remark 3.9. We get a similar above Lemmas, when we take the operator G in a similar manner and change u by v
and f (v) by g (u).

To apply the nonlinear alternative of Leray-Schauder type, we first know that the operator Y is com-
pletely continuous. The main result in this paper is the following.
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Theorem 3.10. Under assumptions (H1), (H2), (H3), (H4) and (Hs), problem (1) — (3) has at least one solution.

Proof. The proof consists several steps.
Step 1. The operator F sands bounded sets into bounded sets in L? (), K). Indeed, it is enought to show
that for any r > 0 and for each

(u,v) € B, = {(u, v) € (C ([0, T],HV))2, sup E|lu ()llgr <7,: sup Ello Ol ,v = 0},
te[0,T] te[0,T]

we have

I (1, 0)I| < o0.
From, Lemmas 3.1, 3.2, 3.3, (14), (H;) — (Hs) and applying the similar arguments in Lemma 3.4 and Lemma
3.7, we have

EIF @ 8), 0 Ol = (EIF @@, 0 @) = IAE @), 0 O)lom,
one has

EF (u (), 0 @),

< AL (8 uollfy, + 477 I (u DI, + 477 ENO (u (D), + 477 E (12 (v (D),
t t

7VE [lluollze ] + 4 LyE llu (DI, + 4711 fE Il (D117, ds + 47" fE llo (DI, ds
0
0 0

IA

t

t
7UE |luoll}y, + 477 (Lh+7/1)fE””(t)”pv ds+4’”—1fE||v(t)||p‘. ds.
0 0

IN

By means of the extention of Gronwall’s lemma, it holds that

4

sup Eflu (®)Ilf,, < oo, supEllo®llf,

H\
te[0,T] t€[0,T]

This indicates that F is bounded on [0, T].

, < oo,

Similarly,

1

ENIG (e (1), 0 )l = (ENG @ (8), 0 NIE,) = 144G (), 0 Dl

and

t

t
ENG (u (), 0 0 < 4 Elluolly, + 47" (L +)/1)fEIIu(f)IIpv ds + 477 fEIIv(t)Ilpy ds.
0 0

By means of the extention of Gronwall’s lemma, it holds that

4

o < 0.

sup Ellu (®)If,, <o, supEllo (bl
t€[0,T] t€[0,T]

This indicates that G is bounded on [0, T].

Step 2. Y is continuous.

Let {(un, vn)},s0 With (uy,, v,) = (,0),: (n — 00) in Y X Y. Then there is a number r > 0 such that

sup E llu, (B)I, <7, sup Ello, Ol <7,
t€[0,T] te[0,T]
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and

sup Ellut)f,, <7, supElo®Il;, <7,
te[0,T] te[0,T]

for all n and a.e.,t € [0, T] and for all n € N. So, u,,v, € B, = {u €Y, sup |lullg. < r} and u,v € B,. By the
te[0,T]
assumptions (H,) — (i), (ii), we have
E|IF (un (£), 0 (1)) = F (u (), 0 )|,
< BEh (uy () = h (u @)

t
+3''E f (t =) Eqo (t — ) B (u, (s)) ds + f t(t—s)‘H Ena (t2 —5)B(u (b)) ds
0 0

+371E

t
f (t=9)"" Eqa (t =) f (00 (5)) s + f t (t=35)" " Eqa (t2 —35) f (v () ds
0 0

Using the dominanted convergence theorem, we have

sup EIF (uy (H), 00 (8)) = F (u (t) , 0 W)}, — O,
te[0,T]

as n — oo. Thus, F is continuous.
Similarly,

E|IG (un (B, 00 (1) = G (u (1), 0 (®)IIF,,
< 3EN (uy (B) — R (u @)

+3/1E ‘ f (t =)V Epu (= 5) B (uy (s)) ds + f (t—5)* " Epp (b2 —s)B(u(t))ds
0 0

+371E

t t
[ =9 B =990, s+ [ (=9 Eunli2 - 90008
0 0

Using the dominanted convergence theorem, we have

SFP]E IG (4 (), 00 (D) = G (u (£), 0 (B}, — O,
te[0,T

as n — oo. Thus, G is continuous.
Step 3. The operator F maps bounded sets into equicontinuous sets in L7 (€}, K). for each (1, v) € L¥ (Q), H),
From Lemmas 3.2, 3.3 and 3.4 and taking expectation on the both side of (16) and in view of estimates (17)
and (19) — (22), we conclude that

I(F (u,0)) (t2) = (F (4, 0)) (t)llp vy < C(t2 = 1),

. —v)— 2pa(2—v)-2! 2
where y = mm{%, “”(12;) z pat 12;7 (+ )} when0 < t, —t; < 1.

Similarly
(G (u,0)) (t2) = (G (1, 0)) (t)llp vy < Clt2 = 1),
where y = min {%, ap(lz_pv)_z, 2pa(2_2;2(p +2)} when 0 < t, —# < 1.

Therefore, the operator Y is completely continuous. By the Arzela-Ascoli theorem, we can conclude that




N. Bouteraa / Filomat 36:11 (2022), 3573-3591 3590

the operator Y is compact.
Step 4. A priori estimate. Now, we show that there exists a constant M such that

sup E |lu (t)llgv <M, supEljp (t)HZv <M.
t€[0,T] te[0,T]

Let (1, v) a solution of the problem (1) — (3). Then

t
u(t) = Ex(Ouo+h(u(t)+ f(t = $)" " Eqa (t—5) B(u(s))ds
0

t
+ f (t= 8" Eun (t—5) f (0 () AW (S),
0

and
t

v(t) = E,(Hug+h(w(t))+ f(t —g)*t Eoo(t—s)B(v(s))ds

0
t
+ | (t=5) " Ena(t—5)gu(s)dW(s).
/

Combining the proof of Lemma 3.2 and Lemma 3.3, we obtain

Ellu 0,
t t
< WElull, + 47 Ly + 1) f E (O, ds + 471 f Ello (0, ds,
0 0
and
Elo O,
t
<

t

4 Elloolly, + 4 (Ly +7/1)fE||v Bl ds + 477 fEIIu (Bl ds.
0 0

By means of the extention of Gronwall’s lemma, it holds that

sup Ellu (W)}, < o0, supElo @)}, < .
t€[0,T1] t€[0,T]

So, there exists a constant M such that

sup Ellu(®)If,, <M, supElo @)l
t€[0,T] t€[0,T]

14
v < M.

Set, forv >0:

U ={(u,v) e (C(0,T] ,H‘”))2 , supEllu(®llgr <M+1, supElo)|<M+1;.
t€[0,T] t€[0,T]

From the choise of U there is no (4,v) € dU such that (1,v) = AY (1,v) for any A € (0,1). And from the
consequence of the nonlinear alternative of Leray-Schauder we deduce that Y has a fixed point denoted by

(19,v) € U which is solution of the problem (1) - (3). O



N. Bouteraa / Filomat 36:11 (2022), 3573-3591 3591

References

(1]
(2]

[3]
[4]

(5]
(6]
[7]
(8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

[24]

[25]
[26]

[27]
[28]
[29]
[30]
[31]
[32]

[33]
[34]

R. T. Baillie, Long memory processes and fractional integration in econometrics, J. Econometrics, 76 (1996), 5-59.

D. Benson, S. W. Wheatcraft, M. M. Meerschaert, The fractional-order governing equation of L'evy motion. Water Resour. Res.
36(6)(2000), 1413-1423.

F. Biagini, Y. Hu, B. Oksendal, T. Zhang, Stochastic calculus for fractional Brownian motion and applications, Springer (2008).

J. Y. Chemin, I. Gallagher, M. Paicu, Global regularity for some classes of large solutions to the Navier-Stokes equations, Ann. of
Math. (2), V.173,N.2, 2011, pp.983-1012.

T. E. Duncan, B. Maslowski, B. Pasik-Duncan, Semilinear stochastic equations in a Hilbert space with a fractional Brownian
motion, SIAM J. Math. Anal. 40(6) (2009) 2286-2315.

P.M. De Carvalho-Neto, P. Gabriela, Mild solutions to the time fractional Navier-Stokes equations in RN, J. Differential Equations.
259(2015), 2948-2980.

D. Del-Castillo-Negrete, B. A. Carreras, V. E. Lynch, Fractional diffusion in plasma turbulence. Phys. Plasmas, 11(8), 3854 (2004)
T. C. Gard, Introduction to Stochastic Differential Equations, Marcel Dekker, New York, 1988.

P. Germain, Multipliers, paramultipliers, and weak-strong uniqueness for the Navier-Stokes equations, J. Differential Equations,
V.226, N.2, 2006, pp.373-428.

M. Inc, The approximate and exact solutions of the space and time-fractional Burgers equations with initial conditions by
variational iteration method, J. Math. Anal. Appl. 345(1)(2008), 476-484.

Y. Jiang, T. Wei, X. Zhou, Stochastic generalized Burgers equations driven by fractional noises, ]. Differential Equations.
252(2)(2012), 1934-1961.

R. Kruse, Strong and weak approximation of semilinear stochastic evolution equations, Springer, 2014.

P.G. Lemari’e-Rieusset, Recent developments in the Navier-Stokes problem, Chapman Hall/CRC Research Notes in Mathematics,
431. Chapman Hall/CRC, Boca Raton, FL, 2002, 395 p.

K. B. Oldham, Fractional differential equations in electrochemistry, Advances in Engineering Software, 41 (2010), 9-12.

B. Oksendal, Stochastic differential equations: An introduction with applications, Fourth Edition, Springer-Verlag, Berlin, 1995.
X. Mao, Stochastic differential equations and applications, Horwood, Chichester, 1997.

R. Metzler, K. Joseph, The random walk’s guide to anomalous diusion: a fractional dynamics approach, Physics reports 339, 1
(2000), 1-77.

R. Metzler, J. Klafter; The restaurant at the end of the random walk: Recent developments in the description of anomalous
transport by fractional dynamics, ] Phys A, 37 (2004), 161-208.

H. Miura, Remark on uniqueness of mild solutions to the Navier-Stokes equations, J. Funct. Anal, V.218, N.1, (2005), 110-129.

R. Mikulevicius, B. L. Rozovskii, Global L,-solutions of stochastic Navier-Stokes equations, Ann. Probab, 33(1) (2005), 137-176.
S. Momani, Non-perturbative analytical solutions of the space- and time-fractional Burgers equations, Chaos Soliton Fract, 28
(2006), 930-937.

L. U. S. Mishura, Y. Mishura, Stochastic calculus for fractional Brownian motion and related processes, Springer, 2008.

M. M. Meerschaert, A. Sikorskii, Stochastic Models for Fractional Calculus. De Gruyter Studies in Mathematics, Vol. 43, Walter
de Gruyter, Berlin/Boston (2012).

M. Milo$evi¢, Almost sure exponential stability of solutions to highly nonlinear neutral stochastic differential equations with
time-dependent delay and the Euler-Maruyama approximation, Mathematical and Computer Modelling, 57(2013), 877-899.

G. Da Prato, J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge Univ. Press, Cambridge, 1992.

H. Sobczyk, Stochastic Differential Equations with Applications to Physics and Engineering, Kluwer Academic Publishers,
London, 1991.

T. A. Sulaiman, M. Yavuz, H. Bulut and H. M. Baskonus, Investigation of the fractional coupled viscous Burgers equation
involving Mittage-Leffler kernel, Phys. A, 527(2019), 121126, 20 pages.

C. P. Tsokos, W.]. Padgett, Random Integral Equations with Applications to Life Sciences and Engineering, Academic Press, New
York, 1974.

A. Viorel, Contributions to the Study of Nonlinear Evolution Equations, Ph. D. Thesis, Babes-Bolyai Univ. Cluj-Napoca, Depart-
ment of Mathematics, 2011.

G. Wang, M. Zeng, B. Guo, Stochastic Burger’s equation driven by fractional Brownian motion, J. Math. Anal. Appl, 371(1)(2010),
210-222.

R.N. Wang, D. H. Chen, T. ]. Xiao, Abstract fractional Cauchy problems with almost sectorial operators, J. Differential Equations,
252(1)(2012), 202-235.

G. Zou, B. Wang, Stochastic Burgers equation with fractional derivative driven by multiplicative noise, Comput. Math. Appl,
(2017) http://dx.doi.org/10.1016/ j.camwa.2017.08.023.

Y. Zhou, L. Peng, On the time-fractional Navier-Stokes equations, Comput. Math. Appl, 73(6)(2017), 874-891.

D. Yang, m-Dissipativity for Kolmogorov operator of fractional Burgers equation with space-time white noise, Potential anal,
44(2)(2016), 215-227.



