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Abstract. This paper deals with local spectral properties of Extended Hamilton operators and their adjoint
operators. The relationship between the local spectral properties (strongly decomposability, hyperinvariant
subspace problem, etc.) of Extended Hamilton operators and the corresponding properties of their adjoint
operators is obtained.

1. Introduction

The Hamiltonian system is an important branch in dynamical systems, and has various applications
in our daily life. While infinite dimensional Hamiltonian operators come from the corresponding infinite
dimensional Hamiltonian systems, and have deep mechanical background, their spectral theory is the
theoretical foundation of the separation of the variables method solving mechanical problems, and plays a
significant role in elasticity mechanics and other related fields[6,9,12].

The various results on infinite dimensional Hamiltonian operators frequently appear. In [2], the authors
study the symmetry with respect to imaginary axis of the spectrum of infinite dimensional Hamiltonian
operators; in the proof process, some properties between operators and their adjoint operators are applied.
In[7], the decomposability, Weyl type theorems and invariant subspace problem of Hamilton operators
and the similar properties with their adjoint operators are studied. In[8], extended Hamilton operator is
introduced and studied, and various properties of extended Hamilton operators are obtained. In [11], the
strongly decomposability, Weyl type theorems and hyperinvariant subspace problem of Hamilton operators
and the similar properties with their adjoint operators are given. In this paper, local spectral properties
of extended Hamilton operators and their adjoint operators are studied. The relationship between the
local spectral properties (strongly decomposability, hyperinvariant subspace problem, etc.) of extended
Hamilton operators and the corresponding properties of their adjoint operators is obtained.

This paper is organized as follows. In section 2, we state some definitions and notations. The main
results and examples of this paper, together with their proofs, are presented in section 3.
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2. Preliminaries

Let X be an infinite dimensional Hilbert space. Throughout this paper, an operator is always bounded.
According to [8], extended Hamilton operators and bounded Hamilton operators can be defined as follows.

Definition 2.1. Let H : X X X — X X X be a bounded operator. If (JH)* = JH, then H is called an infinite
dimensional Hamilton operator, where | = ?I (I) ]with I being the identity operator on X, O the zero operator on

X, and (JH)* the adjoint operator of JH.
Remark 2.2. Evidently [* = —].

Definition 2.3. A bounded operator T : X X X — X X X is called extended Hamilton operator, provided there is an

-0 ] and (JT)* = JT. At this time, T is called extended

antilinear unitary operator | on X X X for which J* = [ 0 -I

Hamilton operators with | as antilinear unitary operator.

Definition 2.4. We say that T satisfies
(1) property (h) if o(T) \ osp-(T) = 7§ (T), where 7§ (T) = {A € is00,(T) : 0 < a(T — A) < oo}
(2) property (gh) if o(T) \ ospr-(T) = E*(T), where E*(T) = {A € is00,(T) : 0 < (T — A)}.

Remark 2.5. The definition of osr-(T), ospr-(T), (T — A) is introduced in [1,3,4].

Definition 2.6. P1A linear subspace Y of X is said to be T- hyperinvariant if SY C Y for every bounded linear
operator S on X that commutes with T.

According to [5], the local resolvent set pr(x) of T at point x € X is defined as the union of all open subset
U of C for which there is an analytic function f : U — X which satisfies (T — A)f(A) = x for all A € U. The
local spectrum or(x) of T at x is then defined as or(x) = C\pr(x). The local spectral subspace of T is defined
as Xr(F) = {x € X : or(x) C F} for all sets F C C.

Lemma 2.7. 1® A bounded operator T on X, is strongly decomposable if and only if T is decomposable and Xr(F) =
Xr(FNUp) + -+ + X7p(F N Uy,) for every open cover {Uj, ..., Uy} of an arbitrary closed set F C C.

3. Main results

Lemma 3.1. Let T be an extended Hamilton operator with | as antilinear unitary operator.Then
(1) or-(Jx) = —or(x)", or(J'x)" = —or-(x) for all x € X.
(2) Xr(F) = JXr(=F") forall F C C.

Proof. (1) Let Ag € pr(x), then there exists an analytic function f : U — X (U is a neighborhood of Ay )which
satisfies (T—A)f(A) = x forevery A € U. Hence (T*+A)J* f(A) = [(T=A)f(A) = Jxon U. So (T*=A)J* f(-A) = Jx
on —U". Since J*f(—A) is analytic on —U*, then —Ay € pr-(Jx). Hence o1-(Jx) C —or(x)". By the similiar way
,we can obtain o7-(Jx) D —or(x)". we can obtain the second equality, by the similiar fashion.

(2) Let x € X1+(F), then or-(x) C F. It follows from (1) that o7(J*x) € —F* and so [*x € X7(—F*). Hence
Xt1(F) € JX1(=F"). By the similiar way ,we can obtain Xr-(F) 2 JXr(—F"). Therefore Xr(F) = [ X7r(=F*). O

Lemma 3.2. Let T be an extended Hamilton operator with | as antilinear unitary operator.Then
(1) o(T)" = ~o(T"), may(T)" = =ehy(T"), E(T)" = =EX(T").
(2) osp(T) = —0sp(T7), 05pr:(T)" = —aspr-(T").
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Proof. (1) Since T* — A = J(T + A)] and ] is bijection, then o(T)* = —a(T*), 04(T)" = —0,(T*) and a(T + A) =
a(T* = A). Therefore i (T)" = =13, (T*), E(T)" = —E*(T").

(2) If Aisnot belong to osp-(T*), then T* — A is upper semi-Weyl operator[1],i.e. a(T*—A) < 0o, R(T*—A) is
closed and ind(T*-A) < 0. Since T*—A = J(T+A)J, then «(T+A) < oo, R(T+A) is closed and ind(T+A) < 0, and
hence T + A is upper semi-Weyl operator, so —A is not belong to osp-(T). i.e. —osp-(T)" C osp-(T").Replacing
T by T* shows that —osr-(T)" 2 o5p-(T*). Therefore osp-(T)" = —osp-(T").

If A is not belong to ospr-(T*), then T* — A is upper semi B-Weyl operator[1], i.e. for some n > 0,
a((T* = AN)pup) < 00, R(T* = A)puy), R((T* = A)") are closed and ind((T* — A)pyy) < 0. Since T* — A = J(T + A)], then
a((T + A)pay) < 00, RUT + A)py), R((T + A)") are closed and ind((T + A)pyy) < 0, and hence T + A is upper semi
B-Weyl operator, so —A is not belong to ospr-(T). i.e. —ospr-(T)" € ospr- (T*).Replacing T by T* shows that
—(FSEH.“;(T)yr 2 USBF;(T*)- Therefore (75,31:;(Tyr = _GSBF;(T*)' J

In the following theorem we give a duality theorem of strongly decomposable operators. In general, the
strongly decomposability of T is not transmitted to operator T([10]).

Theorem 3.3. Let T be an extended Hamilton operator with | as antilinear unitary operator. Then T is strongly
decomposable if and only if T* is strongly decomposable.

Proof. If T is strongly decomposable, then T is decomposable, by Lemma 2.7. By Theorem 3.4 of [8], it
follows that T has property (B) or property (6). Then we know from Theorem 2.2.5 of [5] that, T* has
property (6), so T* is decomposable. Now we consider an arbitrary closed set F C C and a finite open cover
{Uy, ...,Uy} of F. Then {-Uj,...,—U,,} is a cover of —F". Given any x € Xr-(F), we have —or(J'x)" C F, by
Lemma 3.1 and the definition of Xr-(F). Moreover J*x € Xr(—F"). The strong decomposability of T leads
to J'x € Xr((=F)* N (=U,)) + -+ + Xr((=F)* N (=U,,)), it is immediate that x € J(X7((=F)* N (=U,)) + -+~ +

Xr((-F)' N (-U,,))) = Xr-(FNUy) + - - - + X1 (F N U,,), therefore X-(F) € Xr-(F N Uy) + - - - + Xp-(F N U,,). To
show the opposite inclusion, let x € Xr-(F N ;) + - + Xr-(FN U,,) be arbitrary. Then J*x € [*X-(F N ) +
oot X (FN Up) = Xr(=(ENUL)") + -+ + Xr(=(F N Uyx)"). Moreover J'x € Xr(~F"), so x € Xr-(F).therefore
Xr(FNnl)+--+ Xr-(FNUyp) € Xr(F). Thus Xr«(FNUyp) + -+ + Xp(F N Uy) = X1«(F). By Lemma 2.7, this
establishes the strong decomposability of T*.

For the reverse implication replace T by T*. [

Theorem 3.4. Let T be an extended Hamilton operator with | as antilinear unitary operator. Then AY is T-
hyperinvariant if and only if AJ*Y is T*- hyperinvariant, where A € C.

Proof. Let S be a bounded linear operator on X and ST* = T*S, then JS]*'T = TJS]*. Since AY is T-
hyperinvariant, we know from Definition 2.6 that [SJ*AY C AY. Therefore S|*"AY C J*'AY. ie. J'AY is T*-
hyperinvariant.

To see the converse, suppose that [*AY is T*- hyperinvariant. Let S be a bounded linear operator on
X and ST =TS, then JS]*T* = T*JSJ*. Since J*AY is T*- hyperinvariant, we know from Definition 2.6 that
JSJ*J*AY c J*AY. Therefore SAY C AY. i.e. AY is T- hyperinvariant. [

In the following theorems we give the necessary and sufficient conditions for extended Hamilton
operator which satisfies property (/) and (gh).

Theorem 3.5. Let T be an extended Hamilton operator with | as antilinear unitary operator. Then T satisfies property
(h) if and only if T* satisfies property (h).

Proof. Let T satisfies property (h), then o(T) \ osr,(T) = mg(T). Given any A € o(T") \ osp;(T"), we have
—A € 0(T) \ osp(T), by Lemma 3.2 . Since T satisfies property (h), then —A € 7y (T), and hence A € 7, (T%),
therefore o(T") \ osr(T") € 7(,(T%). To show the opposite inclusion, let A € 7( (T%), then A € iso0,(T*) and
0 < a(T" = A) < o0, and therefore —A € 7 (T). Since T satisfies property (h), then —A € o(T) \ osp-(T). We
conclude from Lemma 3.2 that A € o(T") \ o5, (T"). Hence 7, (T*) € o(T") \ osr;(T"). So T" satisfies property
(h).

A similar argument shows that T* satisfies property (k), then T satisfies property (k). O
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Theorem 3.6. Let T be an extended Hamilton operator with | as antilinear unitary operator. Then T satisfies property
(gh) if and only if T* satisfies property (gh).

Proof. Let T satisfies property (gh), then o(T) \ ospr-(T) = E*(T). Given any A € o(T") \ ospr-(T*), we have
-A€o(T)\ ospr-(T), by Lemma 3.2. Since T satisfies property (gh), then -1 € EXT), and hence A € EXT"),
therefore o(T") \ ospp-(T*) S E*(T"). To show the opposite inclusion, let A € E*(T"), then A € iso0,(T") and
0 < a(T* - A), and therefore —A € E*(T). Since T satisfies property (gh), then —A € o(T) \ ospr;(T). We
conclude from Lemma 3.2 that A € o(T") \ ospr; (T"). Hence E*(T*) C o(T") \ ospr; (T"). So T satisfies property
(gh).

A similar argument shows that T* satisfies property (gh), then T satisfies property (gh). O

Remark 3.7. In general, the results of Theorem 3.5 and 3.6 do not hold if we replace extended Hamilton operator by
bounded operator.

Example 3.8. Let T be defined for each x = (x;) € €2 by T(x1,%2,X3,++ , Xn,-+) = (3X2, 33, §Xa, -+ , 22, -+ +).
Then o(T) = 0,(T*) = 04(T) = s (T*) = 100(T) = {0}, G, (T*) = 0. Hence o(T) \ 04,(T) = @ # {0} = moo(T), i.e. T
does not satisfy Weyl's theorem. Then T does not obey a-Weyl’s theorem. Hence T does not satisfy property (h), and
therefore does not satisfy property (gh). But o,(T*) \ osp;(T") = 1§, (T*) = 0, i.e. T* satisfies a-Weyl's theorem. Then
T" obeys property (h) and property (gh).
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