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Abstract. This paper is concerned with the existence and multiplicity of weak solutions for a p(x)-Kirchhoff

problem by using variational method and genus theory. We prove the simplicity and boundedness of the
principal eigenvalue.

1. Introduction

In this paper, the authors study the following nonlocal p(x)-Kirchhoff problem:

u=0 )

{— (a+b [, ﬁwmﬂx)dx) div (|VulP®2Vu) = A2y - g@)up®2u  inQ,
on dQ,

where a,b > 0 are constants, O ¢ RY is a bounded smooth domain, A is a positive real parameter and g is

a continuous function and p(x), g(x) are real continuous functions on Q with 1 < g(x) < p(x) < p*(x) = I\I]\]_p ;X)
and p(x) < Nforall x € Q.

Based on variational methods, especially the Krasnoselskii’s genus theorem, the existence of infinitely

many solutions has been proved. The main conclusion of the paper is correct and improves the related
results on this topic.

In recent years, there has been a great deal of work done on Kirchhoff p(x)-Laplacian equations, espe-
cially concerning the existence, multiplicity, uniqueness and reqularity of solutions. Some important and
interesting results can be found, for example, in [1, 3, 6, 9, 16-18] and references therein.

Many results have been obtained on this kind of problems, for example [3, 9, 19]. With the aid of
the three-critical-point theorem related to local linking due to Brezis and Nirenberg [1], Zeng-Ou, -Li [19]
proved the existence of at least two nontrivial solutions for the following nonlocal Kirchhoff type problem:

—(a+b [, IVuPdx) Au = f(x,u)  inQ, 2
u=0 on 0Q),
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where Q is a smooth bounded domain in RN(N > 1), 4,b > 0 are real numbers and f(x, %) is a continuous
function which 3-sublinear or asymptotically critical growth at infinity.

Recently, Che-Chen [3] extended problem (2) to the following Kirchhoff-type equations:

- (u +b fle IVulzdx) Au+ V(Xu + pdlulP~2u = f(x,u) + g(x,u) in R3, )

(=A)ip = plul? in R,

wherea > 0, b, u > 0 are constants, a € (0,3), p € [2,3 + 2a) and the potential V(x) may be unbounded from
below. Under some mild conditions on f(x, #) and g(x, u), the authors proved that the above system has
infinitely many nontrivial solutions.
In recent years, the study of new Kirchhoff type equations (1) was firstly extended by Hamdani et al.
[9] to the case involving the p(x)-Laplacian of type:
{— (a -b fQ ﬁqul”(")dx) div (quIp(x)‘ZVu) = AMulP®=2u + g(x,u) in Q, @
u=20 on 0Q),

where a > b > 0 are constants, Q C RN is a bounded smooth domain, p € C(ﬁ) with N > p(x) > 1, Aisa
real parameter and g is a continuous function. The authors in [9] proved the existence and multiplicity of
solutions by using the Mountain pass theorem and Fountain theorem.

Motivated by the works above, we shall study the existence and multiplicity of the solutions for problem
(1) by using variational method and Krasnoselskiis genus theory. Moreover, we study the simplicity and
the boundedness of the principal eigenvalue of problem (1) , with p(x) = p.

The outline of this paper is the following: In Section 2, we give some preliminary results. Section 3 is
devoted to the proof of Theorem 3.5. Finally, we give the proofs of Theorem 4.5, Theorem 4.6 and Theorem
4.8 in Section 4.

2. Preliminaries

For the reader’s convenience, we recall some necessary knowledge and propositions concerning the
Lebesgue and Sobolev spaces.

Let Q be a bounded domain of RN, denote C.(Q) = {p(x); p(x) € C(Q),p(x) > 1, forall x € Q}.

For any continuous function p : Q — (1, o),

p”:=infp(x) and p* :=supp(x).
xeQ o)

Let p € C,(Q), the variable exponent Lebesgue space is defined by
Ly (Q) == {u :QQ — R is a measurable function : fQ |u(x) PP dx < +oo}.
The space is equipped with the so-called Luxemburg norm:

p@)
ulpey := inf{y >0: f dx < 1}.
Q

Ly(Q) is a separable and reflexive Banach space [9].
The modular of L,)(Q) is defined by

u(x)

u

Ppeo (1) = f |u ()P dx.
Q
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Proposition 2.1. [18]. The space (L,,(x)(Q), |u|p(x)) is separable, uniformly convex, reflexive and its conjugate space

is (Lq(x>(Q), |u|q(x)), where q(x) is the conjugate function of p(x), i.e.,

I U
p(x) - qlx)

Forall u € Ly (€2), v € Lyx)(Q), the Holder’s type inequality

fuvdx
Q

Proposition 2.2. [5]. Suppose that u,,u € L, (€2), then the following properties hold:

1, VxeQ.

1 1
< (; + q—_) lttlp(e) [0lg) < 20tlp) [0lg) (5)

holds.

+

P L
[l > 1= lubyy < Ppeoy (1) < [l

p* -
|M|p(x) <l= |u|p(x) < pp(x)(u) < Iu'p(x)’

|ulp) < 1 (respectively, = 1;> 1) & pp(u) <1 (respectively, = 1;> 1);
[tnlpy — O(respectively, — +00) & py(u,) — O(respectively, — +00);

lim [u,; — uly) = 0 &= lim py)(uy, —u) = 0.
The Sobolev space W#™(Q) is defined as
WOQ) = {u € Ly (Q): [Vul € Ly(Q)},

is a separable and reflexive Banach spaces. For more details, we refer to [7, 15, 17].
WP (Q) is equipped with the norm

“ulll,p(x) = ||u”p(x) + ”Vu“p(x)-
On W#(®(Q)) we may consider the following equivalent norm
ullpe = Vil

Wé’p ™(Q) is defined as the closure of C5(Q) with respect to the norm

p(x)
||u||=inf{y>0: f dxsl}.
Q

It is well known that
Wy Q) = {u; u,, = 0, u€ Lyy(Q), IVul € Lyy(Q)}.

Vu(x)
U

For more details, we refer to [8, 9].

Proposition 2.3. (Sobolev Embedding[16]) For p,q € C.+(Q) such that 1 < g(x) < p*(x) for all x € Q, there is a
Continuous embedding

WP(Q) e Lyy(Q)

is continuous and compact. Therefore, there is a constant Co > 0, such that ||u,|lsx) < Colluall.
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Proposition 2.4. (Poincare Inequality[7]) There is a constant C > 0, such that
[ulpe) < ClIVullpe (6)
forallu € Wé’p(x)(Q).

Definition 2.5. Let E be a real Banach space.
Set R :={A C E—{0}; A is compact and symmetric}. Let A € R and we define the genus of A as follows:

Y(A) :=inf{m >1; I f € C(A,R" \{0}); f is odd}

and y(A) = oo, if does not exist such a map f. y(@) = 0 by definition.
For more details, we refer to [6].

Theorem 2.6. [6]. Let QO ¢ RN be bounded symmetric with boundary Q. Assume that 0 € Q, then y(9Q) = N.

Corollary 2.7. [6]. The genus of unit sphere SN=1 of the space RN is N.

3. Main results

Definition 3.1. u € Wé’p “\(Q) is called a weak solution of (1) if

(a +bfL|Vulp(x) dx)f [VulO-2vy Vodx = /\f Iulq(")_zu(pdx— f g(x)lul”(")‘Zu(p dx
p(x) Q Q Q

forall g € W,"(Q).

The energy functional associated with problem (1)

- Lo gy 4+ b Lo ) A [ g g, e g
](u)—afgml u| x+§(L%| u| x) - fgmlul x+LM|u| X

forallu e Wé’p (x)(Q) is well defined, C! functional and for all u, ¢ € Wé’p (X)(Q)

(]’(u),(p):(a+b f F%Nulp(")dx) fg IVulPD=2VuVe dx

—/\f|u|‘7(x)_2u(pdx+fg(x)lulp(")_zu(pdx,
Q Q

we can observe that the critical points of this energy functional are weak solutions of the problem (1).
We consider Q ¢ RN (N > 3) is a bounded domain with smooth boundary and p, g € C,(Q) such that:

Np(x)
N - p(x)

l<q <qx)<q"<p” <plx)<p" <2p” <p'(x) = 7)

and p(x) < N for all x € Q.
Furthermore, we assume that the function g(x) satisfies the hypothesis:

(H) g:Q —[0,0), g€L2(Q).

Proposition 3.2. [1]. Define the functional A = | o VulP® dx. Then A : W(l)’p Q) - Ris convex. The
mapping A’ : W(l)’p “Q) - (Wé’p (X)(Q))* is a strictly monotone, bounded homeomorphism, and of (S.) type, namely

U, — u (weakly) and lim,,_,co (A’ (), u, — u) < 0 implies u, — u (strongly).
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Definition 3.3. The functional | satisfies the Palais-Smale condition at the level C € R (” (PS)c condition” for short)
if for every sequence {u,} C Wé’p D) satisfying

J(u,) = C and J'(u,) > 0 as n — oo,

has a convergence subsequence of {u,}.

Theorem 3.4. [6]. Let | € Cl(W;’p(x),lR) and satisfies the (PS)c Condition. We assume the following conditions
i) ] is bounded from below and even;

ii) There is a compact set T € R such that y(T) = k and

sup J(x) < J(0).

xeT

Then problem, (1) has at least k pairs of distinct critical points, and their corresponding critical values are less than

J(0).
Theorem 3.5. If (7) holds. Then there are at least k pairs of different critical point for (1).

Lemma 3.6. The functional | satisfies the (PS)c condition.

Proof. We prove that {u,} is bounded in Wé’p(x)(Q).
Let {u,} C Wé’p (x)(Q) be a (PS)c sequence. Arguing by contradiction we assume that, passing eventually to

a subsequence, still denote by {u,}, we have [|u,|| — +00 as n — +oco0. we choose 0 < 0 < {q%, pl—H 2’;7}.

By Definition 3.3, for n large enough, we have
C + llunll = J(un) = 6CT (ttn), 14

2
>a (% - e) Vit [P dx + b(i - ﬁ_)( Vaa,, [P dx)
p o 2pp o)

-A (l_ - 9) [14,]7) dx + (% - 6) f g™ dx.
q Q p Q

By Proposition 2.3, there is a constant Cy > 0, such that

1 1
—)\(—_ - 9) l[enlly = —ACo (—_ - 9) ([
q q

So

1
2p+

C +llingll = a(% - 6) el + b( - ﬁ) lialP = ACo (l - 6) il
p p q

Dividing the above inequality by [|u,|| and passing to the limit as n — oo, we obtain a contradiction. It
follows from (7) that {u,} is bounded in Wé’p (x)(Q).

It follows from Proposition 2.3, where 1 < s5(x) < p*(x) and Wé’p (x)(Q) is reflexive Banach space, we may
assume that

U, = u in Wé'p(x)(Q), U, > u in Ly (Q),

uy(x) - u(x), a.e. in Q. 8)
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Holder’s inequality and (8), imply that

‘ f 1P 210, (1 — 1) | < f P9ty = e
Q Q

< ||un|p(x)71‘% [un —ulpy = 0 as n— oo
P

Hm | P20, (u, — u)dx = 0, 9)
similarly

D72 40, (1ty — u) dx — 0.

Hm | a7
Then (J'(u,), u, —u) — 0,
J (), uy —u)y = (a +b f LIVunlp(") dx) Vi, P92V, (Vu, — Vu) dx
p(x) Q

- /\f Iunlq(")‘zun(un —u)dx + f g(x)lunl”(")‘zun(un —u)dx — 0.
Q Q

So, we can deduce from (9) that

(a +b f leunlp("’ dx) f Vi, P92V, (Vi — Vi) dx — 0. (10)
a p(x) Q
So, we have

(A (), 1y — 1) = f Vi, P92V, (Vu, — Vu) dx — 0,
Q

from Proposition 3.2, u, — u in Wé’p (X)(Q). O

Lemma 3.7. The functional ] is coercive and bounded from below.

Proof. Indeed, for any u € Wé’p ©(Q), we have

2
J(u) = ;% f |Vu|P<X>+gb+z( f Vup® dx) —qi_ Iulq(x)dx+r% f g)ulP dx.
Q Q

Let p,(u) = fQ lulP®, by (6), we have some cases:
i) If pp(u) > 1,

b
2p+

Ac,
<

a . - .
J(u) > };IIMII” + lJull™ - llull”.

Since (7), so | is coercive and bounded from below.
i) If pp(u) <1,

b
2p+

ACy

2p* -
llul| % — ra 1277

Jw) > r%nun”* +

Since 2p* > p* and 2p* > p~, then | is coercive and bounded from below. [
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proof of theorem 3.5. We notice that Wé’p i Q) c W;’p (x)(Q).
Let us consider (e,);, a schauder basis for W(l)’p +(Q) [14] and X; = spanle;, ey, ..., e}, the subspace of
Wé’p : (Q) generated by ey, ey, . .., e. Clearly X is subspace of Wé’p (x)(Q).

So, we notice that X ¢ L1¥(Q)) because Xj C Wé’p ' (Q) C Ly). Thus, the norms || - || and | - |4) are equivalent
on Xy, because X is a finite dimension space. Consequently, there exists a positive constant Cy such that

|ulg) = Crllull, for all u € X;.

Let u € Xi; |lull <1, by (H) we have

2
](”)=ﬂfm|Vul”(")dx+ (f Vul”(x)dx)
Q
_ 90 4 g(x) p(0)
3 [ g+ [ S ax

< pi IVulP® + —(f [VulP® dx) - — |u|Z§g p1 fg(x)|u|P(X) dx
Q

IIgllm

- 2,
< ay ([l + alP?”) = allullf +

——jull”
< a3 (Il + ") = el
< az[full” + [full aCllu
+ -+ S
=l [ (el + 1l ") = Carz].
i i i ,,P —q 2p7—q" Cag
There exists 71 € (0, 1) be enough small in which r <land as + aor) <=5

Considering T = Sk = {u € Xk( llul| = rl}, J(u) < rT (a3r’1’ g a3rlp - Caz), Yu e T. Then

sup J(u) < 1- (% - Caz) _ —% <0=J(0).
T

Since X; and R are isomorphic so Sk and 5-! are homeomorphic so y(S¥) = k.
J is even, so by Theorem 3.4, | has least k pairs of different critical points.

Corollary 3.8. If (7) holds. Then there are infinitely many solution for (1)

Proof. Since k is arbitrary, so there are infinitely many critical points of J. [

4. Regularity results on eigenfunctions

In this section we shall prove boundedness and the simplicity of the problem (1) typical conditions.
We consider the following problem

{— (a + be 'V;‘lp)Apu =AMuf2u inQ, )

u=0 on JQ.

The pair (1, ) € W,"(Q) x R* is a weak solution of (11) if

afIVulp2Vu~Vvdx+(§f|Vu|”2Vu~Vv)-f|Vu|”dx=Af|u|”2uvdx. (12)

Lemma 4.1. [4].
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(i) Letp > 2 then forall x,y € RN
[yl > |xPP + plxlP2x - (y — x) + C(p)lx — yPP. (13)
(ii) Let 1 <p <2, then forall x,y € R",

Ix -yl

_— (14)
(x| + 1y1)* ™

[yl > |xIP + plxl”‘2x (y—x)+C(p)

(iii) Foranyx #y,p>1,

ylP > 1xl + plalP = x - (y = x).

In the above C(p) is a constant depending only on p.

Theorem 4.2. [14]. Let f € C(RR) be a piecewise smooth function with f* € L*(R). Then
(a) Ifu € W(Q), then f ou € W#(Q).
(b) Ifu € W, (Q) and £(0) = 0, then f o u € W,"(Q).

In all cases, we have

fw)Vu if u¢l,
\Y =
(fou) {0 it uel,
where L denotes the set of corner points of f.

Lemma 4.3. [14]. Let u be in W'*(Q), u > 0. Let {u,} be a sequence such that u, — u in W"(Q). Then the
sequence {u}} also converges to u in W (Q).

Lemma 4.4. Let u be in W;’p (Q), u > 0. Then there exist a sequence of nonnegative functions in Cy’(C2) converging
to u in Wy" (Q).

Theorem 4.5. Let X be Wé’p (Q) or WYP(Q) and let (u,A) € X X R* be an eigen pair of the weak form (11), then
u € L®(Q).

Proof. By Sobolev’s embedding theorem it suffices to consider the case p < N. Assume first that u > 0. For

M > 0 define v,,(x) = min{u(x), M}.

Letting f(x) = x, if x <M and f(x) = M, if x > M, it follows from Theorem 4.2 that v,, € X N L*(Q2).

For k > 0 define ¢ = Uff“, then Vo = (kp + 1)0’;4’) - Vo,,. It follows that ¢ € X N L®(Q).

Using ¢ as a test function in (11), one obtains

a(kr + 1)[ [Vul'=2VuVo,, - vlff dx + (kp + 1)5 (f [VulP=2 Vi - vaf).
Q

fIVuldszf|u|’“‘2uv’;”+1dxs2\f|u|<k+1)ﬁdx,
Q Q Q

Then
k b kp+p—1
akp+1) | Vo, o Pdx+ (kp +1)= Vo, Vo, I dx
Q P \Ja Q

<A f [ &V .
Q
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So

kp+1 k+1|p kp+1 k+1|p
a(k+1)l’fg;|va | +—(k+1)7’fQ|UM [P dx

kp +1
(k+1)p
S(A+(k+1)lﬂ)‘£u dx.

Then

(k+1) ’
a | Vol dx + f o"H 1P dx < (/\ +1) [ u® P,
L M a " (kp+1) Q

By (6), we have

(k+ 1)y
(kp +1)

k+1
o < (A + 1) el

(k+1)p*
By Sobolev’s embedding theorem, there is a constant C; > 0 such that
o5 e < CrllhH,

we take p* = Z\I,\’—f;, ifp<Nandp* =2p,if p=N. Thus

1
k) BT
o llgsnp < Nl

1
A (ke1p \@T
<CH (/\ EkP " i) + 1) [leell e 1yp-

We can find a constant C, > 0 such that

(k+1p |\
(Aacp o’ 1)

<G

for any k > 0.
Thus

1 L
0, ey < CFTC lullgesnyp-

Letting M — oo, Fatou’s lemma implies that

1

1
llull sy < CFF C Hlullesnyp-

Choosing ki such that (k; + 1)p = p*, then (15) becomes

1 1

k{+1 kq+1
il < CF7 CY )

Next, we choose k; such that (k, + 1)p = (k; + 1)p*, then taking k, = k in (15), we have

1 1
Ko+l Vko+1
Nl < CP27 G Hllgsnyp

1 1
o+l Vko+1
=C" G lullgy+1yp-

3869

(15)
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Then we obtain

Cky,+l C \/ky,+

el 41y < (2]l k- +1)p»

where the sequence {k,} is chosen such that (k, + 1)p = (k,—1 + 1)p*, ko = 0. We see thatk, +1 = (%)“.
Hence

no 1 Y

1
Yo 1 ki

lleell 41y < C e ’ [[2e] -
1 2

As 5 <1, there is C > 0 such that foranyn =1,2,...

llutll, +1p < Cllully,

withr, = (k, + 1)p* = o0 asn — co.
We show that u € L= (Q).
Suppose that u ¢ L*(Q), then there exist ¢ > 0 and a set A of positive measure in Q such that

[u(x)| > Cllull,» + ¢ =K, forall x € A.

Then

1

liminf[|ul|,, > lim inf (f K’") " — lim lanlAlrn =K > Cllull,.
n—oo n—oo A

n—oo

Which is contradiction.

If u (as an eigen function of (11)) changes sign, we consider u#*. By Lemma 4.3, u* € X.
Define for each M > 0, v,,(x) = min{u*(x), M}. Taking again ¢ = Uﬁ” as a test function in X, we obtain

a(kp + 1)f [Vul2Vu - Vo, -Uff dx + é(kp +1) (f [VulP~2Vu - vaf) - |VulP dx
Q p Q Q
=A f [ulP~? u vff“ dx,
Q

which implies

alkp + 1) f IVutP~2Vut - Vo, v’;fdx+(kp+1)§( f |Vu+|P—2Vu+-Vz;f;”) f IVu™ P dx
Q

_/\flulp2+kp+1

Proceding the same way as above we conclude that u* € L*((2). Similary we have u~ € L*(Q). Therefore
u=u"+u isin L*(Q). O

We define the following quantities for problem (1)

a [ SV di + 5 ([, 75 1Vup® dx) + [ 220up® dx
A= inf , (16)
ueW! " @)\ (o) I W'”W) dx

and

(+ b [ IVl dx) [, Vup®dx + [ gGolup® dx
Al = inf , (17)
ueWg " (@)\(0) Ji, Nl dx

Ay is smalest eigenvalue.
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Theorem 4.6. The problem (1) has no-solution for every A < Aj.

Proof. Let

P(x,u) = (11 + bf Lqulp(") dx) [VulP® dx + f g(x)lul”(") dx
o p() Q Q
and
Q)= [ 1t dx.
Q

_ P(x,u)
We have A; := 1nfuew(1),p(x)(g)\{0} oG

Fix A < A1 we argue by contradiction and assume that A is an eigenvalue of the problem (1).
Therefore we may find u € W(l)'p (X)(Q) \ {0} such that

(a +b f Lqulp(x) dx) f [VulP®-2 vy Vopdx + f _t](x)|u|7”(")_2 u@dx
a p) Q Q
=A L ™2y qpdx, forall ¢ e Wé’p(x)(Q).

Thus we have

Pl (x,u) = AQ;,(x, u).
For now on, taking ¢ = u, we get that P(x, u) = AQ(x, u).
Hence,

_ P(x,u) S . P(x, u) _

= > M
Q(x, u) ueW," (@)\{0} Q(x, u)

which contradict by the choice of A. [

Let us denote the quantity of the problem (11)

;‘—J fQ |VulP dx + % (fQ [Vul? dx)2

A= (18)
ueW,"(@Q)\{0} % fQ [ulp dx
The smallest eigenvalue of problem (11) is
a [IVup dx+ 2 ( f IVul dx)’
Ay = . (19)

ueW,"(@)\{0} fQ [ulP dx
Lemma 4.7. [14]. Let u be an eigenfunction associated with Ay, then either u > 0 or u < 0 in Q.

Theorem 4.8. The principal eigenvalue Ay is simple .i.e., if u and v are two eigenfunctions associated with Ay, then
there exists C such that u = Co.

ey —(ote) 4 g = @rel—(utey

Proof. By Lemma 4.7, we can assume that u and v are positive in Q). Letn = iy orey T

Where ¢ is a positive parameter. Then

v+e v+ ey!



A. Rezvani et al. / Filomat 36:11 (2022), 3861-3874 3872
From Theorem 4.5, since u and v are bounded, V7 is in LP(Q) and thus 7 is in W#(Q).
By symmetry argument the gradient of the test function 0 in the corresponding equation for v has a similar
expression when 1 and v interchanged.

Set u, = u + ¢ and v, = v + ¢. Inserting these test functions in to their equations obtained from (12) and
adding these equations, we obtain

p_.p p_.p
Alfup_l—ug __108 —/\1[0”’_1—08 __f‘g
o) uf Q oA
up-l prl
= /\1[ [? - ﬁ] (Mf —Uz)dx
olu! v
Ve i
=0 [ [ ({r+ e -0 v+ {u - vy hvar) dx
Q U Ve

_f (P(%)p_l|vus|p_2 Vu, - Vo, + P(%)p_l |Vvs|p_2 Vo, - Vus) dx]
Q ¢ e

" Z UQ ({14 o=y v + {1+ - D&y fivor) ar

_f (P(%)p_1|vus|p_2 Vi, - Vo, + P(%)’H |Vvs|p_2 Vo, - Vus) dx]
Q ¢ e

Ue

' UQ ({0~ DG, Phivap + {1+ - 1)(Z—Z’)P} Vo) dx
- f (P(Z—i)”‘llvus-l“ p(Z—:)f"vap)]

= a[f(uz - ) (VInul - |VIno.|) dx
Q

- pf FIVInu L 2VInu,(Vino, — Vinu,)dx
Q
—pf WV Ino f~2VInov, (VInu, — Vino,) dx]

Q

+?[f(uf—vf)(lVlnud”—lVlnng”) dx

PlJa

—pfv’i
Q

—Pfu’é
Q

. [f(uf. - v’;) (\VInu.l —|VIno,F) dx
Q

Vlnuf._2|Vlnug (VIno, — Vinu,) dx

v1nvf§*2| Vino, (Vinu, — Vino,) dx]

—pfv’;IVlnugI”_ZVlnug(VvuS —Vlnug) dx
Q

&

Vo,

—pf uflVlnvSIP’ZVInvg( —Vlnvg) dx].
Q

€

Set x; = u.Vlno,, y1 = u,Vlnu,, xo = v.Vlnu,, y» = v.VIno, and viceverse, inequality (14) in Lemma 4.1
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implies that

and

L= f (o — o) (VInu,P - [VIno,P) dx
Q
- pf AIVInu ) 2Vinu, (Vinv, — Vinu,) dx
Q

—pf W \VIno,P2VInov, (Vinu, — Vino,) dx >0
Q

5. = f W =) (Vinu, - Vino.p) dx
Q

Vu,

- pf IVInu P2V Inu, (
Q

- pf u’gIVlnvslp_ZVlnvE(
o)

- Vlnug) dx

&
Vo,

&

- Vlnvg) dx > 0.

Dominated convergence theorem implies that

up~l ppl

lim A; f [— - —] Wl —d)dx = 0. (20)
e—0* Q

p-1 p-1
& Ué‘

Theorem 4.6 of [14] implies that u and v are in C*(Q).
For the case p > 2, from to inequality (13) in Lemma 4.1 we have

1
0<C — + — | |v:Vu, — u Vo, dx
(p)fu(vf_ ,,)I I

1
ué'

p-1 p—1
SLSSL5+L855$/\1f[u—_l—v—_l}(u’;—v’z)dx
oldd”

for every ¢ > 0. Recalling (20), for ¢ — 0%, from Fatou’s Lemma we obtain
limov.Vu, — u.Vo, = 0 a.e, in Q and thus

vVu =uVo a.e, in Q.

We obtain immediatly that V(%) = 0, i.e., there is a constant k such that u = kv a.e, in Q. By continuity, u = kv
at every pointin Q. [
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