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Linear Inequalities via Extension of Montgomery Identity and
Weighted Hermite-Hadamard Inequalities with and without Green

Functions
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Abstract. Weighted Hermite-Hadamard dual inequality in integral form is an important result as its

left hand inequality is in fact Jensen inequality and right hand inequality is the Lah-Ribari¢ inequality.
In this paper new linear inequalities are introduced via extension of Montgomery identity and weighted
Hermite-Hadamard inequalities with and without Green functions in discrete and integral cases.

1. Introduction and Preliminaries

have

or

where

Here we recall weighted Hermite-Hadamard dual inequality for convex functions as under [12]:

Theorem 1.1. Let p : [a,b] — R be a nonnegative function. If f is a convex function given on an interval 1, then we

b —_
fy)< %f p(x) f(x)dx < Z;_if(a)+ A

—a
-0 M)

b p— —
Pf(A) < f p() f(x)dx < P [H fla) + 2_ Z f(b)] 2)

b b
P= f p(x)dx and A= 1 f p(x)xdx.
a P a

Note that in this important inequality LH inequality is in fact Jensen’s inequality and RH inequality is
Lah-Ribari¢ inequality in integral form (see [11]).

The following result is due to Popoviciu [13, 14].
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Theorem 1.2. The inequality
m
Y pifa) =0 3)
i=1

holds ¥ n—convex functions f : [a,b] — R, n € N, iff the m—tuples x = (x1,X2,...,%n) € [a,0]", p =
(pl/PZ/ cee /pm) e R™ Sﬂtisfy

Zpixjf:o, Vkelo1,...,n—1}, (4)
i=1
Z pilxi — t)’}f1 >0, foreverytcela,b], (5)

i=1
where y, = max(y, 0).
In fact, Popoviciu proved a stronger result that it is enough to assume that the inequality in (5) holds for
every t € [xqy, X(u-n+1)]l, where x1y < - -+ < x(y) is the ordered m—tuple x, since this, together with (4), implies

that it holds for every t € [a, b] (see [15]). In the case of convex functions, i.e. n = 2, Pe¢ari¢ [10] proved the
result with the conditions (4) and (5) replaced with

m m
Zpizo and Zpilxi—xkl >0forke{l,..., m}. (6)
i=1 i=1

The integral analogue of Proposition 1.2 is given in the next proposition.

Theorem 1.3. Letn>2,p: [a,pf]l = Rand g : [a, ] — [a,b]. The inequality

B
[ rwsanar=o 7)
holds forall n—convex functions f : [a,b] — R iff
B
f p()g(x)fdx=0, Vke{0,1,...,n—1}, 8)
B
f p(x) (g(x) — 1‘)2_1 dx >0, foreveryt € [a,b]. 9)

In [1] we can found following extension of Montgomery’s identity via Taylor’s formula (see also [2]).

Theorem 1.4. Letn € N, f : I — R be such that f(”‘l) is absolutely continuous, I C R an open interval, a,b € I,
a < b. Then the following identity holds

— 1 ! d 1 v 1 (k+1) k+2 (k+1) b b k+2
O LS = Wres ol (R AT ARG

1 b
Y oD f T, (x,8) f™ (s)ds (10)
where
—:Zb_—_s):)+%(x—s)”_l, a<s <y,
Ty (x,s) = (11)
(c=s)'  x=b

n(b—a) b-a
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From this important identity we easily get Montgomery identity by putting n = 1 (see [4] and [9]).
Using this extension of Montgomery identity, Asif et. al in [3] stated and proved following results in

discrete and integral form respectively.

Theorem 1.5. Letn € N, f : I — R be such that f(”“) is absolutely continuous, I C R an open interval, a,b € I,
a < blet T, be given by (11). Furthermore, let m € IN, x; € [a,b] and p; € R fori € {1,2,...,m} be such that
Yl pi=0. Then

m 1 n-2 1 m . . ) )
;p"f(x")_b—a;k!(mz);”f[ﬂk1)(“)(xi a)*? = fD () (x; - 1)

b m
= ﬁ fa [; piTy (x;, s)) 7 (s) ds 12

where T, is as defined in (11).

Theorem 1.6. Let g : [a, f] — [a,b]and p : [a, f] — R be integrable functions such that Lﬁ p(x)dx = 0. Letn € N,
I C R be an open interval, a,b € I,a < band f : I — R be such that f"= is absolutely continuous. Then

’ Ly 1 : :
Lpwvwmw—%ﬂ§mw+mﬁpwwmwwmrm“—ﬁm@@@_wﬂw

b b
mszuﬁmnWﬂWﬂM@$ 13
where T, is as defined in (11).

2. Linear inequalities via extension of Montgomery identity and weighted Hermite-Hadamard inequal-
ities

Theorem 2.1. Let all the assumptions of Theorem 1.5 hold.

If

ZpiTn(xi, s)>0, forallscelab], (14)

i=1

then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold

Pw \ - 1 ¥ 1 ¥ e 2 e :
1 1),f()(/\1( n)) < ;pif(xi)_b—qu!(k+2)Zpi[f(k D (a) (x; — a)<*? — FED () (x — b z]
Py(n) [b—M(n) /\1 n) )
uhw[w e f@} "
where
m b
Pin) = Zp:’f Ty (xi,s)ds
i=1 a

m

B Z ‘(X{ _ a)n+1 _ (xi _ b)n+1
B (n+1)(b-a)

i=1
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and
b
iz pi | STy (xi,9)d
My = ZHPL; (xi,5) ds
Y pi [, Tu(xi s)ds
1 m
- (n+1)(b—a)P1(n); pilaei—a)" —b(x; - b)"] - 1
or

s 1 n-1
Al(n)_n(n+1)P(n)Zp’ - Pr()(b —a)Zk(k+2)( )

x i pi [an—k (xi — a)k+2 _pk (xi — b)k+2] ,
i=1

2. for every (n + 2)—concave functions f : I — R, (15) holds with the reversed sign of inequalities.

Proof. 1. Since f is (n+2) convex, then f is convex. Applying weighted Hermite-Hadamard inequalities
(2) on a convex function f™ with weight Y p;T,.(x;, s), we get

P (7’1) . 1 b m )
(nl_ 1)!f( ) (A(n)) < mf [Z PiTn(xi,S)]f( )(s)ds

Pi(n) [b- mwﬂn M@
-0 b-

ﬂ”ﬂ
Now by substituting value of

b m
ﬁ jt: [; piTn(xi, S)] F(s)ds

from identity (12), we get our required result.
Now we find value of P;(n) as follows. First we consider

(x=9)" x-a n-1
n(b—a)+b—a(x s)"7, a<s<x,
Tﬂ(xls):
=9 x=b
n(b—a)+b—a(x )", x<s<bh.
We replace x by x;,
(xl )n xi_a n-1
22 (s — <s<ux
n (b a) (xl S) 7 a - S - xl/
T}’l(xils):

xi—s)" xi—b ne
=9, (xi—s)""

_n(b—a) xl-<s$b.

7
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Now we calculate fa ’ T, (x;,s)ds as under:

b "X b
f T, (x;,s)ds f T, (x;,8)ds + f T, (x;,s)ds
a a Xi

X AY/ L b EAY// L
- f _iz9) + 20 (=) ds + f _iz9) il (xi —s)"ds
. b—a . b-a

n(b—a) n(b—a)

_ (x; — s)"™ Xi—a (i — 5)" N (x; — s)"*™ xi-b b
R T R e R BT Ve R R |
_ (xi — 11)"+1 Xi—a ‘
= O o=y Yt ® Y

(x; — b)"*! xi—b ;

RTTE Y S rn S A A
(xi _ a)n+1 (xi _ a)}’l+1 (xi _ b)}’H—l (xi _ b)}’H—l

Tan+D-a)  nb-a) am+)(-a) nl-a

(xi _ a)}‘H—l _ (xi _ b)n+1

(n+1)(b-a)
Finally we get
m b
Pi(n) = Zplf T, (xi,5) ds
i n+1 — (x; — b)n+1
(n +1)(b-a)
Method 2 for P(n)

Starting from following identity

Y pif o) - - ZW“Zanmm @)% = f4D 0 (- )]
i=1

- ﬁf; [;‘ piTy (x;, s)]f(”) (s) ds (16)

If we choose f(x) = — in (16), then we obtain

m

‘leijl_% n'(b a) Z k! (k +2) Zpin(n Deee(n - k)[ " = ) - 0 (- b)k+2]

b m
= n_l)'pr, (x;,8) ds

We know that Py(n) = f Z piTy (xi,s)ds, so we can write

i=1

P m X" n-2 m
(n 1_(7;))! - Z ol nt(b Z k! (k +2) Z pin(n=1) -+ (n=k) [a" 7 (g = @) = " (i~ )]
’ i=1 k:O i=1
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after some simplification we obtain

n—-2

_1m o 1 1 (n-1\yv Ton—k=1(y N2 k=1 (.. 1\k+2
Pl(”)—n;pzi bh—a +2( k );pl [ﬂ (Xl ﬂ) b (X, b) ],

k=0

where we used the fact that

nm-1)---n-k  m-1)---(n=kn-k-1)!

(k + 2)k! B (k+2)k!'(n—k—1)!
1 (n—1)!
k+2kl (n—k-1)!
_ 1 (n-1
B m( k )

In order to calculate value of A;(n), we calculate fa ’ sT, (x;,s) ds as under by using integration by parts:

b "X b
fsT,,(xi,s)ds fsT,, (x,-,s)ds+f sT, (x;,s)ds
X; ’
= San (x;,8)ds| + San (xi,5)ds

b b
- f Ty (xi,8)ds

_ (x; — s)"™*! xXi—a nx,-
= SwDO-a Sne-a VY|
i~/ xi—b (xi | bT 9 d
e n(n+1)(b—a)_sn(b_a) X; =) x,»_\fu n (Xi,8)ds
_ a(x;—a)"! axi—a) .,
R IR BT R
b(xi—b)"" b(x; — b) ) b
n(n+1)(b—a)_0_n(b_a) (xi =) +0—f; Ty (xi,5)ds
(xi —a)"! (x; —a)"™
= —a +a

nn+1)(b-a) n(b —a)

(o — b)n+1 (x; — b)n+1 b
+bn(n +1)(b—-a) b nb—a) j; Ty (xi,s)ds

a(x;—a)™ = b(x; — b)"™*! b
(n+1)(b-a) - fa Ty (xi,8) ds

Now multiplying by p; and taking sum over i from 1 to m, we get:

m b m n+1 n+1 m b
, . _ a-a)" b -b" f |
;‘Pz fg §Ty (x,8)ds = Z pi D) b-a ;p, g T, (x;,5) ds

i=1

But we know that

Pyn) anTm,

So we have

m b ~ m a (xi _ a)n+1 _ b (xi _ b)n+1
;Pz‘f Ty (xi,s)ds = ; pi D -0 — Pi(n)

a




S. Alamgir et al. / Filomat 36:11 (2022), 3593-3608

If we divide by P;(n) we finally get

S0 pi [ ST (xi,) ds

M) =
S0 pi [ Ta (i) ds
1 m
= GTDO-aFwm le pila (e —a)" —b(x; - b)"] - 1.
Method 2 for A(n)

Starting from following identity

Z pif (xi) — Z k' (k oy Z pi [f(k+1 (a) (x k+2 —f (k+1) ) (x;
i=1

e wf [Z piTn (xus>]f‘"> (s) ds

n+1

x
(n+1)!

If we choose f(x) = in (17), then we obtain

n+1 1 1
Zpl(n+1 (1 + 1)I(b —a) kzo‘ K (k+ 2)

X Z pin+ Dn - (n =k + 1) [@"™ (i = )% = 0" (xi - 1)

i=1
-y

= — pisTy (xi,s) ds.
(7’1—1)! [——

b m

Z pisTy (xi,s)ds

fb i piTy (xi,8)

We know that A1(n

SO we can write

Pl(I’l) ~ A+l
= Zp1n+1)' (n+1)'(b—a)2k'(k+2)

X Z pi(n+ Dn-- (n =k + 1) [0"™ (6 - )+ = 0" (x; - )]

i=1

after some simplification we obtain

P n-1
M) = n(n+1)P(n)Zpl - Pl(n)b a)Zk(k+2)( )

% Z p; |a a' -k (xz k+2 bn—k (xi _ b)k+2] ,

)k+2]

3599

(17)
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where we used the fact that
n-1)---n-k+1) = (m-1)---(n—k+1)(n—k)!
(k + 2)k! a (k +2) k! (n - k)!
1 (n—1)!
k(k+2) (k—1)! (n—k)!

1 (n-1
 k(k+2)\k-1)

2. Since f is (n + 2)—concave, i.e., — f"*? > 0, then clearly — ") is a convex function we get inequalities
(15) in reverse direction by using weighted Hermite-Hadamard inequalities for convex function — f®
and condition (14).

0

Corollary 2.2. Let the m—tuples x = (x1,X2,...,%Xp) € [a,b]" and p = (p1,p2, ..., Pm) € R" satisfy (4) and (5).
Furthermore, let A1(n) and P1(n) be as in Theorem 2.1 and let T, be given by (11). Then, for a function f : I - R
which is (n + 2)—convex inequalities in (15) hold, while the reverse inequalities in (15) hold if f is (n + 2)—concave.

Proof. In[3]it was proved that T,(x, s) is an n—convex function with respect to x. Therefore for each s € [a, b]
by Theorem 1.2 we have Y2, piTu(xi,s) > 0, so assumption (14) of Theorem 2.1 holds and hence we get our
required result. [

Corollary 2.3. Let the m—tuples x = (x1,x2,...,%n) € [a,b]" and p = (p1,p2, - .., pm) € R™ satisfy

Zpi:O and Zpilxi—xklZOforkE{l,...,m}. (18)
i=1

i=1
Furthermore, let A1(n) and Py(n) be as in Theorem 2.1 and let T, be given by (11). Then, for a 4—convex function
f I = R following inequality holds,

/\1(2)

fP@) + ﬂzm

pl(z)f(Z) (AM1(2) < Zp f () < P1(2) [b A(2)

(19)
while the reverse inequality (19) holds if f is 4—concave.

Proof. Since T»(x, s) is a convex function with respect to x for each s € [4, b]. Therefore by using (6) we have
that )i, piT2(xi, ) > 0, so assumption (14) of Theorem 2.1 holds for n = 2 and hence we get our required
result. [J

Now we state integral version of Theorem 2.1 as under. Since proving techniques are of similar nature so
we omit the details.

Theorem 2.4. Let all the assumptions of Theorem 1.6 hold. If

B
f p(x) Ty (9(x),s) dx >0, forallse][a,b], (20)

then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold

Py(n) ., p 1 n-2 1

G Gt < [ f gy Y ri
B

Xf p (x) [f(kﬂ) (a) (g(x) - a)k+2 _ f(k+1) (b) (g(x) _ b)k+2] dx

Py(n) |b—Ax(n) ., 2( )
_(n—lﬂ[ g S@

228 o p) ] (21)
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where
5 b
Py(n) = f p(x)( f Tn(g(x),s)ds)dx
B
) m f P[00~ a)"" = (g(x) ~b)" | dx
or
1 P 1 2
Py(n) = Efg: p (%) [g()]"d(x) _b_;k_( )
B
X f p() [ (g(x) = ) = 0" (g(x) = )72 ] i,
and
B b
[Tro([ 57 000,905)
Aa(n) = aﬁ ”b
f p(x) ( f T, (g(x),s)ds)dx
B
- (n+1)(b1—a)P2(n) f p() [a(g00) —a)" —b(g) - b)"|dx -1,
or

n+ © n-— 1
Aa(n) = n(n+1)P(n)fp()g( - P(n)(b—a Zkk+2)( )

k=0
x f p () [ (9) — ) = b (g() - )],

2. for every (n + 2)—concave functions f : I — R, (21) holds with the reversed sign of inequalities.

Corollary 2.5. Let g : [a, ] — [a,b] and p : [a, B] — R be integrable functions such that fa f p(x)dx = 0 satisfy (8)
and (9). Furthermore, let Ay(n) and P(n) be as in Theorem 2.4 and let T, be given by (11). Then, for a function
f I — R which is (n + 2)—convex inequalities in (21) hold, while the reverse inequalities in (21) hold if f is
(n + 2)—concave.

3. Linear inequalities via extension of Montgomery identity and weighted Hermite-Hadamard inequal-
ities with Green functions

From [5] and [16] (see also [6]), we recall the definitions of different Green functions G; : [4, b] X [a, b] for
1€1{0,1,2,3,4} respectively

(s-D)t-a t<s
=) boa TV
Go(s ) =4 (¢ _byid oy (22)
- 7 s<t<bh
b-a
a—-t, a<t<s,
Gl(s't):{a—s, s<t<b, “

S—b, aStSSI
Gz(s,t):{ t—b, s<t<b. (24)
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s—a, a<t<s,
G3(S’t):{ t—a, s<t<bh. (25)
Gu(s. ) = b—t, a<t<s, 2%
D=\ p_s s<t<b. (26)

The functions G; for ! € {0, 1, 2, 3, 4} are continuous, symmetric and convex with respect to both variables
sand t.

Before we proceed further we need here results related to extension of Montgomery identity involving
Green functions from [7] and [8].

Theorem 3.1. Fix[e€{0,1,2,3,4}. Let x = (x1,...,%Xp) € [a,b]", p = (p1, - .., Pm) € R" satisfy conditions
m m
Zpi =0, Zp,-xi =0.
i=1 i=1

Also let f : 1 — R be a function such that "=V is absolutely continuous forn € N n > 3, I C R an open interval,
a,bel a<b,then forall s € [a,b] we have the following identity

Zm]nf( X;) = f@-r) (a) f ) f ZplGl(xl,s)ds

=1
- Kk b & ®(a)(s — ay1 = FO@B _bkl
-l T ), LG R
k=2 VA
b b m
= (n—13)! ] £ty (IZ ;PiGZ(Xi,S)Tn_z(S, t)ds] dt 27)
where
n-2
L[%JF(S—IZ)(S—If)"_3], a<t<s<b,
Tn_z (S, t) = , (28)
L[%Hs—b)(s—t)”], a<s<t<b.

and Gy are as defined in (22) — (26). Moreover, we also have the following identity

il’zf( Z)_f(a) f(b)f Zple(x,,s)ds

i=1
v k-2 ('¢ fO@)(s —a)" = fOB)(s - by
(k 1)' f Z szl(XL, S) b _ ﬂ dS

k=3

- (n_l 3)! f ) ( f ZPiGl(xi/S)Tn—z(S, t)ds] dt (29)
TV a =1

where T, is as defined in Proposition 1.4.

The integral version of the above results may be stated as follows.

Theorem 3.2. Fix [ € {0,1,2,3,4}. Let g : [a,f] — [a,b] be a function and let p : [a, f] — R be a continuous
integrable function such that L f p(x)dx = 0 and fa p p(x)g(x)dx = 0. Let f : I — R be a function such that "=V is
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absolutely continuous, I C R an open interval, a,b € I, a < b, then for all s € [a, b] we have the following identity

B "(a) — £ (b b B
[ re stgenax-LEZLE [ [0 gty s

n—1 k b S f(k)(a)(s _ a)k—l _ f(k)(b)(s _ b)k—l
‘}; mfa (fa p (x) Gi(g(x), 5) dX) r— ds

b b 8
=ﬁ f f<n>(t)( f ( f P(x)Gl(g(x),S)dx)Tn_z(s,t)ds)dt. (30)

Moreover, we also have the following identity

B "(a) — f'(b b B
fp(x)f(g(x))dx—wf f p (x) Gi(g(x),s)dx ds

® o ) vk—
Z:(k 1>'f ( f P () Gilg (), s)dx)f @)s—a) ;_Z BB

k=3

= (n—13)!f Fp) (f (f p (x) Gi(g(x), s) dx) Ty-2(s, t)ds) dt (31)

where T,,, T, and G, are as in Theorem 3.1.

Now we obtain our main results of this section by using the previously defined Green functions together
with the weighted Hermite-Hadamard inequalities and extension of Montgomery identity both in discrete
and integral forms.

Theorem 3.3. Let all the assumptions of Theorem 3.1 hold with the additional condition

p m
f Z piGi(xi, ) Tua(s, H)ds > 0, ¥ t € [a,b]. (32)
a =1

Then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold

p f'(
2 (s (n))<ZPf(xl)—f e f ZPIGMSW

K fO@s - )~ ) - b
_;mf ZpiGl(xi,S) b—a ds

Ps(n) [b-A A
< o [ g 22 | )
where
b b _m
P3(n) = piGi(xi, 8)Tu—a(s, t)ds] dt
o =[] Lot
1 m . - 1 b m
- n(n—l)(n—Z);pixi B (n 2)(b - a) f ;pr’(xf'S)dS
v k(n - 3)! R

Py P Z piGi(xi,5) [a" (s — @) = b"¥(s - b ds
: : a =1

k=2
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b b _m
f t[ f Y piGixi, 9)Tua(s, t)ds]dt
a 7 =1
b b _m
f { f ZpiGl(xir $)Tu-a(s, t)ds] dt
— 1 n+1 a _bn b m 4 4
"~ Dn(n =1 - 2>P3<n)2’7 n(n— D1~ 26— )P3() J, ;Plcﬂxus)ds

k(n - 3)! O
kZ_;‘ (k= 1)i(n - §<n+ 1)!)(b —a)P5(n) f Z;‘ piGi(xi,s) [a" (s @) 1" (s — ) s,

2. for every (n + 2)—concave functions f : I — R, (15) holds with the reversed sign of inequalities.

and

As(n)

Proof. 1. By using convexity of f™ and
b om
f Z piGi(xi,$)Taoa(s, )ds >0, VY te[abl, for 1€{0,1,2,3,4}

in weighted Hermite-Hadamard inequality (2) and dividing by (n — 3)! we get

P 1 [N i
(n%))!f(") (st) < = f { f ZpiGz(xi,s)Tn_z(s,t)ds]f(”)(t)dt

i=1
Ag(n)—a
b-a

Pan) [b- A3<n> )
(n=3)"]

f(”)(b)]

Now by substituting value of

b b m
(,1_1—3)! fﬂ fu ;PiGl(xirS)Tn—z(S,t)dS] FU(t)dt

from identity (27) we get our required result.
Now we find value of P3(n) as follows. First we consider the identity

m y _ b m
Zpif(xi)—%f ZPiGl(xirS)ds
n—1

fO)s —a) ™ - FOB)s — b
Y [ Lo i i

b m
_ (ni3)! f ) { f ZpiG,(x,-,s)T,,,2(s, t)ds] dt (34)

If we choose f(x) = — in (34), then we obtain

bnl
Zpln, AR f szc;l(xl,s)ds

_Z kn(rék 11)!;11(” —I;)+ Df ZPIGI (xi,s) [“” Hs—a) T ="M - b)) 1]
=2

b p m
- ﬁf [f Zpicl(xi/S)Tn—z(S, t)ds]dt
TVa Ve =l
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or we can write

P3(7’Z) _ i 'x;l —p- 1
(n=3) ;”ZE m-Dib—-a) f ZP:GI(XUS)ds

o kn(n—1)---(n—k+1) . N
_kZ;‘ (k — 1)!n!(b — a) f ZplGl(xuS)[ ks —ay! — o k(s — bY* 1]

after some simplification we obtain

1 m ; —pr-1
P3(”)=m.zp’“"‘<n— i X”Gl("“s’ds

n—1 k(?’l—3)' nk nk -
G k=D R f ZPZGNXHS) (s — )" —b"(s — )] ds

where we used the fact that
kn-3)nn-1)---n—-k+1) kn-3)nn-1)---(n—k+ 1)(n —k)!
(k—1)n! (k= D!n!(n - k)!
k(n —3)!
(k—1)! (n—k)!

n+1

x
n+1)!
n+1 b m
a" - p"
sz m+1)!  nl(b-a) ) ZpiGl(xl’,S)dS

kin+n---(n—k+2) T .
_kZ (k 1)'(71 + 1 |(b _a) f ZPzGl X1,S) [61 61) -b (S b) ]

(n 3); f [ f bipicl(xi/S)Tn_z(S, t)ds)dt
i=1

or we can write
Ps(”) _ xrt " —b (P& o
(n - 3)! A3(n) = sz i+ n-a) ) ZplGl(x,,s)ds

kn+1y---(n—k+2) e .
M G [ s i - 0f -/

Now we find value of A3(n) by choosing f(x) = in (34), we obtain

after some simplification we obtain

! o a" = b" b
0= G Dot = 1 - 2Ps<n)2”’ 1 n(n—l)(n—sz—a)pg(n)fg ZPfGI(""'S)dS

y k(Tl 3 n—k+1 k-1 n—k+1 k=1
_kZ:Z‘ (k—Dln—k+1)(b- a)f Zple(xz,S) [11 (s —a) ' =" (s = b) ]ds

where we used the fact that
kin=3)!n+Nn---(n-k+2)  k(n=-3)(n+n---(n-k+2)(n-k+1)!
(k= 1)!(n +1)! B (k=D!(n+1)!(n—k+1)!
k(n - 3)!
k-1D!'n-k+1)
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2. For idea of the proof see proof of part (2) of Theorem 2.1.
|

Here we have another results similar to Theorem 3.3, since proving techniques are same so we omit the
details.
Theorem 3.4. Let all the assumptions of Theorem 3.1 hold with the additional condition

b m
f Z piGi(xi,$)Tya(s, H)ds > 0, V t € [a,b]. (35)
a =1

Then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold

n b b om
Py(n) £ (Aa() < Zpif(xi) _f@-fo (a ®) f ZPiGl(xi/ s)ds
= i=1

(n-23)!
B @)(s — a)! = FOO)(s - b

_Z (k 1)|f ZplGl x,,s) bh—a

< (54_(7;))! |52 o 4 250 f(”’(b)] @6
where

1 m . - 1 b m
PO = S L G, ;p"G’(xi’s)dS
k —2)(n —3)! ' &

_;(k (1), n)(nk)'(; a)f ZPsz(xz,s)[ k(s —a)t — k(s - b)k_l]ds,

and

1 n+ a — bn b m
Ag(n) = (n + Dn(n — 1)(n — 2)Py(n) sz - n(n —1)(n — 2)(b — a)Py(n) jg‘ ZpiGl(xi' s)ds

n-1
(k=2)(n - 3)! . -
Z(k DI —k+ DI - P4(n)f ZPzGK%S) Fl(s —a) ! =" (s - b)f | ds,

2. for every (n + 2)—concave functions f : I — R, (36) holds with the reversed sign of inequalities.

Now we state integral version of Theorem 3.3 as under. Since proof techniques are of similar nature so we
omit the details.

Theorem 3.5. Let all the assumptions of Theorem 1.6 hold with the additional condition

b
f f p (x) Gi(g(x),s) Tn-a(s,t)dxds >0, Vte€la,bl. (37)
Then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold
p f (b
(:5_(;;))! £ (As(n)) < f p (x) f(g(x))dx — f@- o f f p (x) Gi(g(x), s)dxds

n-1 k b B fk)( )(S —d)k 1_ (k)(b)(s 3 )k 1
_;mﬁ (fa p(x) Gz(g(x),s)dx) =/ B

P b-A
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where
1 p " a1 — pn-1
Ps(n) = m f p (%) (9(x))" dx — )(n O
f f (x) Gi(g(x), s)dxds — Z (k- 1)! (n k)' b 2)P5(n)
b

xf (f p () Gz(g(X),s)dx)f p(x) [an—k (s —a) — b * (s — b)k—l]ds,

and
1 f n+1
As(n) = p () (9(0)"™" dx

(n+ Dn(n —1)(n - 2)Ps(n) J,
a —-b"
" n(n - 1)(n - 2)(b — a)Ps(n) f f p (x) Gi(g(x), s)dxds

k(n — 3)!
_;(k—1)v(n—k+1)|(b a)pS(n)f (fa p (x) Gi(g(x), s)dx

X [an—kﬂ (s — a) _ bn7k+1 (s — )k 1] ds,

2. For every (n + 2)—concave functions f : I — R, (38) holds with the reversed sign of inequalities.

Theorem 3.6. Let all the assumptions of Theorem 1.6 hold with the additional condition

b rp
f f p (x) G1(g(x),8)Tun(s, ) dxds >0, Vte]a,bl. 39)

Then:
1. for every (n + 2)—convex function f : I — R the following inequalities hold

P f
(j@fWMw<fpmﬂWWx )ijmmmwwW%

®)( F®(s — by
Z(k 1)|f(f p (x) Gi(g(x), s)dx)f (@) - b—a (s—b) s

P6(n) b - A(,(I’l) "
_(n—3)|[ b— f()()

As(”)

f(n)( b ] (40)

where

1 P . - !
Pé(n):—n(n 1)(n_z)‘fp(x)(g(x)) dx — - 1(n 0= a)ff p (x) Gi(g(x), s) dx ds

n—-1

(k=2)(n - 3)!
k3(k D! (n - k)'(b—a)f(f p () Gi(g(x), S)dx)

- f e 0" (s = )" = 1" (s - )] ds,
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and

1 g n+1
M) = G T =T =B . P ) e

a'-b" b P
n(n—1)(n - 2)(b — a)Pe(n) f f p (x) Gi(g(x), s) dx ds
n-1 b "
(k = 2)(n — 3)!
- kZ; (k= 1)!(n -k + 1)i(b — a)Ps(n) j; (f; p (x) Gi(g(x), 5) dx)

X fﬁ p (x) [g”—k+1 (s— a)k—l — prk+1 (s — b)k_l] ds,

2. for every (n + 2)—concave functions f : I — IR, (40) holds with the reversed sign of inequalities.

References

(1]
[2]
(3]
[4]
(5]
(6]
[7]
(8]
[9]

[10]
[11]

[12]

[13]
[14]
[15]
[16]

A. A. Aljinovi¢, J. E. Pecari¢, and A. Vukeli¢, On some Ostrowski type inequalities via Montgomery identity and Taylor’s formula II,
Tamkang Jour. Math. 36 (4), (2005), 279-301.

A.R.Khan, J. E. Pecari¢, M. Praljak and S. Varo$anec, General Linear Inequalities and Positivity / Higher order convexity. Monographs
in inequalities 12, Element, Zagreb, 2017., pp. 269.

A.R.Khan, ]. E. Pecari¢ and M. Praljak Popoviciu type inequalities for n—convex functions via extension of Montgomery identity, An. St.
Univ. Ovidius. Constanta, 24 (3) (2016), 161-188.

A.R. Khan, J. E. Petari¢ and S. Varosanec, Popoviciu type characterization of positivity of sums and integrals for convex functions of
higher order, J. Math. Inequal., 7 (2) (2013), 195-212.

A.R.Khan, J. E. Pecari¢, Positivity of Sums and Integrals for n—Convex Functions Via Abel Gontscharoff’s Interpolationg Polynomial and
Green Functions, Southeast Asian Bull. Math., to appear.

A. R. Khan, J. E. Pecari¢, Positivity of General Linear Inequalities for n—Convex Functions Via The Taylor Formula using New Green
Functions, Commun. Optim. Theory, to appear.

A. R. Khan, J. E. Pecari¢ and M. Praljak Weighted Averages of n-Convex Functions Via Extension of Montgomery’s Identity, Arab. J.
Math. 2019 (2019), 1-12

A.R. Khan and J. E. Pecari¢ Positivity of Sums and Integrals for n—Convex Functions Via Extension of Montgomery Identity and New
Green Functions, submitted.

D. S. Mitrinovi¢, J. E. Pecari¢, and A. M. Fink, Inequalities for functions and their Integrals and Derivatives, Kluwer Academic
Publishers, Dordrecht, 1994.

J. E. Petari¢, On Jessen’s Inequality for Convex Functions, III, ]. Math. Anal. Appl., 156 (1991), 231-239.

J. E. Petari¢, E. Proschan and Y. L. Tong, Convex functions, partial orderings and statistical applications, Academic Press, New
York, 1992.

J. E. Pecari¢ and J. Peri¢, Refinements of the integral form of Jensen’s and the Lah—Ribari¢ inequalities and applications for Csiszdr divergence,
J. Inequal. Appl. 2020 (108) (2020), pp. 16.

T. Popoviciu, Notes sur les fonctions convexes d’orde superieur 111, Mathematica (Cluj) 16, (1940), 74-86.

T. Popoviciu, Notes sur les fonctions convexes d’orde superieur IV, Disqusitiones Math. 1, (1940), 163-171.

T. Popoviciu, Les fonctions convexes, Herman and Cie, Editeurs, Paris 1944.

D. V. Widder: The Laplace Transform, Princeton Univ. Press, New Jersey, 1941.



