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On a Recent Result Concerning the Drazin Inverse of Matrices

Jelena Visnjié?, Ivana Ilié*

Faculty of Medicine, University of Ni$, Bul. dr Zorana Djindji¢a 81, 18000 Nis, Republic of Serbia

Abstract. In this paper, we investigate the recent paper of Shakoor et al. [A. Shakoor, I. Ali, S. Wali, A.
Rehman, Some formulas on the Drazin inverse for the sum of two matrices and block matrices, Bull. Iran.
Math. Soc. 48 (2022) 351-366]. Here we prove that the main, additive result from the mentioned paper is
actually a corollary of one known result. Furthermore, we give new representations for the Drazin inverse
of anti-triangular block matrix, which generalize some representations from current literature on the topic.

1. Introduction

Let C™" denote the set of all n X n complex matrices and let A € C>". By R(A), N(A) and rank(A) we
denote the range, the null space and the rank of matrix A, respectively. Furthermore, by ind(A) we denote
the smallest nonnegative integer k, such that rank(A**!) = rank(AF), called the index of A. If ind(A) = k,
then there exists the unique matrix A? € C™", which satisfies the following relations:

ARTAT = Ak AdpAT = A7 AAY = AYA.

The matrix A is called the Drazin inverse of A [1, 2]. The concept of Drazin inverse was introduced by
Drazin in 1958, in associative rings and semigroups (see [3]).
In this paper we use notation A™ = I — AA? to denote the projection on N(A*) along R(AF). Also, we

agree that A =], for every complex matrix A. Furthermore, if the lower limit of a sum is greater than its
upper limit, we define the sum to be 0.

Suppose P, Q € C™". In 1958, in celebrated paper of Drazin [3], additive properties of the Drazin inverse
are studied in associative rings and semigroups. In the matrix concept, the result which was offered by
Drazinis (P + Q) = P* + Q¢, when PQ = QP = 0. Hartwig, Wang and Wei reopened this problem in 2001 in
the matrix concept and generalized the result given by Drazin, to a case when PQ = 0 [4]. Since then, this
topic attracts a great attention and there are a plenty of papers on this subject (see [5-17]). However, there
is no formula for (P + Q) without any side condition for matrices P and Q, so this problem remains open.

In 2015, Vi&nji¢ derived a formula for (P + Q)? under conditions P>?QP = 0, P>Q? = 0, PQ?*P = 0 and
PQ® = 0 (see [19, Theorem 2.1]). In a recent paper, Shakoor et al. offered a formula for (P + Q)?, which
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is valid when P?QP = 0 and PQ?* = 0 (see [18, Theorem 3.1]). Obviously, the result of Shakoor et al. is a
special case of a result of Visnji¢. Furthermore, we will prove that mentioned result of Shakoor is actually
a corollary of the result [19, Theorem 2.1].

The problem of finding the Drazin inverse of the sum of two matrices is closely related to the problem
A B
C D
matrices, not necessarily of the same size. This problem was opened in 1979, by Campbell and Meyer [20],
and since then it is a topic of great significance, due to its applications in several areas, such as differential
and difference equations and perturbation theory of the Drazin inverse (see [4, 20-25]). Many authors have

of finding the Drazin inverse of 2 X 2 complex block matrix M = , where A and D are square

studied this problem and offered some formulas for M¢, when blocks of matrix M satisfy some certain
conditions (for example, see [2, 5-9, 11-15, 17, 19, 23]). However, in the present there is no formula for

M, with no side conditions for blocks of matrix M, so this problem is still an open one. Meanwhile, a
general expression for the Drazin inverse of a 2 X 2 block triangular matrix (either B = 0 or C = 0) is known
[26,27]. Furthermore, in 1983 Campbel [22] posed a problem of finding the Drazin inverse of anti-triangular
block matrix (where D = 0), as an application in solving second order differential equations. It is shown
that anti-triangular block matrices and its Drazin inverses are involved in applications like saddle-point
problems, optimization problems and graph theory [28-30].

Consider the upper anti-triangular block matrix:

¢ ol

M:[c 0 )

where A is a square complex matrix and 0 is a square null matrix (sizes of matrices A and 0 does not have
to be equal). Many authors studied the problem of finding the Drazin inverse of matrix M, defined by (1),
and offered a formulas for M?, under some specific conditions for blocks of M. Here we list some of them:

(i) BC =031, Corollary 4.3];
(ii) BCA =0 [6, Theorem 4.5];
(ili) A"AB = 0and BCAA? = 0 [29, Theorem 3.8];
(iv) A"BCA = 0 and BCAA? = 0 [10, Theorem 2.3];
(v) AA™BC =0, CA™BC = 0 and ABCA? = 0 [10, Theorem 2.6];
(vi) ABC =0 [5, Corollary 3.9] and [29, Theorem 3.3];
(vii) BCA™ = 0 and AA?BC = 0 [29, Theorem 3.6];
(viil) ABCA™ = 0 and AAYBC = 0[10, Theorem 2.1];
(ix) BCA™A =0, BCA™B = 0 and A’BCA = 0 [10, Theorem 2.4]

In section 3 of this paper, we derive some new representations for M“. Namely, in Theorem 3.1 we offer
a representation for M? under conditions AA"BCA = 0, CA™BCA = 0 and AYBCA? = 0, which generalizes
representations given under conditions (i)-(v) from the previous list. Furthermore, in Theorem 3.2 a repre-
sentation for M? is given under conditions ABCA™A = 0, ABCA™B = 0 and A’BCA? = 0, which are weaker
than conditions (i), (vi)—(ix) from the list above.

Before we give our results, we state the following auxiliary lemmas.
Lemma 1.1. [1, Exercise 4.33] Let A € C"™", B € C"™™. Then (AB)* = A((BA)?)*B.
Lemma 1.2. [4, Theorem 2.1] Let P, Q € C™" be such that ind(P) = r and ind(Q) = s. If PQ = 0 then

s—1 r—1
(P + Q)d — Z QnQi(Pd)Hl + Z(Qd)ﬁlpipn.
i=0 i=0
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2. Additive properties of the Drazin inverse for matrices

Through this section we will assume that P,Q € C™". In [19, Theorem 2.1], a formula for (P + Q) is
derived under conditions P2QP = 0, P>?Q? = 0, PQ*P = 0 and PQ> = 0. Recently, Shakoor et al. studied
additive properties of the Drazin inverse for matrices (in the skew field concept) and offered the formula
for (P + Q)?, when matrices P and Q satisfy P>QP = 0 and PQ? = 0 (see [18, Theorem 3.1]). Obviously,
conditions from [19, Theorem 2.1] are weaker than conditions from [18, Theorem 3.1]. Furthermore, the
formula for (P +Q)¢, which is givenin [18, Theorem 3.1], is a corollary of the result [19, Theorem 2.1]. Before
we prove this, we state the result from [19, Theorem 2.1].

Theorem 2.1. [19, Theorem 2.1] If P2QP = 0, P>*(Q*> = 0, PQ*P = 0 and PQ® = 0 then

P+Q) =(Y1+Y2)(P+Q), ?)
where

ind((P+Q)Q)-1 ‘ i1
Yi= ), (P+QQP+QQ ((P+QP)) ", 3)

i=0

ind((P+Q)P)-1

= Y (@+0)" @+ P+ Py, @

i=0

furthermore, for n € N

; ind(QP)-1 4 2(isn) ind(P?)-1 P n—1 . i)
P+ Q)P = P P)' (P + P PP™ — P P , 5
(@+Qpy) = Y, @PrQpy(r) Y@y PR - Y (@py (P) 5)
i=0 i=0 i=1
; ind(Q*)-1 ) i+n ind(PQ)-1 2(i+n) . = 2i n—i
P+ = P + P P - P , 6
(P+QQ1) = Y, QQ¥(PQy) Y (@) Qi - ) (@) ((PR)Y) (6)
i=0 i=0 i=1
and
ind(QP)-2 . 2i41) ind(P?)—2 1
((P+QP)" = (QPY"P" = ) (@D (Q@PY* (P)" = ) (@py) pAevpT, 7)
i=0 i=0
ind(@)-2 . o MACQ-2 2(i+1) .
(P+QQ"=Q"(PQ"~ Y QQ(rQ) - ) (¢ PQ"P". (®)
i=0 i=0

As a special case of Theorem 2.1, we have the following corollary.
Corollary 2.2. If P2QP = 0 and PQ* = 0, then:
(P+Q)" =Q(Y1+Y2) + Q(Y1 (P + QP) + (P + QQ) Y2) PQ+ Y3 + Y3 ((P+ QP)) PQ+Q",  (9)
where Y1 and Y, are defined in (3) and (4) respectively, in addition (((P + Q)P))* and (P + Q)Q)%)", forn € N, are

defined in (5) and (6) respectively, furthermore (P + Q)P)™ and ((P + Q)Q)™ are as given in (7) and (8) respectively,
and

Y; = P(P+QP)" - Q((P + Q)Q)". (10)
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Proof. Since (P + Q)? = (P + Q)(P + Q)*)? = (P + Q)*)*(P + Q), according to the proof of [19, Theorem 2.1],
we have that:

-1 ,
P+Qy = (P(«P +QPYY) - QP+ QP+ QP +Q Y (P +QQ (P +QQ) ((P+QPy)
i=0

s—1 i
QY (P + Q) (P+QPY(P + Q)P)“)(P +Q),
i=0

where s = ind((P + Q)P) and [ = ind((P + Q)Q). Since (P + Q)* = (P + Q)P + (P + Q)Q and PQ? = 0, after
some computations we get that:
!

(P+Q = P(P+QP) -Q(P+QQ) +Q Y (P+QQ (P +QQ) ((P+QPy) "

i=0

,_\

S—

QY (@ +QQY) " (P + QP (P + QP + P((P+QPY) PQ

i

1N
o

t-1

-Q(P + Q) (P+ QPY'PQ+Q ) (P + QI (P + Q) (P + QPY) ™ PQ

i=0

,_\

S—

d i n 4\2 2
QY (@ + Q0" (P +QP)(P+ QP)"PQ + Q((P + QQ)) @~

i

I
o

Applying equality (6) for n = 2, we get that Q (((P + Q)Q)d)2 Q? = Q. Now, using the notations for Y1, Y,
and Y3, which are given in (3), (4) and (10), respectively, we obtain the formula for (P + Q)?, as it is defined
in (9). O

In the following exercise we will analyze the main result form the paper of Shakoor et al.[18]. Actually,
we will prove that the formula for (P + Q)?, which is given in [18, Theorem 3.1], is equal to the formula for
(P + Q) derived in Corollary 2.2.

Exercise 2.3. [18, Theorem 3.1] If P2QP = 0 and PQ? = 0, then:

(P+Q)" =(P* + PQ)'P + Q(Q* + PQ)" + QTP + (((P* + PQ)d)z

11
+ QT(P* + PQ)" + Q(Q* + PQ)'T)P?Q, a
where for n € IN:
1 t=1 ,
(2 +PQy)" = Y piopy (v +@p?) (P)" e+ @+ Y PPy PP+ Q)
. (12)
+ Z p(@py) " e+ Q) - Y p(@py)” (P) P+ Q),
=0 7=0
t—1 i t— 1 n—1
(PQ + @)’ 2 Q Q¥ ((PQY) " + " ey - Y (@) (P, (13)
i=0 1:0 j=1

t—

(P2 + PQ" =P" - P'Q - ¥ PPy} PHPH(P + Q) - Z PQP(QPY* (QP* + @PY) (P P+ Q)
i=0

H

I
o

o i (14)

=¥ P(@py)" PP + Q) + PQPQPY (P) (P + Q),

i=0
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t—

-1 .
(PQ+QY" = (PQY* - ¥ Q" (PQ)) ™ - Y Q(@)" QY (PQY",

i=0 i

._;

Iy
(=}

t—

_

) =1 .
T=Y ((PQ+Q) " (P+ QP> + PQY(P* + PQI + ¥ (PQ + QY (PQ + Q¥ (P + Q) (P> + PQY')

o

i=

- (PQ + Q)P + Q)(P* + PQ)’,

4421

(15)

(16)

and t = max{ind(P?),ind(Q?), ind(PQ), ind(QP)}. We will prove that the formula for (P + Q)%, given in (11), is

equal to the formula given in (9).

Proof. Through this exercise, we will use Lemma 1.1. First, we will analyze the expression for ((P? + PQ)?)",

where n € N, which is defined in (12). Since P2QP = 0, we get that
(QP® + (QP)* = (QP)**DQP® + (QP)*, fork e N.

After some computations, we obtain

= i sivzeon  MAEDA . 2(i+1+n)
Y @pr (PP +@PR) () = Y @Pr@PY (M)
i=0 i=0
Also, we get that
= 2i+1+ = 2i+2+ ind(P%)-1 i+1+
((Qp)d) ! n p4ip7'! + Z ((Qp)d) ! n P4i+2p7'[ — Z ((Qp)d)l n PZiPn.
i=0 i=0 i=0
Furthermore,

,_.

n— n

(c0pr)™ (P = Y (copr) (P

=1

Iy
(=}

j

Therefore, we have the following expression for ((P? + PQ)%)":

ind(QP)— ind(P?)-1

(#+rQ) = P ) (QP)"(QP) (EY Y (@py)
i=0

i=0

)d i+1+n PZiPn

n

=Y @y (P e+ 0

=1

Hence, we get ((P> + PQ)*)" = (P(P + Q))?)" = P- Z - (P + Q), where Z is equal to the right hand side of
the equality given in (5), for n + 1. Therefore, we get that (P(P + Q))?)" = P(((P + Q)P)!)"*}(P + Q) is valid,

where ((P(P + Q))?)" is defined as in (12) and (((P + Q)P)?)"*! is defined as in (5).

Now, we will analyze the expression for (P> + PQ)™ given in (14). We get that

= i sivg MAED- ) 2(i+2)
Y. @p(QP* +@PR) () = ) @PQp) (P)
i=0 i=0

and

,_n

t—1 9i42 ind(P?)-1 1
((Qp)d) P41'P7'[ Z ((Qp)d) i+ P4i+2PTL — Z ((Qp)d)H PQiPH.

i=0 i=0

t—

N
o
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Therefore,

ind(QP)-1

(P +PQ" = P"-PiQ-PQP( )" (QPY(QPY (P*

i=0

)2(1'+2)

ind(P?)-1 (17)

£ Y (@) PP Py (P )P+ Q)

i=0

On the other hand, we have that

(P +PQ)" =1~ P(P + QPP + Q)Y = I~ P(P + QP ((P + QPY) (P + Q).
If we compute I — P(P + Q)P(((P + Q)P)?)*(P + Q), using the formula for (P + Q)P)?)" given in (5) and
condition P>?QP = 0, we get exactly the formula (17).

Obviously, the expression for ((PQ+Q?)?)" = ((P+Q)Q)%)" given in (13) is equal to the expression given
in (6). Also, we can easily check that the formula for ((P + Q)Q)™ given in (15) is equal to the formula which
is offered in (8).

Now, we will express matrix T, defined in (16), in terms of matrices (P + Q)P and (P + Q)Q and its Drazin
inevrses. Using Lemma 1.1, after some computation, we get

-1
(Z (P+QQ") ™ (P +QPY(P + QP + Z«P + QO (P +QQ) ((P+QPY)
i=0

~((P+Q)Q* (P + Q)P)”l)(P +Q),

where s = ind((P + Q)P) and / = ind((P + Q)Q). Our next intention is to express matrix (P + Q)¢, given in
(11), in terms of (P + Q)P, (P + Q)Q, ((P + Q)P)? and ((P + Q)Q)". The elements of the sum, which is on the
right hand side of the equality (11), are as follows:

(P> +PQ)'P = P((P+Q)P),
Q@ +PQ) = QUP+QQ),

-1 .
QrP = QY ((P+QQY)" (P+QP)((P+QP)"
i=0

s—1

+Q Y (P+QQ (P +QQ) ((P+QPY) ™ ~ QP+ QQ,

i=0

(P +PQY) PPQ = P((@+QPY) PQ,

s—1 .
QTP+ PQY'PPQ = QY (P+QQ (P +Q)Q) ((P+QPY) PO
i=0

—-Q((P + Q)Q) (P + QP)'PQ,

-1 .
Q@ +PQITPQ = QY ((P+QQ") ™ (P+QPY(P+QP)" - Q((P+QQF) PQ.
i=0
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Applying formula (6) for n = 2, we get Q((P + Q)Q)*)?PQ = Q((P + Q)Q)? — Q“. Finally, using notations for
Y1, Y, and Y3, which are given in (3), (4) and (10), respectively, we get that the formula (11) is equal to the
formula (9). O

The following example illustrates that the result given in [19, Theorem 2.1] is more general than a result
given in [18, Theorem 3.1]. Actually, we give two matrices P and Q, which do not satisfy the conditions
from [18, Theorem 3.1], but do satisfy the conditions from [19, Theorem 2.1].

Example 2.4. Consider the matrices:

100 0 000 1
0010 110 0
P=looo0oo0l]"Ql100 1
000 0 0000

Since PQ? # 0, matrices P and Q do not satisfy the conditions of [18, Theorem 3.1]. Furthermore, we have
the following list of conditions, which are not satisfied, and therefore some known formulas for (P + Q)*
can not be applied:

(i) PQ # 0, so we can not apply the formula for (P + Q)* from [4, Theorem 2.1];
(ii) Q? # 0, hence the formula for (P + Q)¢ from [5, Theorem 2.2] fail to apply;
(iii) P?Q # 0, therefore we can not use the formulas from [6, Theorem 2.3], [7, Theorem 2.2], [9, Theorem
3.1], [11, Theorem 3.2] and [18, Theorem 3.2];
(iv) PQ? # 0, consequently the formulas for (P + Q) from [7, Theorem 2.1], [11, Theorem 3.1], [10, Theorem
4.1] and [13, Theorem 3.1] can not be applied;
(v) PQP # 0, hence the formulas from [12, Theorem 4], [12, Theorem 5] and [14, Theorem 2.1] fail to
apply;
(vi) QPQ # 0, therefore the formula from [13, Theorem 2.1] can not be used to derive (P + Q)%
(vii) (PQ)? # 0, so we can not use the formula from [8, Corollary 2.3];
(viii) P2Q # 0, consequently the formulas from [9, Theorem 3.2] and [15, Theorem 3.1] can not be applied;
(ix) QP® # 0, hence we can not apply the formula from [15, Theorem 3.2];
(x) (P+ Q)PP+ Q)P # 0, so the formulas from [16, Theorem 3.1] and [17, Corollary 3.2] fail to apply;
(xi) (P+Q)*P(P+Q)°P # 0, therefore the formula from [17, Corollary 3.3] can not be used to obtain (P + Q).

However, we have that P2QP = 0, P>?Q? = 0, PQ?P = 0 and PQ® = 0. Hence, matrices P and Q satisfy
the conditions of [19, Theorem 2.1], so we can apply the formula (2). We have that ind((P + Q)P) = 2,
ind((P + Q)Q) = 2 and ((P + Q)P)* = (P + Q)P)?, (P + Q)Q)* = (P + Q)Q)?, for any integer k > 2. Therefore,
((P+ Q)P = (P + Q)P)* and (P + Q)Q)" = (P + Q)Q)*. Hence,

1 0 0O 0 000
s 2000 a2 10 4
0 0 0O 0 0 0O

Applying formula (2), we get
P+Q" = (((P + QQ (P + QP +((P+ QQ(P +QQ((P+ QPY)
+((P+ QQ (P +QP)"
+H(@+QQ) @+ QPP+ Q)P)n) P+Q).

Consequently, we obtain (P + Q)%

1 00 1
Ll 11 4
P+Q'=1 1 o9 0 1
0 00 0
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Remark 2.5. Notice that Theorem 3.2 from [18] is the symmetrical formulation of Theorem 3.1 form the
same paper, which we have studied in Exercise 2.3. In addition, Theorem 2.2 from [19] is the symmetrical
formulation of Theorem 2.1. As we have proved in Exercise 2.3, [18, Theorem 3.1] is a corollary of [19,
Theorem 2.1]. Therefore, we can conclude that [18, Theorem 3.2] is a corollary of [19, Theorem 2.2].

3. Representations for the Drazin inverse of anti-triangular block matrix

In this section we derive new representations for the Drazin inverse of anti-triangular block matrix M,
defined by (1), which generalize some known representations.

Theorem 3.1. Let M be matrix defined by (1). If AATBCA = 0, CA®BCA = 0 and A’BCA? = 0, then

) (A"BC)"  —AATB(CA™BY
M? =M ((Pd>2 [ 0 (CATB)" ]
t—1 . .
[ (A"BOY*1(ABC)"  AAB(CA™B)(CA™B)"
+ 2 (P 4[ 0 (CATB)* (CA™B)" ]

r—1 : :

i ((AnBC)d)z+1 AAnB((CAnB)d)z+2
+;P 2 [ 0 (CA™BY!y* ]]
where

[ AAdB}
d)n 1T (Ad)n+1B ]

(Pd)n [ Ad)nT CAd)n+ZB

T=A"+ Z(Ad)f+3BCAf,
j=0

for every n € N, and t = max {ind(CA™B),ind(A"BC) — 1}, r = ind(P?), [ = ind(A).
Proof. Consider the splitting of matrix M:

v-| A B]_[A AaB] [0 A™B
“lco|T|c o o o0 |

d T
é A% Blandg = 8 AoB , we have that PQP> = 0 and Q* = 0. Therefore,

matrices P and Q satisfy conditions of [19, Corollary 2.2], so we have:

If we denote by P =

r—1

M = M(Z Prr¥ (@)Y + (@py)")
i=0

(18)

s—1

+ ) (P ((PQY(PQ)™ + (QPY(QP)) - (Pdf],
i=0

where r = ind(P?) and s = max {ind(PQ), ind(QP)}. Hence, we should derive expressions for P*, (PQ)? and
Qpy".
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First, we will focus on obtaining P?. Since A"AB; = 0 and BiCAA? = 0, where B; = AA?B, we have that
matrix P satisfy the conditions of [29, Theorem 3.8] and after applying this theorem we get:

pi | T (A9)?B
CAT C(AY°B |’
where
-1 ‘ ‘
T=A"+ Z(Ad)f+3BCA1,
j=0

and / = ind(A). By induction, we get:
T = (Ad)n_lT,

and
O =| cam et |=| St Syt | (19)
for every 1 € N. Furthermore, after computation and using Lemma 1.2 we get:
(PQ)" =[ 8 AAW(]é(f,%’f)"fl ] forn €N, (20)
(PQYy' = [ 0 AN ] forneN, @)
(PQ)" = [ o MG ] 22)
(QP)" = [ (Aﬂg(j)n 8 ], forn e N, (23)
(@py'y = [ (o ] forneN, 1)
QP = [ e ] 25)

Substituting (19) — (25) into (18), we get that the statement of the theorem is true. O
Another representation for M is offered in the following theorem.

Theorem 3.2. Let M be matrix of a form (1). If ABCA™A = 0, ABCA™B = 0 and A“BCA? = 0, then

([ @Bcamy 0
M ‘([ _(CA™BYICA™A (CATB)" ](P Y’

[ (BCA™)*(BCA)*! 0 i+
(CA™B)(CA™ByCATA  (cAmBy(cABy+ | )

P
1

<

((BCA™y?yi+1 0 -
= [ ((CATBYy">CA™A  ((CA™B)y*! ]PZP ]M,
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where
A B
P :[ CATA 0 ]
Pyt — (AT + VYA (AT + V)(AY)'B
( ) - C(Ad)n+1 C(Ad)n+2B ’
1

-1
V=Y ABCA%*3,
j=0

or every n € N, and t = max {ind(CA™B),ind(BCA™) — 1}, r = ind(P?), | = ind(A).
Y

Proof. If we split matrix M as

M = A B | _ A B 0 0
“lcoo|T|caa ot car o

A B | 0 o0
CAA 0 | Q=1 car o
and Q satisfy the conditions of [19, Corollary 2.1]. Furthermore, matrix P satisfy conditions of [29, Theorem
3.6]. Using the similar method as in the proof of Theorem 3.1, we complete the proof. O

and denoteby P = [ ,we have that P2QP = 0 and Q* = 0. Therefore, matrices P

As we have noticed in Introduction, representations for M? from Theorem 3.1 and 3.2 generalize certain
representations from [5, 6, 10, 29, 31].

Remark 3.3. In [18], authors studied the problem of finding the Drazin inverse of a 2 X 2 block matrix

| A B
M ‘[ C CAB
authors noticed that representations for M can be obtained using the additive formula from the same
paper, when the following conditions are satisfied:

], i.e. of a block matrix with generalized Schur complement equal to zero. Furthermore,

(i) ABCA™A =0, ABCA™B = 0 and CA™BCA™ = 0;
(i) AA™BCA =0, CA™BCA =0and A"BCA™B = 0.

We remark thatin [19, Theorem 3.1], a formula for M‘f isalready derived when ABCA™A = 0and ABCA™B =0
hold. Therefore, the condition CA"BCA™ = 0, given in (i) from the previous list, is superfluous. Furthermore,
we have that the condition A"BCA™B = 0, given in (ii) from the list above, is also superfluous. Namely,
in [19, Theorem 3.2] a representation for M‘f is obtained under conditions AA™BCA = 0 and CA™BCA =0,
without the third condition A"BCA™B = 0.

Acknowledgments. The authors would like to thank to anonymous referees for valuable comments and
suggestions.
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