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Abstract. Motivated by [17], in this paper, we give sufficient conditions ensuring that the space S’"PAP(R, Z, i1, v)
of (1, v)-pseudo almost periodic functions in Stepanov’s sense is invariant by translation. Also, we provide
new composition theorems of (u, v)-pseudo almost periodic functions in the sense of Stepanov.

1. Introduction

The notion of almost periodicity introduced by Bohr [4] is not restricted just to continuous functions.
One can generalize the notion to measurable functions with some suitable conditions of integrability,
namely, Stepanov almost periodic functions, see [13] can be further developed. Details can be found in
[2,3,5-7,10,11, 13-16].

Now, throughout this work (Z, ||.||) is a Banach space. The notation C(IR, Z) stands for the collection of all

continuous functions from R into Z. We denote by BC(IR, Z) the space of all bounded continuous functions
from R into Z endowed with the supremum norm defined by

llxllBcar,zy := suprerillx(H)I]}.

Furthermore, BC(R X Z, Z) is the space of all bounded continuous functions f : Rx Z — Z.

Definition 1.1. [9] Let p € [1; +co). The space BS"(R; Z) of all bounded functions in Stepanov’s sense, with the

t+1
exponent p, consists of all measurable functions f on R with values in Z such that ||f|lps» := sup( f
teR Jt

oco. This is a Banach space when it is equipped with the norm || f||pss.

lIf(s)lPds)? <

Remark 1.2. f € BS'(R;Z) iff f* € L*(R,LF([0,1], Z)), with f is the Bochner transform of f defined by f" :
R — LF([0,1], Z), fP()(s) = f(t +5),¥(t,5) € Rx [0,1]. And [|fllss = Il f"llco-
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2. Almost periodic functions

Definition 2.1. [8] A continuous function f : R v Z is said to be almost periodic if for every € > 0 there exists a
positive number I(€) such that every interval of length I(€) contains a number T such that

If(t+17)— ft)ll < e for teR.

Let AP(IR, Z) be the set of all almost periodic functions from R to Z. Then (AP(R, Z), ||.ll.) is a Banach
space with supremum norm given by

llullo = sup [[u)Il-
teR

Definition 2.2. [6] A continuous function f : R X Z + Z is said to be almost periodic in t uniformly for y € Z, if
for every € > 0, and any compact subset K of Z, there exists a positive number I(€) such that every interval of length
l(e) contains a number T such that

If¢t+7y)— ft, Yl <e for (t,y) e Rx K
We denote the set of such functions as APU(R X Z, Z).

Definition 2.3. [13] Let p € [1,+00). A function f € BS'(R;Z) is said to be SP-almost periodic if its Bochner
transform f* € AP(R,LF([0,1],Z)).
Denote by APP(IR, Z) the set of all such functions.

The following remark is immediate.

Remark 2.4. [17] The map B : (BS'(R, 2),|l.llgs) — L®(R,LP([0,1],Z)), f —> f* is a linear isometry, in
particular it is continuous.

Definition 2.5. [7] A function f : R X Z — Z is said to be SP-almost periodic in t uniformly with respect to x in Z
if the following two conditions hold:
(i)forallx e Z, f(.,,x) € APP(R, 2),
(ii) f* : Rx Z — L[P([0,1],2); fb(t, x)(s) = f(t + s, %) is uniformly continuous on each compact set K in Z with
respect to the second variable x, namely, for each compact set K in Z, for all € > O, there exists 6 > 0 such that for all

x1, Xo € K, one has
1

llx1 —x2ll <0 = sup( | |If(t+s,x1)— f(t+ s,xz)ll”ds)% <e.
teR 0

Denote by APPU(R X Z, Z) the set of all such functions.

3. Ergodic functions

Let B denote the Lebesgue o-field of R and let M be the set of all positive measures i on 8 satisfying
U(R) = +o00 and u([a, b]) < oo, for alla,b € R (a < b). From now on, u,v € M.

Definition 3.1. [3] A function f : R — Z is said to be (1, v)—ergodic if

. 1 ' _
lim =) [ ) lf)lldp(s) = 0.

We then denote the set of all such functions by E(R, Z, u, v).
Definition 3.2. [16] A function f € BS'(R, Z) is said to be S” — (u, v)—ergodic if

. 1 r i+l L )
im S50 f K I If©IFds)? du(t) = 0

Equivalently, f* € &R, LP([0,1], Z), u, v).
We then denote the collection of all such functions by & (R, Z, 1, v).
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Definition 3.3. [17] A f : RX Z — Z is said to be SP-(u,v)-ergodic in t uniformly with respect to x € Z if the
following conditions are satisfied:
(i) Forallx € Z, f(.,x) € & (R, Z, u,v).
(ii) f* : Rx Z — LF([0,1], Z); f°(t,x)(s) = f(t + s, x) is uniformly continuous on each compact set K in Z with
respect to the second variable x € Z.

The set of such function is denoted by EPU(R X Z, Z, u, v).
4. Pseudo almost periodic functions
Definition 4.1. A continuous function f : R — Z is said to be (u, v)-pseudo almost periodic if it is written in the
form

f=g+h,

where g € PA(R, Z) and h € E(R, Z, u, v). The set of such functions is denoted by PAP(R, Z, u, v).

Definition 4.2. A continuous function f : RX Z — Z is said to be (1, v)-pseudo almost periodic in the first variable
uniformly with respect to the second variable if is written in the form

f=g+h,
where g € APU(RX Z,Z)and h € EU(R X Z, Z, u,v). The set of such functions is denoted by PAPU(RX Z, Z, 11, v).
Definition 4.3. A function f € BS'(R — Z) is said to be S” — (u, v)-pseudo almost periodic if it can be written in
the form

f=g+h,
where g € APP(R,Z, u) and h € E(R,Z, u,v). The set of such functions will be denoted by PAP*(R,Z, u,v) or
SPPAP(R, Z, u,v).

Definition 4.4. A function f : RxZ — Zis said to be SP-(u, v)-pseudo almost periodic in the first variable uniformly
with respect to the second variable if it can be written in the form

f=g+h,
where g € APPU(RXZ, Z)and h € & U(RXZ, Z, u,v). The set of such functions is denoted by PAPPU(RXZ, Z, 11, v).

We define the following conditions.

(M1):

(M2): For all 7 € R, there exist § > 0 and a bounded interval I such that
pua+rt: aeA}) <pu(A) when A € Bsatisties ANI=0.

Theorem 4.5. If (M1) and (M2) are satisfied, Then:

1. APP(R, Z) is a translation invariant closed subspace of BS'(R; Z).
2. & (R, Z, u,v) is a translation invariant closed subspace of BS'(R; Z).
3. PAPP(R,Z, u,v) = APP(R, Z) @ & (R, Z, i, v) is a Banach space for the direct sum norm, where

lfllpare R zpv) = gllaprr 2) + Bl @R,z vy = 1gllBse + [1AllBsy
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Proof:

1. By [12], AP(RR, L*([0, 1], Z)) is a translation invariant subspace of BC(R, L*([0, 1], Z)). Let t = f,(t) :=
f(t + a) define a translation of f, we have

(f)' (D) = falt +5) = f(t+5+a) = fO(t+a)(s) = (fa(B)(S).
That is (f,)’ = (f%), and then for f € APP(R,Z) , f* € AP(R,LP([0,1],Z)) then (f), = (f)! €
AP(R, LP([0, 1], Z)) that means f, € APP(R, Z)), then APP(RR, Z) is translation invariant.
By [13], APP(R, Z) is a closed subspace of BS'(R; Z).
2. See [17].
3. By using the same method in [16], it is fair to show that APP(R, Z)NE (R, Z, u, v) = {0} and any Cauchy

sequence of the space PAPP(R, Z, i, v) is convergent in itself. Let f € APP(R,Z) N E(R,Z, u,v) then
f € AP(R, L*([0,1], Z)) N E(R, LF([0, 1], Z), i, v). According to [1], f* = 0 then f = 0, by the injectivity
of B in Remark 2.4.
The Let (f.)» be a Cauchy sequence in PAPP(R,Z, u,v), then Vn € IN,3(g, h,) € APP(R,Z) X
& (R,Z, u,v) such that f, = g, + hy.
Let e > 0, dng € IN/Vm, n > nyg, we have

||fn _fm”PAPF’ = ”gn - gm”BSp + 1y = hllgsy < €.

Then, Ym,n > ng, we have
”gn - gm”BSP < eand ”hn - hm”BSV <é&.

Therefore (g,), and (h,), are Cauchy sequences in the Banach Spaces AP'(IR,Z) and & (R, Z, u,v)
respectively. Then 3!(g, h) € APP(R, Z) X & (R, Z, 1, v) such that

lim ||gn - g”BS!’ =0and lim ||]’l,1 - h”Bsp =0.
n—+0o n—+oo
Let f=g+heAPP(R,Z2)® E (R, Z, u,v) = PAPP(R, Z, u,v), then
nlifpm ILfu = fllgsr = nlifflm llgn — gllpsr + nlifpm lh, — hllgsr = 0.
Which gives, (PAPP(IR, Z, u,v) is a Banach space.
Remark 4.6. In the space PAPP(IR, Z, u,v), the direct sum norm and the ||.||gsr are equivalent.

Theorem 4.7. Let G € APPU(R X Z, Z) and h € APP(R, Z) satisfy the following:
1. (A0): There exists a nonnegative function L € BS(R) such that
Vx,y € Z,t € RIG(t, %) = G(t, y)ll < L{B)llx — yll.

And there exists & > 0 such that forall t € R, f € BS'(R, Z), we have:

1 1 1 1
([ vasonsera) < [ wers),

2. K= {h(t),t € R} is compact.
Then [t — G(t, h(t))] € APP(RR, Z).
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Proof: Take ¢ > 0and K C U B(y;, €), for some y; € K.
1<i<r
Fort e R, let Ey :={s € [0,1] : h(t +s) € B(y1,¢)} and for 2 < i < r, we define E; := {s € ([0,1] \ U E
1<j<i-1
h(t +s) € B(y,, €)}.
Here {E;, 1 <i < r}is a partition of [0, 1] and the sum of Lebesgue measures: Y ME) =1

—~
Il

1
(f IG(t + 5+ T, h(t + 5 + 7)) — G(t + 5, h(t + 9))|Pds)?
0

IA

1
(f IGt+s+ T h(t+s+1)—GEt+s+1h(t+ s))llpds)%
0

+

1
(f IG(t + 5+ 7, h(t +5)) — G(t + s, h(t + 5))|[Pds) .
0
Taking that I; and I, respectively are the first and the second term of the previous sum.
1

By (A0), I; < (f (LE+s+1)|h(t+s+1)—h(t+ s)||)’”(ils)%17

< E(f (It +s+ 1) = h(t + s)II)”ds)% &e, since h € APF(R, Z).
For I:

L= (ZfE IG(t + 5 + 7, h(t +5)) — G(t + s, h(t +5))|'ds)? .
1 i

Let
G(t+s+ 1, h(t+s)—G(t+s,h(t+5s))

(Gt +s+ 1, h(t+5)) -Gt +s+1,15))
(Gt +s+1y:)— Gt +5,v1)

(G(t +s,yi)) — G(t +5,h(t +5))

f1,i(8) + f2,i(s) + f3,i(s)

+ +

Then

b= [ 1A+ i)+ fuoas
1 VEi

S(ZKfMﬁWmhﬁfMﬁwwhw_mwwﬂW
- jﬁm|Ws ‘fmzwxé jﬁm|wﬁ
= 51 + S5, + S;.
By (A0),
51 = (Zr‘ f IG(t+s+T,h(t+s)—G(t+s+T, y,-)ll”ds)%
1 VE
< (Zl“ L,(L(t + s+ 7)||h(t +s) — yi||)i’ds)
<

<21: fE I(L(t e ’L’)S)pds)%
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= e(zl" fE (L(t +5 +T))ds)
r 1 1
- E(Z‘ fo (XE(S)L(E + 5 + T))ds)”

- S(i[(ﬁl(XEf(S)L(t +s5+ T))pds)%]l’)%
r 1 .
E(Zl'.[& fo (e (6))'ds) )
ge( ) MED)
1

= (e

Similarly S3 < €€&.
For S, :

S, = f||Gt+S+T, ) — Gt +s,y)|Pds ’l’.
2 (21: I y) = G(t +s,y)IPds)
G(.,11) € APP(R, Z), then

IN

==

1 1 .
(f IG(t +s+1,11) — G(t +5, yl)ll”ds)" < i]
0 e
G(., 1) € APP(R, Z), then
1 1 .
(f IG(t +5+7,y2) = G(t +5,y2)IPds)” < .
0 rﬁ
Since G(., yj) € APP(R, Z), then
1 1
1o
(f IG(t+s+7,y;) = G(t+s, yj)llpds)” <=
0 re

Then, we have

Sz (Z]}; IG(t +s+1,y;) —G(t+s,y]-)||pds)ﬁ
1 i

IA

r 1 1
(Zfo IG(t +5 +17,y)) — G(t +5, y))IPds)’
1

(D)) e

1

IA

And then, I < e(1 + 3&). This completes the proof.

Theorem 4.8. [17] Assume u,v satisfy (M1). Let G € U(R X Z,Z, u,v) and h : R — Z satisfying:
1. (A0): There exists a nonnegative function L € BS”(R) such that

Vx,y € Z,t € R, [IG(t, %) — Gt )l < Ll — vl
And there exists & > 0 such that forall t € R, f € BS"(R, Z), we have:

1

1 1 1
([ vesonsers) < [ wers),
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2. K = {h(t),t € R} is compact.
Then [t — G(t, h(t))] € &R, Z, i, v).

Theorem 4.9. Let u and v satisfy (M1). Assuming that G = G1 + Gy € PAPPUR X Z,Z, p,v)and h = hy + hy €
PAPP(R,Z, u,v). Supposing that the following conditions hold:

1. Gy, Gy satisfy (A0): There exists a nonnegative function L; € BS'(R) such that
Vx,y € Z,t € R:||Gi(t, x) — Gi(t, y)ll < Li(®)llx — yll,

fori=1, 2. Alongside, there exists & > 0 such that for all t € R, f € BS'(R)

1 1 1 1
p P P
(fo LI(t+9)llf(s)Pds)” < 5(f0 IfSIPds)"

2. K; = {hi(t), t € R} is compact, fori =1, 2.
Then t — G(t, h(t)) € PAPP(R, Z, 1, v).
Proof: Put G(t, h(t)) = G1(t)+Ga(t). Where Gy(f) := G1(t, I (t)) and Ga(f) := (G(t, (1)) = G(t, ha (1)) + Galt, b (H)).
By Theorem 4.7, we have t — G (t, hi(t)) € APP(R, Z) that is G; € APP(R, Z). For G;:
t— Ga(t,hi(t)) € & (R, Z, p,v), by Theorem 4.8.

For t € R, we have

IA

t+1 1 t+1 1
G(s, h(s)) — G(s, h Pds)’ Gi(s,h(s)) — Gi(s, h Pds)’
([ 166 H)-cemera) < ([ 1616 h) - it o)

t+1 1
e ([ 16 ) = Cats n(IPas)

(f01 L’l’(t+s)||h2(t+s)||pds)% + (fo

1 1
Lh(t + s)llha(t + 5)|Pds)”

<
1 1
= 25(f lIha(t + S)|Ipds)p, since hy(t +.) € BS'(R).
0
Then
1 (fm IG(s, (s)) — G(s hl(S))Ilpds)%dy(t) e 2¢ <ft+1 ”hz(s)”pds)%dy(t) —50
V=D St ’ =D Jn s

as r — +oo. This implies that t — G(t, h(t)) — G(t, h1(t)) € & (R, Z, 1, v). Therefore, 52 e &R, Z, u,v).
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