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Abstract. In this article, we study Feng-Liu [Fixed point theorems for multi-valued contractive mappings
and multi-valued Caristi type mappings, J. Math. Anal. Appl. 317 (2006), 103-112.] type fixed point
theorems and present some new results for multi-valued mappings in metric spaces using the concept of
w-distance. We also discuss, some non-trivial examples to illustrate facts. Finally, we present applications
of our results to integral inclusions and non-linear matrix equations. An example is given, together with

convergence and error analysis, as well as average CPU time analysis and visualization of solution in
surface plot.

1. Introduction and Preliminaries

The classical Banach contraction theorem (in short BCT) is an important and fruitful tool in nonlinear
analysis. A number of extensions an generalizations of the BCT have been obtained by many mathe-
maticians. Nadler [12] presented a multi-valued version of the BCT. His results was also extended and
generalized by many authors. Feng and Liu [7] extended Nadler’s result in the following way:

Theorem 1.1. [7]. Let (E,d) be a complete metric space, 3: B — Py(E) a multi-valued mapping and f: E — R,

—

f() = d(v, 3v) a lower semi-continuous function. If there exist b, c € (0,1) with b < ¢ such that for any v € E there
is § € Jv satisfying

cd(v,d) < f(v) and f(8)<bd(v,9),

then 3 has a fixed point in E.

A number of extensions and generalizations of the above theorem appeared in [3, 4, 6, 9, 13, 14] and
elsewhere.

On the other hand, in 1996, Kada et al. [8] introduced the concept of w-distance on a metric space and
presented a generalized version of Caristi fixed point theorem, Ekeland’s e-variational principle and the
non-convex minimization theorem (cf. Mizoguchi and Takahashi [11]).
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Definition 1.2. [8]. Let (E,d) be a metric space. A function w: E X E — [0, o) is called a w-distance on E if it
satisfies the following properties:

(W1) o, 1) < w(d,v) +w(v, u) forany S,v,u € &;
(W2) w is lower semi continuous in its second variable; i.e., if € Eand v, — v € B, then w(9,v) < liminf w(I, v,);
n—oo

(W3) for each € > 0, there exists a 6 > 0 such that w(u, 9) < 6 and w(u,v) < 0 imply d(J,v) <e.

The authors in [13], studied Feng-Liu type fixed point theorems and obtained a generalization of Theorem
1.1. Their theorems contain many results as particular cases. In this article, we continue this study and
present some new Feng-Liu type fixed point results for multi-valued mappings in metric spaces using the
concept of w-distance. Our results are motivated by Feng and Liu [7], Kada et al. [8] and others.

Now, we recall some notations, definitions and results for the sake of completeness.

Throughout this paper, (£, d) denotes a metric space and P(E) the family of all nonempty closed subsets
of E. For any subset D # 0 of &,

d(v,D) = \})Iell:f) d(v,9) and w(v,D) = ‘};25 w(v, ).

Definition 1.3. Let 3: & — Py(E) be a multi-valued mapping. A point v € B is said to be a fixed point of J if
ve I

Definition 1.4. [20] A function f: E — R s called lower semi-continuous (l.s.c., in short) if
f() < liminf f(v,) (1)

for all sequences {v,} in & with lim v, = v € E).

n—o0

Definition 1.5. Let IF : (0, 00) — R be a function such that
(F1) [ is strictly increasing;
(F2) for each sequence {c;} of positive numbers,

lim ¢; = 0 if and only if lim F(c,) = —oo;

S—00
(F3) there exists k € (0,1) such that h%l FF(c) = 0;
¢—0*

(F4) F(inf B) = infIK(B) for all B C (0, 1) with inf B > 0.

We denote the sets of all functions F satisfying (F1)-(F3), (F1)~(F4) by §, &., respectively. It is clear that §. C §
and some examples of functions belonging to §. are F1(c) = In¢, Fa(c) = c+In¢, Fs(c) = =1/ /¢, Fa(c) = In(c?+¢)
[20].

Note that, if [F satisfies (F1), then it satisfies (F4) if and only if it is right-continuous.

Definition 1.6. [20]. A mapping 3 : & — E is said to be F-contraction if there exist IF € § and x € R* such that
x + Fd(3v, 39)) < F(d(v, 9)),

forall v, € E with d(3v, 39) > 0.

It is evident that every contraction mapping is F-contraction (with F(c) = In¢ and ¥ = —InA) but the
converse need not be true. Wardowski [20] showed that each F-contraction on a complete metric space
has a fixed point. Afterwards, several researchers obtained various fixed point results using the idea of
[F-contractions [21].
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Definition 1.7. [18]. A mapping 3 : E — 2& (= collection of all nonempty subsets of ) is said to be multi-valued
IF-contraction if there exist F € § and x € R* such that for all v, 9 € E with § € Jv there exists u € 39 for which

Kk +F@d(39,3u) <FN(®,9)) 2)

if d(S, u) > 0, where
N(v, ) = max {d(v, 9), d(v, 3v), (3, 39), %[d(v, 39) +d(s, Sv)]} . 3)

In [17], Samet et al. defined the a-admissibility of mappings as follows:

Definition 1.8. [17]. Let a : E X E — [0, 00) be a function. A mapping 3 : & — E is said to be an a-admissible
mapping if, forv,d € &

a,9)21= a(I),3(9)) > 1.

Definition 1.9. [5]. Let J : & — 2% be a multi-valued mappings and a : E X E — [0, 00) a function. The mapping
3 is called a,-admissible if v1,v, € E,

a(vy,v2) 2 1= a.(8(1),I(p) 21

where a*(Al, Az) = inf{a(él, 52) &1 €N and & € Az}

Definition 1.10. [2]. Let a,n : E X E — [0, +00) be functions. A mapping 3 : & — 2% is said to be a generalized
a.-admissible mapping with respect to an n if for vi, v, € B,

a(vy,v2) = n(vy, va) = a(ur, p2) = n(ur, p2) ¥ a1 € Svy, YV pup € Jvy.

If n(vq,v2) = 1 for all v1,v, € E, then Definition 1.10 implies Definition 1.9, while if a(v1,v2) = 1, J is an
n.-subadmissible mapping.

We shall use the following lemmas for proving our main results.

Lemma 1.11. [8]. Let (E,d) be a metric space and let w be a w-distance on E. Suppose that {9,}, {v,,} are sequences
in 8 and {a,}, {Bn} are sequences in [0, c0) converging to 0, and let 9, v, u € E. Then the following assertions hold.

@) If w(Su,v) < ay and (S, 4) < Bu for all n € N, then v = . In particular, if w(8,v) = w(9, 1) = 0, then
v=y,
(ii) if w(On, Vi) < ay and w(Sy,,v) < By for all n € IN, then {v,} converges to v,
(iii) if w(Sn, Sm) < ay for all n,m € N with m > n, then {9,} is a Cauchy sequence,
(iv) if w(v, 9,) < ay foralln € N, then {9,} is a Cauchy sequence.

Lemma 1.12. [8, 19]. Let w be a w-distance on a metric space (E,d) and {3,} be a sequence in E such that for each
€ > 0 there exists Ne € IN such that m > n > N, implies w(3,,9y) < €, ie., lIim w(S,,9y) = 0. Then {9,}isa
m,n—oo

Cauchy sequence.

Lemma 1.13. [10]. Let K be a closed subset of E and w be a w-distance on E. Assume that there exists v € B such
that w(v,v) = 0. Then w(v, K) = 0 if and only if v € K, where w(v, K) = gan( w(v, ).
€
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2. F-contraction type Feng-Liu results

Recall that the set O(vg; J) = {3"vy : n =0,1,2,...} is called the orbit of the self-mapping J at the point
vo € B.If (1) is satisfied for all sequences {v,} € O(vp), then f is an orbitally Ls.c..
Let 3 : E — P4(E) be a multi-valued mapping, F € Fand 7 : (0, c0) — (0, 00). Forv € Ewith w(v, Iv) > 0,

defineasetIF, C E as

F = 9 e Iv: Flw,d)) < Fimax{w(, Iv), w(9, 3}
T +7(max{w(, Iv), (S, I9)}) ’

Theorem 2.1. Let (E,d) be a orbitally complete metric space with w-distance w and 3: B — Py(E). Assume that

(a) the mapping v = w(v, Iv) is orbitally Ls.c.;
(b) I is a muti-valued generalized a.-admissible with respect to an n mapping;
(c) there exist functions 0, t: (0, 00) — (0, o0) such that

0(c) > 1(¢), li}n inf O(t) > 1itrn inft(t) forall ¢ > 0;
—ct —ct

(d) foranyv € E with w(v, 3v) > 0, there exists 9 € F, with a(v, 9) > n(v, 9) satisfying
O(max{w(v, Iv), w(9, I9)}) + F(w(S, 39)) < Flw(v, 9));

(e) if fvy} € B with vyyn € Jv,, vy, > v € Eas n — o0 and a(vy, Vys1) = Ny, Vas1) for all n € N then
a(y,v) = n(vy,v) forall n € IN.

Then there exists o € B such that w(g, 30) = 0. Further, if w(o, 0) = 0 then o € Jp.

Proof. Suppose that for all v € E, w(v, 3v) > 0 and take an arbitrary point vy € E. From (d), there exists
v1 € FY # 0. If vy € E is any initial point, then there exists v1 € F;* with a(vy, v1) = 1(vo, v1) such that

O(max{w(vo, Jvp), w(v1, Iv1)}) + F(w(vy, Ivy)) < Flw(vo, v1)).

For vy € E with vy € 3(vg), a(vg, v1) > n(vo, v1), and there exists v, € F;! with v, € J(v;). From (b), we have
a(vy,v2) = n(v1,v2) and hence from (d)

O(max{w(vi, Jv1), w(vz, I12)}) + F(w(va, Iv2)) < F(w(vy, v2)).

Continuing this process, we get an iterative sequence {v,}, where v,41 € F’, v,11 € Jv, with a(v,, vp1) >
n(vr/ 1/r+1) and

Omax{w(vy, Iv), 0(Vre1, Ivr)}) + F@(vra, Ivie1)) < Flovr, ven)).
Therefore for v,.» € Jv,.1, we have

Omax{w(vr, V1), @(Wrs1, Vrs2)}) + B(@(Vrs1, Ivp11)) < Fw(vy, vea))- (4)
We will verify that {v,} is a Cauchy sequence. Since v, € F;, then by the definition of IF;", we have

F(w(vr, vr41)) < Fmax{w(vy, 3vy), o(vrs1, Sve)))

+ t(max{w(vy, Vi), @(Vrs1, Vr2)}).- ()
Put g, = w(v,, vy41) for r € N, then g, > 0. From (4) and (5) we have
F(gr+1) < F(max{g,, gr+11) + t(max{gy, gr+1}) — O(max{or, 0r+1}). (6)
If o, < gr41, then we have

]F(Qr+1) < ]F(Qr+1) + T(Qr+1) - Q(Qr+1)/
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a contradiction since from (c), 6(¢) > 1(¢). Therefore,
F(or+1) < F(o) + (o) — 6(0r)
F(o) — (6(0r) — t(0r))- @)

From (7), {or} is decreasing. Therefore, there exists 0 > 0 such that
lim g, = 0. Let B(t) = O(t) — 7(t), for all t > 0. Then using (7), the following holds:

F(0r+1) < F(o) — B(or)
< F(or-1) — B(or) — B(0r-1)

< F(go) = plor) = (or-1) = - - = Bleo)- (8)
Let g, be the greatest number in {0,1,...,7 — 1} such that
B(o;,) = min{B(g0), fer), - - -, B(or))
for all » € IN. In this case, {g,} is a nondecreasing sequence. From (8) we get
F(gr) < Fleo) = 7B(ey,)- ©)

Now consider the sequence {$(g,,)}. We distinguish two cases.

Case 1: For each r € N there is s > r such that B(g;,) > B(¢,,). Then we obtain a subsequence {g,, } of {g,,} with
B(0q,) > Blog,,,) for all k. Since g;, — 6 we deduce that

likm infﬁ(@qu) > 0.
Hence
F(g,,) < F(eo) — *Bgy,,) for all k.

Consequently, I}im F(gy,) = —o0 and by (F2), ]}im 0r, = 0 which contradicts the fact that I}im or, > 0.

Case 2: There is ry € IN such that f(¢,,) > p(0y,) for all s > ro. Then F(g;) < F(go) — sp(¢,,,) for all s > ry. Hence,
lim IF(g;) = —co and by (F2), lim g, = 0, which contradicts the fact that lim g; > 0.
Therefore in both the cases
lim o, = 0.

r—00

Now, from (F3), there exists k € (0, 1) such that
hm(Qr)le(Qr) =0.
By (9), the following holds for all r € IN:

() F(or) — (0:)'F(00) < (0 (F(00) — 1B(05,)) — (o) (F(00)
= —7(0,)B(e,,) < 0. (10)

Passing to the limit as ¥ — oo in (10), we obtain

lim r(0,)*8(g,,) = 0.
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Since C := liminf f(g;,) > 0, there exists ry € IN such that (g;,) > % for all r # ry. Thus,

05 < 1(e)Bler) a
for all r > ry. Letting r — oo in (11), we have 0 < rll)r{r}o r(gr)"% < rh_)rg (o) B(g,,) = 0, that is,

lim r(g,)" =0 (12)
From (12), there exits ; € IN such that r(g,)k <1forallr>ri.So, we have, for all r > 7,

or < m (13)

In order to show that {v,} is a Cauchy sequence consider s, r € IN such that s > r > r;. Using the triangular
inequality for w and from (13), we have

w(Vrr Vs) < w(VrrVHl) + w(Vr+1/Vr+2) +e w(Vs—ers)

<g,+@,+1+-~-+gs_
‘Z@ ZQ’—Zrl/k

By the convergence of the series Z rﬁ, passing to the limit as ¥ — oo, we get w(v,,vs) — 0 and by Lemma
r=1
1.12, {v;} is a Cauchy sequence in Z.

Since E is a orbitally complete metric space, there exists ¢ € E such that v, — ¢ as n — co. Also,
a(vy, Ves1) 2 N(vy, vr41). So, using condition (e), we get a(v,, 0) = n(vy, 0). Consequentially, from (9) and (F2)
we have

lim w(v,, Jv,) = 0.

r—o00

Since v - w(v, Jv) is orbitally ls.c.,
0 < C‘)(Qr SQ) < O)(Vy, SVV) - 0
This proves w(g, Jp) = 0. Since w(g, ¢) = 0 and Jpis closed, by Lemma 1.13, p € Jp. O

Theorem 2.2. The conclusion of Theorem 2.1 remains true if the condition (e) is replaced by the following one:
(¢') forevery § € Ewith 9 ¢ I9, inflw(v, ) + w(v, Iv) | v € E} > 0.

Proof. By Theorem 2.1, we get a sequence {v,} converging to p € E. Assume that o ¢ Jp. Since foreachv € E,
the mapping w(v, Jv) : B — [0, +o0) is Ls.c, for every n > ny, we get

o 1
w(vn, 0) < hm 1nf Wy, V) < Z T
=1

Now, by (¢’) and the above inequality, we get
0 < inflo®,)+wl,3IW)):veE}

< inflw(vy, 0) + 0y, I(vy)) : 1> np}

|
< inf{Zzl—/k > )
T

which contradicts our assumption. Therefore, p € Jp. O
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If we take w = d in Theorem 2.1, we get the following result.

Theorem 2.3. Let (E,d) be a orbitally complete metric space and 3: E — Py (E). Assume that

(a) the mapping v — d(v, 3v) is orbitally Ls.c.;
(b) I is a muti-valued generalized a.-admissible with respect to an 1 mapping;
(c) there exist functions 0, t: (0, c0) — (0, 00) such that

6(c) > t(c), litrrljpf o(t) > litrnjpf T(t) forall ¢ > 0;

(d) forany v € B with d(v, Jv) > 0, there exists 9 € GY with a(v,9) > n(v, 9) satisfying
O(max{d(v, Iv),d(S, I3)}) + Fd(3, I9)) < F(d(v,d));
3 € Jv : F(d(v,9)) < F(max{d(v, 3v),d(S, 39)})
+t(max{d(v, 3v),d(S, 39)}) )

(e) if {vy} € B with vyy1 € Bvy, vy > v € BEasn — co and a(vy, vye1) = N(Vn, Vas1) for all n € N then
a(vy,v) = n(vy,v) forall n € IN.

where G) =

Then 3 has a fixed point in E.
The following result is an application of the above theorem.

Theorem 2.4. Let (E, d) be a orbitally complete metric space and 3 : E — C(E) a continuous mapping. Assume that

(@) 3 is a muti-valued generalized ov.-admissible with respect to an 1 mapping;
(b) there exist functions 0, 7: (0, 00) — (0, 00) such that

0(c) > t(c), li}n inf O(t) > li{n inft(t) forall ¢ > 0;
—ct —ct

(c) forany v € E there exists 9 € B with H(Jv, I9) > 0 and a(v, ) > n(v, 9) satisfying
O(max{d(v, 3v),d(S, I3}) + F(H(Jv, I9)) < Fd(v,3)),
where H is generalized Pompeiu Hausdorff metric, i.e.,
H(A, B) = max {sup d(v, B), sup d(S,A)} ;
vEA YeB

(d) if fva} € B with vy1 € Jvy, vy > v € BEas n — o0 and a(Vy, Vps1) = 1NV, Vs1) for all n € N then
a(Vy,v) 2 n(vy,v) forall n € IN.

Then 3 has a fixed point in E.

Proof. Since J is continuous it is 1.s.c. Therefore d(v, Jv) is Ls.c. Also,
O(m(x,y)) +d(S,39) O(m(x, y)) + E(H(Iv, 39))

F(d(v,9)),

where m(x, y) = max{d(v, 3v),d(9, 39)}. Thus all the conditions of Theorem 2.1 are satisfied. Therefore J
has a fixed pointin E. [

INIA

If E is complete, 8(s) = k > 0 (a constant) and a(v,9) = n(v,9) = 1 in the above theorem then we get the
following result.

Theorem 2.5. Let (E,d) be a complete metric space and 3: E — C(E) a continuous mapping. Assume that for any
v € B there exists 9 € E with H(Jv, 39) > 0

k + F(H(Jv, 39)) < Fd(v,9)).
Then 3 has a fixed point in E.
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3. Implicit type Feng-Liu results

Denote @ := {¢ : R, — R, } satisfying the following conditions:
(@) ¢ isincreasing and ¢(0) = 0;
(b) Y1 @"™(C) < o0, for L > 0; where ¢" is the n-th iterate.
It should be noted that ¢(C) < C and the family ® # 0.

Example 3.1. Consider E = [0, 1] with usual distance. Define the mapping ¢(C) = %, where 0 < A < 1. Then we

have ¢"(C) = 3"7# Therefore, Yo" @"(C) = Yoy % < oo and hence ® # 0.
We consider a family of functions A := {i : R’ - R} satisfying the properties:

(1) ¥ is non-decreasing in the fourth variable;

(o) if 9,v, u € R, satisfy § < (v, v, 9,v + 9, u), then there exists ¢ € @ such that 9 < p(v).

Example 3.2. Let y(q1, 92,93, 94, 95) = (ag5 — bﬂ)m, 1/2<a<1land0<b<1/2.

q4+q5+1
(1) 1 is non-decreasing in the fourth variable.
() For9,v,u € Ry, we have

2., .2 1/2
S <y, v, 9,9 +vu) = aw?—b S +v )

1+3+v+yu

It is clear that 8 < (v), where (v) = hvand h = \a < 1.

Example 3.3. Let (g1, 42, 93,94, q5) = (aq3 — bﬂ)l/z, 1/2<a<land0<b<1/2.

qi+gE+1
(1) 1 is non-decreasing in the fourth variable.
() For 9d,v,u € Ry, we have
92 + 12 12

< = Z_b—
S_IP(V,V/S/S'FV/”) av 1+(\9+V)2+[«12

It is clear that 8 < @(v), where (v) = hvand h = \a < 1.

Example 3.4. Let Y(q1,92,493,94,95) = hgo where h € [0,1). Then

(1) 1 is non-decreasing in the fourth variable.

(o) If S <P(v,v, 8, v+ 3, ) for some 9,v, u € Ry then 3 < @(v) where p(v) = hv.
Example 3.5. Let Y(q1,92,93,94,95) = amax{qi,q2, g3} + bgs witha,b > 0and a +2b < 1.

(Y1) v is non-decreasing in the fourth variable.
(o) Let S < ¢(v,v,8,C+v, ) for some 3, v, u € R,.
If 9 > v, we get

b
Ss(l—a—b)v

a contradiction. If 9 < v, we get

a+b
Ss(l_b)v.

Now, there exists a ¢ € O defined by p(v) = (%)v such that 9 < p(v).
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Let 3 : E — P4(E) be a multi-valued mapping, ¢ € A. We define the set Y(g) € E for p € E with
f(o) = w(o,J0) > Oas

Y(o) ={9 € Jp: w(p,d) <max{w(p, Jg), w(d, IN}}.

Theorem 3.6. Let (E,d) be a metric space with w-distance w and J: E — Py(E). Assume that

(I) the mapping o — f(o) is orbitally Ls.c.;

(Iy) there exists vy € B and v1 € 3vy such that a(vy, v1) = 1n(vo, v1);

(Is) 3 is a muti-valued generalized cv.-admissible with respect to an n mapping;
(Ls) (B,d) is 3-orbitally complete at v;

(Is) forany o € E with f(p) > 0, there exist 9 € Y(p) and ¢ € A satisfying

w(o,9), (g, Bo), w(9,T9I),

O IN<P| T 0 S w(s, 50 )

)

(Is) if (vu}) C E with vy € Ivy, v, > v € Eas n — o0 and a(Vy, Vis1) = NV, Var1) for all n € N, then
a(Vy, v) = 1(vy,v) forall n € N.

Then there exists o € & such that w(g, 30) = 0. Further, if w(o, 0) = 0 then o € Jp.
Proof. Suppose that for all v € E, we have w(v, 3v) > 0. By (I») there exist vo € E and v; € Y(1p) with

a(vo,v1) = n(vy, v1) such that

w(vy, 8Vl) < vy ( w(vy, 51/1), w(vy, S}VO)

w(vo, 1), w(vo, Ivg), w(v1, J1n), ) .

For v, € E with v; € J(1p), a(vg,v1) = n(vg,v1), and there exists v2 € Y(v1) with v, € J(v1). From (I3), we
have a(vi,v2) > n(v1, v2) and hence from (I5)

w(vy, J1y) < l,b(

a)(vll VZ)! Q)(Vl, 81/1)/ a)(VZI 81/2)/
w1, Ivy), w(va, Bvr) '

Continuing this process, we get an iterative sequence {v,}, where v,41 € Y(v;), Vr11 € v, with a(vy, viiq) >
T](Vrr 1/r+1) and

w(VrH/ SVY‘Fl) < 1,[}(

CU(Vrr Vit )/ CU(VM ﬁVl’)/ a)(Vr+1/ SV}’+1)/
a)(vr/ 3Vr+1)/ w(vr+1/ SVT) )

Using (11) we obtain

wWri1, Bvppn) < IP(

w(Vrr V?‘+1)/ w(Vrr s“Vr)/ CL)(VH.], SVH-l)/
CU(Vr/ 1/r+1) + (Vr+1/ ﬁVHl)/ a)(Vr+1/ Svr) '

It follows from (1)) that there is ¢ € @ such that

W(Vri1, Vi) < (@(vy, Vig1)). (14)
We now show that the sequence {v,} is a Cauchy. Since v,41 € Y(v,), by the definition of Y(v,),

Wy, vry1) < max{w(vy, Iv,), (i1, Iv41)} (15)
Put o, = w(v;, v,41) for r € IN. Then o, > 0. From (14) and (15) we have

@ (Vr+1, IVp41) < p(max{w(vy, Iv,), @V, Svra)})
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ie.,
Or41 < (P(max{ar/ Gr+1})-

If 0, < 0,41, then we have

Or1 < @(Orﬂ) < Or+1,

a contradiction. Thus o, > 0,41 for all r € IN and

041 < @(0y). (16)
From (16) and using the triangular inequality, for all ,s € IN with s > 7,

@y, Vrss) < @V, V1)  @Ver1, Vis2) + oo+ 0(Vsog, Vs)
S
< Z P (w(vo, v1)
k=r
< Z @k(w(Vo,Vl)

k>r

— Qasr — oo.

Therefore, {v,} is a Cauchy sequence in O(vy, J).
Since Z is a J-orbitally complete, there exists an g € Z such that v, — gasr — co. Consequentially, from
(16), lim w(v,, 3v,) = 0. Since v — f(v) is orbitally ls.c.,

0 < w(g, Vo) < liminf w(v,, Iv,) = 0.

This proves w(g, Jp) = 0. Since w(g, o) = 0 and Jpis closed, by Lemma 1.13, p € Jp. O

Our second result is related to multi-valued mappings 3 on the metric space 2, where 3v is compact for all
v e &,

Theorem 3.7. The conclusion of Theorem 3.6 remains true if 3: & — C(E).
Another result is as follows.

Theorem 3.8. The conclusion of Theorem 3.6 (or Theorem 3.7 ) remains true if the condition (Is) is replaced by the
).
Proof. We refer the proof of Theorem 3.6. [J

4. Ordered version of Feng-Liu results
We shall now consider spaces equipped with a partial order. We say (Z, 4, C) an ordered metric space if:
(i) (E,d)is a metric space,
(ii) (E,E)is a partially ordered set.
Elements v, 9 € E are called comparable if v C 3 or 9 £ v holds.

A multi-valued mapping J : (E,d, C) — 2 is said to be C-weakly comparative if, for each v € Eand 9 € Jv
withvC 9, wehave S C { forall C € 39.

We define the set Y(g,C) C E for g € E with f(g) > 0 as
Y(o,E) ={9 € Jp: w(p,9) <max{w(g, Tpg), w(d, IV}, oC I9}.
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Theorem 4.1. Let (E,d, C) be a ordered metric space with w-distance w and J: B — Py(E). Assume that

(i) the mapping o v f(p) is ordered orbitally l.s.c.;
(ii) there exist vo € E and vi € 3vg such that vy C vy;
(iii) I is C-weakly comparative;
(iv) (E,d) is I-orbitally complete at vy;
(v) forany o € E with f(p) > 0, there exist 3 € Y(p) and € A satisfying

w(9,T9) <y

w(g,9), w(g, o), w(3,IY), )
(0, 39), w(3, Jp)

If the condition

{ if {vy} € BEwith vysr € Svy, vy —> Cin B -

asn — oo, then v, E C forall n

holds. Then there exists o € E such that w(o, 3g) = 0. Further, if w(g, 0) = 0 then g € Jp.

Proof. Following proof of Theorem 3.6 and the fact that Y(v,C) € &, we can show that {v,} is a Cauchy

sequence in (E,d,E) with v,_; E v, for n € IN. From the completeness of E, there exist a C € E such that
vy, — Casn — +oo. By assumption (17), v, E , for all n. The rest of the proof follows in the same way as
the proof of Theorem 3.6. [

5. Binary relation version of Feng-Liu results

Let (E,d,R) be a binary metric space, where R is a binary relation over Z. Define § := R U RL. It is easy to
see that, forallv,9 € E, (v,9) eSS & (1,9 e Ror (J,v) e R.

Let E be a nonempty set and R be a binary relation over Z. A multi-valued mapping J : & — 2 is said to
be R-weakly comparative if, for each v € E and 9 € Jv with (v, 9) € 5, we have (9,0) e Sforall L € I9.

A function f: (E,d,R) — R is called binary orbitally Ls.c. if f(v) < li,?l) g1f f(vy,) for all sequences {v,} in &

with (Ov,,, Jv,;1) € Sforalln >1and limv, =v € E.
We define the set Y(g,C) € E for p € & with f(g) > 0 and a binary relation %, as
Y(O,N) ={9 € Jp: w(p,9) <max{w(p, Tg), w(d, IV}, (o,9) €5}

Theorem 5.1. Let (E,d,R) be a binary metric space with w-distance w and 3: E — Py(E). Assume that

(i) the mapping o — f(p) is binary orbitally ls.c.;
(ii) there exist vo € E and vy € Jvg such that (vo,v1) € S;
(iii) I is an R-weakly comparative mapping;
(iv) (E,d) is J-orbitally complete at vo;
(v) forany o € E with f(p) > 0, there exist 3 € Y(g) and € A satisfying

w(o,9), (o, Jo), w(¥, IY),
“)(S'SS)S””( w(o,39), (9, I0) )

If the condition

{ if {v} € Bwith vysq € Svy, vy = Cin B )

asn — +oo, then (v, C) € S forall n

holds. Then there exists ¢ € B such that w(p, 3p) = 0. Further, if w(g, o) = 0 then g € Jp.



H. K. Nashine, R. Pant / Filomat 36:11 (2022), 3899-3917 3910

If J is single valued, Z is complete in the above theorem then we get the following result.

Theorem 5.2. Let (E,d,R) be a binary complete metric space and 3: E — E a continuous mapping such that

(a) there exist vy € B such that (vo, Ivg) € S;
(b) I is an R-weakly comparative mapping, that is, for v, € E with (v, 9) € $, we have (3v, 39) € §;
(c) forany v € E there exists 9 € E with (v, 9) € $ and d(Iv, 39) > 0 satisfying

dv,9),d(v, 3v),d(3, 39),

d(3v,39) <y d(v, 39),d(8, Iv)

Then 3 has a fixed point in E.

6. Examples
In this section, we present some illustrative examples.

Example 6.1. Let Z = [0, 00) be equipped with the usual metric d and w a w-distance on = defined by w(v,d) =
max{v, 3}. Define IF(t) = Int, O(t) = k, ©(t) = % with k € (0,In2] and

Sv:{[

[

T

.51, ifvel0,1)
.1, otherwise,

O

and
a(v,d) =3and n(v,d) =2forallv,d € E.

Then w(v, Iv) = v is continuous on E and hence orbitally L.s.c. on E. So, condition (a) of Theorem 2.1 is satisfied. It
is trivial to verify that conditions (b), (c) and (e) also hold.

To verify condition (d), we consider following two cases:

Case1 v €[0,1). Take 8 = 5 € Jv. Then 9 € [, since

F@) < F(v) + %

F(max{w(v, 3v), w(8, I9)}) + t(max{w(v, Iv), w(S, IN)).

F(w(v, 9))

Also

B(max{w(v, 3v), (9, I + Fw(®,39) = k+F (g)

E(v) = F(w(v, 9)).

IN

Case2 v € [1,00). Tuke 8 = } € Jv. Then S € IFY, since

F@) < F(v) + %

F(max{w(v, 3v), w(8, I9)}) + t(max{w(v, Iv), w(S, IN)).

F(w(v, 9))

Also

O(max{w(v, Iv), w(8, I9)}) + F(w(S, TI))

k+TF (111)
F(v) = Flw(v, 9)).

IA
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Finally, there exists 0 € E such that (0, 0) = 0. Therefore all the conditions of Theorem 2.1 are satisfied and 0 € 30.

Example 6.2. Let E,d,F,0,t,a,nand 3 be as in Example 6.1. Let w be a w-distance on B defined by w(v,d) = 9.

2, ifvel0,1)

Then w(v, IJv) = { 2 is orbitally l.s.c. on E. So, condition (a) of Theorem 2.1 is satisfied. It is trivial to
97

otherwise.
verify that conditions (b), (c) and (e) also hold.

To verify condition (d), we consider following two cases:

Casel ve[0,1). Tuke 9 = "2—2 € Jv. Then 9 € FY, since

oo = B[Z)<r(Z) 2

= F@max{w(, Iv), w(d, IJ}) + t(max{w(v, Iv), w(8, I9)}).

crf3)on

F(w(v, 9))

Also,

O(max{w(v, Iv), w(8, I9)}) + F(w(S, TI))

Case2 v e[l,00). Take 9 = i € Jv. Then § € F, since

k
Flw(,8) = IF(}I) < ]P(}L) ; ?—0
= F@max{w(v, Iv), (S, IJI)}) + t(max{w(v, Iv), w(8, II)}).
Also,
O(max{w(v, 3v), (9, I + Fw(®,39) = k+F (%)

IA

]F(}L) - FoW, 9).
Finally, there exists 0 € E such that (0, 0) = 0. Therefore all the conditions of Theorem 2.1 are satisfied and 0 € 30.

7. Applications

In this section we present two applications of our results.

7.1. Application to integral inclusions
Consider the integral inclusion

b
() e y(t) + fM(t, s,9(s))ds, te]=]ab] (19)

where y € E = CJa, b] is a given function, M: | X ] x R — C(RR) is a given set-valued mapping and 9 € E
is the unknown function. Here, E = CJa, b] is the standard Banach space of continuous real functions with
the supremum norm.

Consider the following assumptions:
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(I) For each 9 € &, the mapping My : J> = C(R) given by My = M(t, s, 9(s)), is continuous;
(I) for every 9 € E there is a function mg in My s such that
y (t9)

b

() <yt) + fms(t,s) ds, t,se]j;

a

(IIT) for all m,(t,s) € M, (t,s) and mg(t,s) € Mg(t,s)

|y (t,s) — ms(t, s)| <

ek
t) — d(¢t
= v(t) - S(0)
forall t,s € J.
Theorem 7.1. Let the assumptions (I)—(II) hold. Then the integral inclusion (7.5) has a solution in X.

Proof. Let 3: E — C(E) be the operator given by

g9 = {v € X v(t) € () + f Mit,s, 9(s))ds, t€la, b]}.

Obviously, 9 € 2 is a solution of the inclusion (7.5) if and only if 9 is a fixed point of operator J.

We first check that the operator J is well-defined. Indeed, let 9 € E be arbitrary. By (I), the set-valued
operator My: J*> — C(R) is continuous (w.rt. Pompeiu-Hausdorff metric on C(RR). From the Michael’s
selection theorem, it follows that there exists a continuous function my : J> — R such that My(ts) € My,s) for

b
each (t,s) € J?. Hence, the function v(t) = y(t) + fmg(t,s) ds belongs to 39, i.e.,, 39 # 0. Since y and M are
a

continuous on J, resp. J?, their ranges are bounded and hence 39 is bounded.

Also,

sup d(p, 39) = sup inf d(e, x)
@elv @Eﬁvxggs

= sup inf max lp(t) — x (@)l
pedy X€TV

= sup inf max
m,eM, myeMy te]

b
f [ (8, 5) — mat,5)] ds

IA

sup inf maxflmv(t s) —my(t,s)|ds

m,eM, myeMy te

I/\

—maxflv(t) (t)| ds

b
-k

e
< = rr}gx lv(t) — S(t)lf ds

a

=e kv, 9).
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Similarly, one can see that

sup d(x, Ju) < e*d(v, 9).
xedd

Therefore, we have
H(Sv, I9) < erd(v, 9).
Taking logarithm on both sides.
In(H(Jv, I9)) < In(e ™ d(v, 9)),
and hence
k+In(H(Tv, 39)) < In(d(v, 9)),

Taking F(&) = In(&), and 6(s) = k. Then J satisfies all the conditions of Theorem 2.5, and so J has a fixed
point, that is, the integral inclusion (7.5) has a solution in E = C[a,b]. O
7.2. Application to nonlinear matrix equations

Let H (n) stand for the set of all n X n Hermitian matrices over C, K (n) ( C 7{(71)) stand for the set of all

n X n positive semi-definite matrices, P(n) ( C ‘K(n)) stand for the set of n X n positive definite matrices,
M(n) stand for the set of all n X n matrices over C.

For a matrix 8 € H(n), we will denote by s(8) any of its singular values and by s*(8) the sum of all of
its singular values, that is, the trace norm ||B|| = s*(8). For C, D € H(n), C = D (resp. C > D) will mean that
the matrix C — D is positive semi-definite (resp. positive definite).

The following lemmas are needed in the subsequent discussion.

Lemma 7.2. [15]. If A > O and B > O are n X n matrices, then
0 < tr(AB) < ||Alltr(B).
Lemma 7.3. [15]. If A € H(n) such that A < I,,, then ||A|| < 1.

Consider the NME
k
Z=Q+) BB, (20)
i=1

where Q € P(n), Bi € M(n),i=1,...,k, and the operators F: P(n) — P(n) is continuous in the trace norm.
Theorem 7.4. Consider the problem described by (20). Assume that:

(H1) there exists Q € P(n), such that ¥/} BF(Q)B; > 0;
(Hy) YL BB < nly;
(H3) there exists Zy € P(n) such that

Zo<Q+ Z BIE(Z0)B;;
i=1

(Hy) for every K, L € P(n) with K < L implies

Zm: BF(K)B; < Zm: BF(L)8B;;
i=1 i=1
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(Hs) for every K, L € P(n) such that K < L with }.i2y BIF(K)B; # Y[, BIF(L)B;, then for a,b > 0 and
a+2b<1.

0 [ K- D, r(K-Q- X BFKOS),
tr(F(K) - F(£)) < n max{ tr (L -Q-X B;P(L)ﬂi) }
e o[ w(x-a-xnsF0s) |.

Then the matrix equation (20) has a unique solution.

Proof. Let us consider the set A = {Z € P(n) : [|Z|| £ M}, which is a closed subset of P(n).
Define the operators 7 : A — A by

T(2)=Q+ Z BF(Z)Bi,
i=1

for Z € A.Itis clear that finding positive definite solution(s) of the system (20) is equivalent to finding fixed
point(s) of 7.
Define a binary relation

={(X, Y) e P(n) xP(n) : X < Y}.

Notice that 7 is well defined and continuous. From assumption (Hz), (Zo, 7 Zo) € R, and from (Hy), 7 is
R-weakly comparative.
Now, for (K, L) € R, from assumption (Hs), we have

17 (K) = T (Dller = tr(T(K) = T (L))

= tr()_ Bi(F(K) - F(L))B)

i=1

tr(B;(F(K) = F(L)B))

I
3 I:I'Ms

(BB (F(K) - F(L))

i=1

= tr(()_ BB)(F(K) - F(L)))
i=1

<I1) BBIX IEK) = (L)l
i=1
_IZL B8 [ a max{ 1K = Ll 1K = T Kl 1£ = T Ll } ]
T +BIK =T Ll
<a max{ 1K = Ll 1K = T Kl 1£ = T Lllir } +BIK =T Ll

Consider ) € A given by Y(r1, 12,13, 74, 15) = amax{ry, r, 3} + b[r4] wherea,b > 0and a + 2b < 1. Thus all the

hypotheses of Theorem 5.2 are satisfied, therefore there exists Z € P(n) such that T(Z) Z, and hence the
matrix equation (20) has a solution in P(n). [

Example 7.5. Consider the following non-linear equation:

T(Z) = Q+8BF)B:1+ BF2)B,
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Consider matrices B1, B, Q, Zo K, L as

2.1572  0.0758 0.0105 0.5680 11.4059
B - 0.7487 1.5457 0.4859 0.7734 B - 0.4085
17101209 0.2918 1.4497 0.8768|” <2 ~ |0.3851
0.0544 0.2715 0.1318 1.7113 0.8695
42052 2.3634 2.2443 3.3809] 10.9507
Q- 23634 65039 2.6620 2.3096 P 0
T 122443 26620 4.4006 32642|"<°T| 0
3.3809 23096 3.2642 8.2542] 0
7.1848 2.4186 0.8847 1.2350] 7.2027
% < 24186 5.6600 2.1379 2.0534 = 2.4246
~10.8847 2.1379 4.6685 1.9751|"= ~ |0.8869
1.2350 2.0534 1.9751 5.0362] 1.2381
The initial matrices are
7.1848 24186 0.8847 1.2350
_|2.4186 5.6600 2.1379 2.0534 o
Uo=10gga7 21379 4.6685 1.9751| Vo =10"X
1.2350 2.0534 1.9751 5.0362
558.2799 428.9370 256.3169 292.2718
. - [428.9370 470.3649 320.8055 342.4425
07 [256.3169 320.8055 270.0951 265.8767|
2922718 342.4425 265.8767 311.8194

0.5581
1.9346
0.6482
0.3122

0
1.0373
0
0

2.4246
5.6742
2.1432
2.0586

1.1275
0.9852
0.6370
0.7097

0.4653
0.5010
1.3886
0.5059

0

0
0.9176

0

0.8869
2.1432
4.6801
1.9800

0.9852
1.0179
0.7118
0.7708

0.6253]
0.3839
0.7527
2.2562)

0
0
0

0.9176)

1.2381
2.0586
1.9800("
5.0488

0.6370
0.7118
0.5399
0.5696

3915

~

0.7097
0.7708
0.5696|"
0.6321

We take r = 4, n = 1.1356¢ + 03, a = 0.99,b = 0.01, tolerance: tol=1e-14 and F(X) = X% to test our algorithm.
The numerical results are given in Table 1.

After 6 successive iterations, we obtain the following positive-definite solution

4.2140
2.3676
<= 2.2474

3.3873

Table 1. Three initial value analysis

Initial. Mat | F(X) | Iter no. CrPu Error
Uy u8.0001 5 0.054401 0
Vo V8.0001 6 0.025553 0
Wo Wg‘oom 6 0.033240 0

2.3676
6.5119
2.6661
2.3147

2.2474
2.6661
4.4061
3.2696

3.3873
2.3147
3.2696|°
8.2667

The graphical view of convergence and solution plots are shown in Figure 7.5 and Figure 7.5 below:
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