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On the Uniqueness of Solutions of Duhamel Equations

Ramiz Tapdigoglu®?

® Azerbaijan State University of Economics (UNEC) Istiglaliyyat str. 6 AZ 1001 Baku, Azerbaijan
b Department of Mathematics, Khazar university, AZ 1096, Baku, Azerbaijan

Abstract. We consider the Duhamel equation
p@f=yg

in the subspace

Cy, =1{f€C(0,1]1x[0,1]) : f (x,y) = F (xy) for some F € C* [0, 1]}

of the space C* ([0,1] X [0,1]) and prove that if ¢ Iry—0# 0, then this equation is uniquely solvable in Cy}

The commutant of the restricted double integration operator Wy, f (xy) := fo ) fo Y f (tT)drdt on Cy is also
described. Some other related questions are also discussed.

1. Introduction

Let C* := C*([0,1] X [0,1]) be the Fréchet space of infinitely differentiable functions in the square
[0,1] x [0,1]. The Duhamel product in C* is defined by the formula (see Merryfield and Watson [12]).

2
(f@g)(x,y)::axayfofof(x—t,y—’[)g(t,’c)d’fdt. 1)

We remark that the Duhamel product is widely applied in various questions of analysis, especially, in
the theory of differential equations, in mathematical physics (Merryfield and Watson [12], Wigley [19, 20])
and in operator theory; see, for instance, Ivanova and Melikhov [2] and references therein. For applications
of Duhamel products in description of invariant subspaces of integration operators, we refer to the papers
[7,10, 17, 18]. Recall that the commutant of the bounded linear operator A acting in C*, i.e., A € L(C*®) is
defined by {A} := {B € L(C®): BA = AB}.

Recall that the double integration operator W is defined in C* by the formula

Xy
(Wf)(x,y):=f0fof(t,fc)det,feC""([O,l]><[0,1]).
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We set

Cyy={f€C”: f(x,y) = g(xy) for some g € C*[0,1]}.

It can be easily shown that C3; is the closed subspace of C* and WCg) c Cyj, ie., Cyy is the invariant
subspace of the integration operator W. We set Wy := Wicg,.

In this article, which is motivated with papers [8] and [14], we study uniqueness of Duhamel equations
related to the commutant of double integration operator W, on Cg;,

2. Description of the commutant {ny}'

Note that the study of commutant of a given operator A is one of the important problems of operator
theory on topological spaces, including Banach spaces. For example, it is enough to remember the celebrated
Lomonosov’s theorem on the existence of closed nontrivial hyperinvariant subspaces of compact operators
on a Banach space X (recall that a closed subspace E C X is called hyperinvariant subspace for the operator
A € L(X), if it is invariant for any operator B in {A}’). In this section, we describe in terms of Duhamel

operators the commutant { ny}/ of the operator W, on Cy;. Recall that the topology in C* is given by the
family of the seminorms {P,},so defined by

ol

d
Wf(x/ y)‘ al=an +a2=0,1,..., 1’[} . )

Pn(f)zmax{ max

(xy)el0,11x[0,1]

It follows from (1) and (2) that the Duhamel operator Dy, D¢g := f ® g, is the continuous operator on C* for
any f € C%, in particular, for any f € C;, the Duhamel operator Dy, Drg (xy) = (f ® g) (xy), is continuous in

b ) are algebras

- In general, by using the method of the paper [8], it can be proved that (C*, ®) and (
(we omit it).

Theorem 2.1. Let T € L (C°°) be an operator. Then T € {ny}l , e, TWy, = Wy, T, if and only if there exists a
function ¢ € C3;, such that T = D, where Dy, is the Duhamel operator defined by the formula

(Dof) (x)
~o N =05 [ [ p-nw-o)s e

Xy
= phyrof @)+ [ [ [y (= D=0+ =0 = Dy (=D = )] F ) e,
fp( v)

where @y := and @y = %{;y(p (xy).

Proof. We use anidea of the paper [14]; for the sake of completeness we provide here details. Let T € £ (C;‘;) ,

ie, TWy, = W,,T. Then we have TW,, (xy)k =Wy T (xy)k forallk = 0,1, ..., whence by computing W, (xy)k
we get

T(ljbﬂyﬂffdn#):’T(f%#(JCﬁﬁdﬂdg
fot"kmldt

k+1 ]/k+1
T(@+1f):(k+n2

)k+1

T (xy

7
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hence
T ()™ = e+ 17 Wy T (g ©
forallk =0,1,.... For (3) we get by induction that

T(xy) = Tle k=1,2,..). 4)

In fact, for k = 1, we obtain from (3) that T (xy) = Wy, T1, as desired. Assume for k = n that

T () = W, 1 [T ©)

m=1

For k = n + 1 we have from (3) that
T(xy)"™" = (n+ 1) Wy, T (xy)" . (6)

By considering (5), we have from the latter equality that

T (xy)"™" = (n+1)* Wy (Wj;yn Hlmz)
m=

n n+1
= WEIT1(n+1)? [T m* = Wi T1 ] n?,

m=1 m=1

which proves (4) . Now we prove that

X Y —t _ k-1
Wef )(xy)zfo fo . [(k) (—ynz]?] S0 drt @)

First we show that

( )

(WE,f) (xy) = ® f (xy) (8)

forallk = 0,1, .... Infact, it follows from that (1) that the constant function 1 is the unit of the algebra (ny, @)

and ka f (xy) = xy® f (xy) for every f € C5j. So, by induction we have equality (8) (the details are omitted).
Thus,we have:

( xyf)( xy) = ([k) ® f(xy) = &x&yf f wf(t )drdt
kv) f f -y - T)]k 1f(i‘T) drdt
- Tl),]z f f (=D (y -] f(tr)drdt
(I
f f [k 1)'] f (tt)drdt.
This proves (7).

Now, formulas (4) and (7) together yield

k-1
T(xy) = Hm f f & _[(2 (yl_ 2] T1dzdt
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for all k > 0, and hence
T(xy)k = (xy)k ®T1(k > 0),
which shows that
Tp(xy) =T1@p (xy)

for all polynomials p. From this, by considering that every Duhamel operator D, with g € C5j is continuous
on C3, we deduce by Weierstrass approximation theorem that

(Tf) (xy) = D1 f (xy)
2 X Y
= T16 f (xy) = %ay fo fo (T1) ((x = ) (y = 7)) f () el

*ory 52
= fo fo 2%y (T1) ((x — t) (y — 7)) f (t7) dzdt + (T1) (0) f (xy)

XY
- [ [ le-00-00,@-00-)
+ (TD), ((x = ) (y - 1) f (t7) drdt + (T1) (0) f (xy).

We set ¢ := T1. Clearly ¢ € C}. Thus, we have

Xy
@nen= [ [ o @=0=1)+ 6=D@ =D pw (=D =D FE0dxdt+ 9O F 1),
that is

(TF) (xy) = ¢ (xy) ® f (xy) = (Dy f) (xy)

forall f € C7} and some ¢ € Cgj.
=,
(C;‘;, @) is an algebra, we conclude that Dy, is a continuous linear operator on C3;. This proves the theo-
rem. []

Conversely, if ¢ € Cj, then the Duhamel operator D, commutes with W,,, i.e., D, € {ny},. Since

Let{A}” denotes the bicommutant of the operator A € L(C;‘;) Jie., {A) = {X el (C;"y) :XT=TXforallT € {A}’} )
Corollary 2.2. {ny}n = {ny}l.

Proof. In order to prove that {ny}" = {ny}’ , it is enough to show that T1 T, = T>T; forany Ty, T> € {ny},.

00

In fact, by Theorem 1, there exist @1, @2 € ny such that

(T1f) (xy) = 1 (0) f (xy) + f x f y [Pry (=B (=) + = (Y = D) Pray (=D (y = 1)] f (t7) drdlt
= (p1O) I +Ky,) f (xy)
and
(T2f) (xy) = 92 (0) f (xy) + f x f (020 (@ =D =) + @ = 0= D) Pay (6= Dy — )] £ 47) e

= (2O 1 +Ky,) f (x9)-
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forall f € CY), where

dpi (xy) > .
Py = =5 and @iy 1= xay (xy) (=1,2)

and

Ko f (xy) = (9: ® f) (xy)

X Y az
= fo fo ooy ((x = 1) (y — 1)) f (tr) drdt
e
- fo fo [(Pi,y (x=Dy-1)+ @=1) (Y —7) iy (x—1) (y - T))] f(¢7) drdt,
i =1,2. Since K, Ky, = K, K,,,, we have that

1T = (@1 (0)1 + Ky, ) (2 (0 T+ Ky, )
= (p2(0) I +Kyp,) (@1 (0)I + Ky, ) = ToTi.
This completes the proof. O
The related results for the commutant of integration and generalized integration operators are given,
for instance, in [1, 3, 13, 15, 16].
3. Uniqueness of solutions of Duhamel equations
In the present section, we study uniqueness of the Duhamel equation
pef=yg )

where ¢ and g are given functions in Cy;. First we prove the following main lemma. It generalizes Lemma
2.2 of the paper [8].

Lemma 3.1. If f € (Cffy, @), then f is ®-invertible if and only flyy=o # 0.
Proof. The proof of the implication = is trivial. Indeed, if f is ®-invertible, there exists g € Cj such that f®g =1,
which implies that 1 = (f ® g) lxy=0 = flxy=09lxy=0, which shows that fl.,=o # 0.

Conwersely, we now prove that if fl|x,=0 # 0, then f is a ®-invertible element of the algebra (C;‘;, ®) . We assume
without loss of generality that fly=o = 1. Obviously, f (xy) = 1—h(xy), where h € C3;, and hlyy=o = 0. Choose

M > 0 such that aigyh (xy)' < M forall x € [0,1] and y € [0, 1] (since ai;yh (xy) is continuous on [0,1] x [0, 1]).
Then it is clear that

fxfy 82h( Ydtd
——h(tt)dtdt
o Jo 9xdy

for all x € [0,1] and y € [0,1]. By the symbol h"! we denote the @-product of h with it self n times for n > 0, i.e.,

n

i (xy)| = < M(xy)

—
WM = h(xy) ®..@h (xy), where h° := 1.
It follows from the definition of the Duhamel product ® (see formula(1)) that

XY 2 )
(f®9)(x/y)=](; j(; axayf(x_t’y_T)g(t/T)det"—fo gf(X—t/O)g(trT)dt

+f0ya%f(o,y—T)g(t,T)dT+f(0,0)g(x/]/) (10



Ramiz Tapdigoglu / Filomat 36:11 (2022), 3891-3898 3896

forall f,g € C*([0,1] x [0,1]) . In particular, for functions f, g € C3;, we get from (10) that

X 4 2
(o969 = [ [ 50—ty =)t Ot + flumog (9 an

(since 5 f((x=1)0) = ££(0) = 0and Zf(0(y~1)) = 50 =
Now we prove by induction that
M™ (xy)"

|n (ey)| < o (12)

and

K ’”(xy)’” '

forall x,y €[0,1].
In fact, assume that the inequalities (12) and (13) hold for m = n, and prove that they are true also for m = n + 1.
For this purpose, by considering (11), we have:

fx fy azh((x(;xgy(y D) i (12 e

n+ n+ n+1
<M 1fft” rgedr = MO
(n!)? ((n+1))°

P2
‘ h[n]( y)‘ ‘f f = 23 2 -H(y- T))h[n] (tq:)dq:dt+ il |xy=0h[n] (xy)

[ ()| =

and

2 (= Dy =) 57 (= )y - ) e

((nM";|) f f (t7)" ! drdt

_ Mn+1 (x]/)
(@)

Thus, (12) implies that Yoo [1 (xy)| < Loz Nizy(l;?z) , that is, the series

g(xy):= ) " (xy),
n=0

is majorized by the series Y o, ((IV;,)Z =: L. This means that the function series Y., oh" (xy) with " e C3

(n=0,1,2,...) converges uniformly in [0, 1] x [0,1]. In order to prove that g € Cg;
integer k > 0O the series

+y-we have to prove that for any

= k
HZ::O 9x5&yﬁ Al (xy), wherek = o + B,

converges uniformly in [0, 1] X [0, 1] . Indeed, choose N,, € IN such that

<N,

"
Ix*yP (xy)
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forall x € [0,1] and y € [0,1]. Since hlyy=0 = 0, it is easy to verify that

[K] * AR
h |xy:0 = &x&yh ! (xy) |xy:() == &xklgykzh (x]/) |xy:0 =0

for each k = 2. Then we have:
> >
[n] = (k] [n—k]
IxadyP " (xy) = aayﬁ [(h ®h ) (xy)]

= g (110, o]

[ o

hence

PA (9
Kl (x (K] , (7,11

Using (12), (13) and (14) , we have:

(o) (o] a
[n] [ﬂ]
Z:; xaayﬁ (x y)‘ L axa Gy)) + Z_: gy " y)‘
k-1 o
[n]
< an + Z axaayﬁh (xy)‘
n=0 n=k
k-1 ) ak
_ [k] k]
-Yner ) ( 2 (=), )(xy>)|
v AT (1K
= N, h -t (y— /i t7) dtdt
Y Ner Y[ gt -0 = (), e
k-1
<Y Ny + N Zf f ‘ ) (tT)det|
n=0
k-1 o0
<Y N,+N, fft”klnkld’cdt
HZ:;‘ " k; ((n—k l)!)2 0o Jo
k-1 )
M" k ok
= Nn +Nk ( y)
nZS ; (n -k
k-1 ) n—k
<Y N, + N Z M—
=0 = (- by’
Thus, the series Y, axvayﬁ W™l (xy) is majorized by the number series
) k-1
Zan = Ny + N¢L,
n=0 n=0
where
{ N, if0<n<k-1
A, = Mn—k . ’
! K (=R’ ifn =k
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which implies that g € Cg;,. Since

(fog) ) =(1-Nogky) =[1-hHe) W |xy=1,
n=0

we deduce that f is ®-invertible. The proof of lemma is completed. [
Our next result is about the uniqueness of equation (9).
Theorem 3.2. If ¢ € Cyj and ¢lxy=o # O, then equation (9) has a unique solution for any right-hand side g € C3;,.

Proof. Indeed, since ¢ € C7} and ¢ly=o # 0, it follows from Lemmal that ¢ is @-invertible in CY}. Let
Y= @719 theny € Cyy- Therefore we have from (9) that

ve(pef)=vaey,

hence (Y ® ) ® f = Y ® g, or equivalently 1® f = ¢ ® g. Thus f = 1) ® g, which obviously shows that the
solution of the Duhamel equation (9) exists (since D, is the invertible operator on C3;) and it is unique. The
theorem is proven. []

Other applications of Duhamel products are given in [4-6, 9, 11, 15].
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