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Generalized Drazin Invertibility of the Sum of Two Elements
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Abstract. In this paper, we study additive properties of the generalized Drazin inverse in a Banach algebra.
We first show that a + b € A? under the condition that a,b € A?, aba™ = Aa"bab™a™, and then give some
explicit expressions for the generalized Drazin inverse of the sum a + b under some weaker conditions than
those used in the previous papers. Some known results are extended.

1. Introduction

Generalized inverses of block matrices have important applications in automatics, probability, statistics,
mathematical programming, numerical analysis, game theory, econometrics, control and so on [3, 4]. The
Drazin inverse has applications in a number of areas such as control theory, Markov chains, singular
differential and difference equations, iterative methods in numerical linear algebra. In 1979, Campbell and
Meyer proposed the problem of finding a formula for the Drazin inverse of a 2 x2 block matrix in terms of its
various blocks, where the blocks on the diagonal are required to be square matrices [4]. At the present time,
there is no known complete solution to this problem. In [13], Koliha extended the Drazin invertibility in the
setting of Banach algebras with applications to bounded linear operators on a Banach space and deduced a
formula for the generalized Drazin inverse of a+b when ab = ba = 0. Later, Djordjevi¢ and Wei [12] gave the
expression of (a + b)? under the assumption ab = 0 in the context of the Banach algebra of all bounded linear
operators on an arbitrary complex Banach space. In [5], Castro-Gonzélez and Koliha obtained a formula for
(a + b)? under the conditions a™b = b,ab™ = a,b™aba™ = 0, which are weaker than ab = 0 in Banach algebras.
In [9], Deng and Wei derived necessary and sufficient conditions for the existence of (P + Q)? under the
assumption PQ = QP, where P, Q are bounded linear operators, and gave the expression of (P + Q)?. In
[8], Cvetkovi¢-Ili¢ et al. extended the result of [9] to Banach algebras. In [2], Benitez et al. investigated the
explicit expressions for (a + b)? under the conditions b™a"ba = 0, b™aa"baa” = 0 and ab™ = a, where a and b
are generalized Drazin invertible in a unital Banach algebra. Using the assumption aba™ = a™b™bab™a™, a

representation for (a + b)? was presented in [20]. More results on generalized Drazin inverse can be found
in [11, 14, 16-19, 21].
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In [15], Liu and Qin deduced the explicit expression for the generalized Drazin inverse of the sum a + b
under the condition ab = a™bab™, where a and b are generalized Drazin invertible in a complex Banach
algebra. In [6], the corresponding results of [15] were further studied. In this paper, we extend these
results and establish an explicit representation of the generalized Drazin inverse (2 +b)? under the condition
aba™ = Aa"bab™a™. And we also give several representations for the generalized Drazin inverse of a + b
under some new conditions.

The paper is organized as follows. In section 2, we give some definitions and lemmas that are needed
for our results. In section 3, we generalize some results of [15] and [6]. In section 4, we generalize some
results of [7].

2. Preliminaries

Throughout this paper, A denotes a complex Banach algebra with the unit 1. A stands for a nonzero
complex number. For any b € A, the spectral radius of b is defined as 7(b) = lim,_, [|b"||'/" (see e.g. [1,
Ch. 1]), or r(b) = max{|u| : u € o(b)}, where o(b) is the spectrum of b, i.e., the set composed of complex
numbers p such that b— 1 is not invertible. In a Banach algebra A, an elementa € A is called quasinilpotent
if 7(a) = 0. In the following, A~ and AT denote the sets of all invertible and quasinilpotent elements in
A, respectively.

Let us recall that a generalized Drazin inverse of a € A (introduced by Koliha in [13]) is an element
x € Awhich satisfies

xax = x, ax = xa, a—a’x € AT (2.1)

It has been proved in [13] that for any a € A, the set of x € A satisfying (2.1) is empty or a singleton. If
this set is a singleton, then we say that a is generalized Drazin invertible and x satisfying (2.1) is denoted
by a?. The set A consits of all a € A such that a” exists. For a complete treatment of the generalized Drazin
inverse, see [10, Ch. 2].

Leta € A and let p € Abe an idempotent. We denote p = 1 — p. Then we can write

a = pap + pap + pap + pap.
Every idempotent p € A induces a representation of an arbitrary element a € A given by the following
matrix: 3
- [ pap  pap ] ,
pappap |,
Leta € A9 and a™ = 1 — aa” be the spectral idempotent of a corresponding to 0. It is well known that
a € A can be represented in the following matrix form [10, Ch. 2]

a:[‘g aozL 2.2)

where p = aa?, a; is invertible in the algebra pAp, a? is its inverse in pAp, and a, is quasinilpotent in the
algebra pAp. Thus, the generalized Drazin inverse of a can be expressed as

d -1
| 0 _| 5 0 .
0 0 0 0
P p
Obviously, if a € AL then a is generalized Drazin invertible and at = 0.

The motivation for this article comes from [5, 6, 15]. In these papers, the authors considered some
conditions on a,b € A that allowed them to express (a + b)! in terms of a,a,b, b*. Our aim in this paper is
to consider the additive properties for the generalized Drazin inverse of the sum a + b and give an explicit
expression for (a + b)? under some new conditions.

The following several lemmas are needed for deriving our results. The first one was proved in [17] for
matrices, has been extended to bounded linear operators in [11] and Banach algebra elements in [5].
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Lemma 2.1. [5, Theorem 2.3] Let x, y € A, and p € A be an idempotent. Assume that x and y are represented as

_|la O b o<
Tle b | Y=1o a |-
P P

(i) Ifa € (pAp) and b € (pAp)?, then x and y are generalized Drazin invertible, and

a0 »oou
xd=[u bd], yd=[0 ad], (23)
r p
where
= Z(bd)”+2ca”a” + Z Vb c(a?y? — bieat. 2.4)
n=0 n=0

(ii) Ifx € A% and a € (pAp)?, then b € (pAp)?, and x* and y* are given by (2.3) and (2.4).

Lemma 2.2. ([9, Theorem 1], [8, Theorem 2.1]) Let a,b € A%. If ab = ba, then a + b € A if and only if
1+ a%b € A%, In this case, we have

(a+b)! = a’(1 + a’by'bb + b Z( BY'(a®yt + ) (b (=a)"a".
n=0 n=0

Lemma 2.3. [6, Lemma 2.3] Let a € A™!, b € AL Ifab = Abab™ and A # 0, then a + b € A? and

@+bf =0+ Z(bd)"+2a(a +b)".

n=0

3. Main result 1

Now we start the first of our main results, which is a generalization of [15, Theorem 4] and [6, Theorem
2.4].

Theorem 3.1. Let a,b € A4, aba™ = Aa™bab™a™ and A # 0. If a™ba™ (or a™b or ba™ or aa®baa® or aab or baa®) is
generalized Drazin invertible, then the following conditions are equivalent:

(i)a+be AL

(i) w = aa’(a + b) € A%,

(iii) (a + b)aa® € A%,

(iv) aa®(a + b)aa® € A

In this case,

(@+b? =w' + [bd + i(bd)”“a(a + b)”]a” - [bd + i(bd)’“za(a +Db)" |a"buw”

+

[(bd)n+2+Z(bd)n+k+3a(a+b)k] ”baa (31)

M8 gt

(a+b)n nb(wd)rHZ Zz(bd k+1a(a+b)"+k nb(wd)n+2

n=0 k=0

=
Il
o
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Proof. First, suppose that a € A™!. Therefore, a™ = 1 and from aba™ = Aa™bab™a™, we obtain ab = Abab™.
Using Lemma 2.3, a + b € A% . If a is quasinilpotent, then a? = 0. Notice that a/ = 0 clearly implies
w = aa’(a + b) = 0, then w” = 0. By the equalities a? = 0, 4™ = 1 and w* = 0, (3.1) is equal to expression of
Lemma 2.3. So Theorem 3.1 holds. Now, we assume that a is not quasinilpotent and we consider the matrix
representations of 4, 4% and b relative to the idempotent p = aa?. We have

a 0 ] d [ le 0 ] [ bl bz ]
a = , a = ’ b = 7
[ 0 (75 p 0 0 . b3 b4 .

where a; € (pfﬂp)*ll a, =a—a%a e (ﬁrﬂp)qnil'
Since aba™ = Aa"bab™a™, we have aa®ba™ = Aa%a™bab™a™ = 0; hence, b, = 0. Thus, b can be represented as

by 0 ]
b= [ |
by by |
Using Lemma 2.1, if one of the elements a™ba™ or a™b or ba™ is generalized Drazin invertible, we conclude
that by € (pAp)?. Similarly, if one of the elements aa®baa’ or aa’b or baa® is generalized Drazin invertible,

then b; € (pAp)?. Applying again Lemma 2.1, because b € A? and one of the above mentioned elements is
generalized Drazin invertible, by € (pAp)?, by € (pAp)?,

b0 bT 0
d _ 1 T o_ 1
b ‘[ L' and b ‘[ —(bsb? + bys) b7 ] '

where
5= ) (B 2babibT + ) bibba(b9)"*2 - Kbsb.
n=0 n=0
Since aba™ = Aa™bab™a™, we have

0 0 o ompogmom 0 0
[0 arbs L—aba = Aa"bab™a —)\|0 baasb L,

we obtained ayby = Absarb}. By Lemma 2.3, we observe that a, + by € (ﬁ?l;?)d and
(12 + ba)! = b + ) (U 2ar(ar + ba)".
n=0

Since ay + by € (ﬁ[ﬂﬁ)d, using Lemma 2.1, the following conditions are equivalent:
. | ;+ bl 0

(l)ﬂ+b—[ b3 a2+b4

(i) w(= aa’(a + b) = aa’(a + b)aa®) = a; + by is generalized Drazin invertible;

(iii) (a + b)aa® is generalized Drazin invertible.

In this case,

] is generalized Drazin invertible;

d
i_| ;+ b1 0 . wd 0
(a+ b) B b3 ap + by ] B [ u (a+ b4)d ! (3.2)
where
=Y (a2 + ba)') 2bsw"w™ + ) (@ + ba) (@ + ba)"bs(@")"*2 = (az + bs) by’ (3.3)

n=0 n=0
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The equality ayby = Abyayb implies azbi =0and
(a2 +by)" =P — (a2 + by)(az + by)"

=p— byl — by Z(bd)k+2ﬂ2(ﬂz +by) =] - Z(bd)k+1ﬂ2(ﬂz + by)F.
=0

Hence,

Z(az+b4>“(az+b4) ba(w')"*2 = Zb“(az+b4>”b3 w')y —ZZ(b )V *1a(as + ba) sy 2.

n=0 k=0 n=0 k=0

Observe that, by (3.2),
(a+b)* =w + (an + bs)? + 1.

Also we have (we have written with an asterisk any entry whose exactly expression is not necessary)

0o . — © (bd)n+2a1 0 w" 0 0 0
;(bd) 211(11 + b) a = Z[ 1 " (bi)n+2ﬂ2 L|: * (612 +b4)n L[ 0 }3 :L

n=0

o 0
T 0 Xalo())ax(ar + by)" )
we-[ gl le ][0 o
s bfll . 0 p ) 0 bi p’
[ +Zbd)"+2 (a+Db) ]
n=0
| w0 L0 0 | w? 0
_k 0 O p 0 bi+z;o:0(bi)n+2a2(ﬂ2+b4)n p_ 0 (a2+b4)d p,

_|3d . d\n+2 n| . m d_—O 0 blwd 0 _ 0 0
X2 = b +;(b) ﬂ(&l+b) ]LI bw _> 0 ({12+b4)d L|: b3wd 0 P_ (a2+b4)db3wd 0 P,

gk

X3

[(bd)n+2 +Z(bd)n+k+3a(a+b)k a”buadw”wn

k=0

Il
o

n

gk

(bd)n+2 + Z(bd)n+k+3a(a + b)k] a" (a”baad) W w™

k=0

=
i}
o

0 0 0 w'w™ 0
(bi)n+2+Z}20(bi)n+k+3a2(a2+b4)k . bs 0 p 0 0 .

1= i1

o O o o

0 n+2 [ 0 0]
(2 + by | | bswrwr 0 ],

i}
(=}
r

Il
— =

0 0
0 n+2 ,
Zn:O ((112 + b4)d) b3w”w” 0 )
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n=0

- - br 0 0 0
_ bd n,m d\n+2 _ 1
X4 = HZ:;"’ (a+b)"a"b(w’)"™ = Z[ (b5l + bys) BT L[ (a2 + b 'b @y 0 |

0 0
= [ Z;=O bZ(QZ + b4)nb3(wd)n+2 0 :L ’

X5 = Z Z(bd)kﬂll(ll + b)nJrkanb(wd)”*z
n=0 k=0
— 0 0
- Z;o:o Z;ﬁig(bi)kﬂaz(az + b4)”+kb3(wd)n+2 0 ) .
It then follows that

w? 0
X1+X2+X3+X4+X5Z[ u ({Ilz+b4)d :(a+b)d.

O

In Theorem 3.1, the condition aba™ = Aa"bab™a™ is weaker than ab = a™bab™ of [15, Theorem 4] and
ab = Aa™bab™ of [6, Theorem 2.4]. Indeed, it clear that ab = Aa™bab™ can imply aba™ = Aa"bab™a™. However,
in general, the converse is false. To show that our condition is strictly weaker than ab = Aa™bab™, we
construct matrices g, b satisfying the condition aba™ = Aa"bab™a™, but not ab = Aa"bab™ (or ab = a"bab™).

Example 3.2. Let ‘A be the Banach algebra of all complex 3 X 3 matrices, and take

1 00 0 00
a=(0 0 1 and b=[0 0 1].

0 0O 1 0 0
Clearly
[ 1 0 0] 0 0 O
=0 0 0 and  a"=|0 1 0
| 0 0 O | 0 0 1
Since b® = 0, we have b = 0 and b™ = I5. Hence
[0 0 0] 0 0O
ab=|11 0 O and aba® = 0 0 0 |.
10 0 O | 0 0O
Notice that
0 0O 0 0 O
Ad"bab™ =A| 0 0 O and Aa"bab™a™ =1 0 0 O |.
1 00 0 0 O

Then we have aba™ = Aa™bab™a™, but a™bab™ # ab #+ Aa™bab™.
In 2004, Castro and Koliha [5] assumed the following three conditions symmetricina,b € A,
a"b =Db,ab™ =a,b"aba™ = 0. (3.4)

We observe that the conditions (3.4) and aba™ = Aa"bab™a™ are independent. The following examples can
illustrate this fact. The first example show that the conditions (3.4) hold, but the condition aba™ = Aa"bab™a™
is not satisfied.
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Example 3.3. Let A be defined as in Example 3.2, and take
0 00 010
a=|0 0 1 and b=]10 0 0 |.
0 00 0 00

Since a* = b> = 0, we have a’ = b? = 0 and a™ = b™ = I;. It is now easy to see that the matrices a,b satisfy
conditions a™b = b,ab™ = a, and

0 0O 00
ab=10 0 O and ba=|10 O
00

0 00

S O -

we observe that b™aba™ = 0. While

0 0 1
Aad"bab™a™ =A| 0 0 O |#aba™.
0 00

In the next example, we construct matrices 4, b in the algebra A of all complex 3 x 3 matrices such that
aba™ = Aa™bab™a™ is satisfied, but (3.4) is not satisfied.

Example 3.4. Let A be defined as in Example 3.2, and take
0 01 0 0 3
a=(1 0 0 and  b=|1 0 0 |.
0 00 0 0O
Since a® = b* = 0, we have a’ = b? = 0 and a™ = b™ = I3. Then we get
0 00

0 00
b aba™ =aba™ = 0 0 3 and 3a"bab™a™ =3 0 0 1 | =aba™.
0 0O 0 0O

While b™aba™ # 0, so (3.4) is not satisfied.

If we assume that a™b = b in Theorem 3.1, the expression for (a + b)? will be exactly the same as in [5,
Theorem 3.5]. In fact, if @b = b in Theorem 3.1, then we can verify that aba™ = Aa™bab™a™ is equivalent to
aba™ = Abab™a™, and so we have the following corollary.

Corollary 3.5. Leta,b € A% Ifa™b = b, aba™ = Abab™a™ and A # 0, then

@+b) =a'+ [b"’ + ) () 2a(a+ b)"] ar - [bd + ) () 2a(a + b)"J ba

n=0 n=0 (3 5)
+ Z bn(a + b)nb(ad)n+2 _ Z Z(bd)k+1ll(ll + b)n+kb(€ld)n+2.
n=0 n=0 k=0

Proof. The assumptions aba™ = Abab™a™ and a™b = b imply aba™ = Aa"bab™a". Hence Theorem 3.1 is
applicable. Notice that the condition a™b = b is equivalent to aa’b = 0. From this, we have w = a%a‘. By [15,
Lemma 7 ], it follows that w? = a? and w™ = a™. Now, let us observe that the expression

Z ((bd)mz + Z(bd)n+k+3a(a + b)k] anbaadwnwn

n=0 k=0
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d

given in (3.1) can be simplified. In view of the above relations and the equation a“a™ = 0, we have

Z (bd)n+2 + Z(bd)n+k+3a(a + b)k] anbaadwnwn — Z [(bd)n+2 + Z(bd)n+k+3a(a + b)k anbaad(QZQd)n T —.
k=0

n=0 n=0 k=0

Then the result follows by Theorem 3.1. [
Remark 3.1. We observe that the expression for (a + b)? in (3.5) and in (3.8), [5, Theorem 3.5] are exactly the same.

If A is a Banach algebra, then we can define another multiplication in A by a © b = ba. It is trivial to
verify that (A, ©) is a Banach algebra. If we apply Theorem 3.1 to this new algebra, we can immediately
establish the following result.

Corollary 3.6. Let a,b € A%, a™b™aba™ = Aa"ba and A # 0. If a™ba™ (or a™b or ba™ or aa’baa® or aa’b or baa’) is
generalized Drazin invertible, then the following conditions are equivalent:

()a+be A%,

(ii) c = (a + b)aa® € A%,

(i) aa(a + b) € A%

(iv) aa®(a + b)aa® € A

In this case,

(@+b) =c"+a" [b" - i(a + b)”a(bd)"+2] - i c'ba™ (b + (a + b)"a(b")"*?)

n=0 n=0

+ Z c”c”aadba” [(bd)n+2 + Z(a + b)ka(bd)n+k+3]
n=0

k=0

+ Z(Cd)n+2ban(a + b)nbn _ Z Z(Cd)n+2blln(11 + l’])n+ka(l’]d)k+l.
n=0

n=0 k=0

If aba commutes with a? in Theorem 3.1, then an explicit expressions can be given for w and (a + b)? in
terms of a,a4, b, b".

Theorem 3.7. Leta,b € A, aba™ = Aa"bab™a™, A # 0 and abaa® = aaba. If a™ba™ (or a™b or ba™ or aa“baa” or aa’b
or baa®) is generalized Drazin invertible, then the following conditions are equivalent:

()a+be AL

(ii) 1 + a’b € A,

(iii) aa(1 + a’b) € A%,

(iv) (1 + a’b)aa’ € A4

(0) aa’(1 + a“b)aa’ € A°.

In this case,

@+ =w! = blambw’ + b + ) B Pa@+b)" [a* + ) (B2 baaw " + ) BB A by,
n=0 n=0 n=0
where w = aa®(a + b) and

w' = a’(1 + a“b)'bb? + aa’b" Z(—b)"(a”’)””.
n=0
Proof. Using the same notation as in the proof of Theorem 3.1, observe that a + b is generalized Drazin

invertible if and only if w = aa?(a + b) = a; + by is generalized Drazin invertible. The condition abaa® = aa’ba
implies axb3 = 0 and a1b; = bya;. By Lemma 2.2, the following conditions are equivalent:
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(i) w = a1 + by is generalized Drazin invertible;

(i) p + a;'by = aa”(1 + a’b)(= (1 + a’b)aa = aa®(1 + a’b)aa”) is generalized Drazin invertible;
(iii) 1 + a?b is generalized Drazin invertible.

Hence, we can apply Lemma 2.2 to get the expression of w* as

wd = (ﬂl + bl)d = al_l(l + a;lbl)dblbcli + b711 Z(_bl)nal—(n+1)
n=0

= a’(1 + a®b)"bb? + aab™ Z(—b)”(ad)”“.
n=0

Since ayby = )\b4a2bjf, agbi = 0 and a3 = 0, we have ayb}b; = 0 for any nonnegative integer n. Now we
will simplify the expression of u given in (3.3). In effect, for every integer n > 0,

(612 + b4)nb3 = b2b3 and 612(612 + b4)nb3 =0,

then we have
U= Z(bi)"+2b3w"wﬂ + Z bbby ()2 — bibsu
n=0 n=0
Now we can prove that
0 0 biw? 0 0 0
d my,.d _ 1 —
vabw ‘[0 bg] [bgwd o] _[bdbgwd o]'
p p p
Z(bd)n+2anbaudwnwn — Z(bd)rH-Zan (anbaad) w'w™
n=0 n=0
~ i[ 0 0 ] [ 0 0
o 0 (bfll)’“r2 ) by 0
_ 0 0
- Z;ozo(bi)nﬂ%wnwn 0 ’

p

and

- - b 0 0 0
bnbnanb(wd)n+2: [ 1 s ][ . ; ]
;) ; (b5l + bas) b | | bibs(@?y? 0 |
~ 0 0
= Z:;o beZbS(wd)n+2 0 , .

The rest of the proof follows in much the same way as the proof of Theorem 3.1. [

4. Main result 2

This section presents other of our main results, which extend some results of [7]. We start with an
important special case.

Theorem 4.1. Let b € A™! q e A Ifaba™ = Abaand A # 0, thena + b € A and

(a+b)=a"+ i(ad)’”zb(a +b)". (4.1)
n=0
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Proof. Using the same method of proof as in [6, Lemma 2.3], we can prove this result. [
Now, we give another main result which generalizes [7, Theorem 2.3].

Theorem 4.2. Leta, b € A Ifa=ab™, b"aba™ = Ab"baand A # 0, thena +b € A and

n=0

(a+b) =" + Z(bd)"+2a(a +b)a" +b" [ad + Y @b+ b)"
n=0

4.2)

(o) (o8]

_ Z (bd)”+2a”+1(ad)k+lb(a + b)k _ Z bdll(lld)n+2b(a + b)n

n=0 k=0 n=0

Proof. If b is quasinilpotent, then the result follows Theorem 4.1. Hence, we assume that b is neither
invertible nor quasinilpotent and we consider the following matrix representations of b and a relative to the
idempotent p = bb?. We have

KRS B PR
2 |, ST
where by € (pAp)~', by = b — b’V € (pAp)™". So we get

q_ bl_l 0 ~_ 100
b_[ 0 0"’ b" = 0 p |-
p p

We will use the condition a = ab™. Since

n a dp 00 0 ar a dp
ab* = a a 0p| |0 a T ay oay |7
3 M p . 4 ], 3 M,
we geta; =az =0.
Thus, a and a + b can be represented as

_ 0 as _ bl ay
a—[o a4]’ a+b—[0 b2+a4]' (4.3)
P P
Then we have

d\2 i ad
ﬂd 2[ 8 112(11[14 ] , a® = g ﬂiﬂ4 ] .
ay . | a |,
From b™aba™ = Ab™ba and

I o [0 0
baba—»o a4b2ajf]’ /\bba—)t[o b2a4]’

we obtained asbya) = Abyay. By using Theorem 4.1, we getas + by € (ﬁﬂﬁ)d and

(a4 + b)) = af+ ) (@) by + ba)'".

n=0

By employing Lemma 2.1(ii) for the representation of a + b given in (4.3) we get

-1
(@+ ) :[ b%) (as by ] @
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where

0o

Z b ”+2)a2(a4 + o) (s + bo)" + Z b”b”az((a4 + bz)d)n+2 b gz(a4 + bz)

n=0 n=0

Observe that since by € (pAp)~*, then b7 = 0.
Hence, the expression of u reduces to

=Y 5" Py + bo)" (a4 + bo)" - by ar(as + bo)’,
n=0
From aybya} = Abyay, we get bya} = 0. Hence

(04 +b2)" = P = (aa + bo)(@s + b)" = P = (aa + bo) [ ] + ) (@) ?ba(as + by)"
n=0

=P —aa] —ay Z(ﬂi)mzbz(tﬁ +by)" =ay - Z(ﬂi)"ﬂbz(tﬁ +by)",
n=0 n=0

and
by " Pay(as + ba)" @ ba(as + b2)* = b, " ara} (@)Y baas + bo).
So we get
- Z by " Pay(ay + by)'ay" — Z Z by " ayal (@Y by (ay + br)*
n=0 N 0 k=0 (4.5)
— b7yl - b7'a, Z(ag)”+2b2(a4 +by)".
n=0

Observe that (4.4) and b;! = b yield
(@a+b)* =V + (as + b)) + . (4.6)

Also we have (we have written with an asterisk any entry whose exactly expression is not necessary)

0 0 * bl 0 b’f *

P . 0 (ad)y=? . 0 b ) 0 (ag+Db)" .
_ 0

B (@l)"*2ba(as + bo)" .

<d_| 00 0 m@)y | |0 o
=[5 s lLe ][0
p p p

b (a?)"*?b(a + b)" = [

0 a 0 *

0 L0 (@d)™*2by(ay + bo)" ,
_[ 0 bylax(ad)™*2by(ay + by)" ]
=1 o ,

P

oL

0
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0 0 0

r b_(n+2) 0 0 a e - P —azad
(bd)n+211({1 + b)n T _ 1 1 - 4
| 0 0 ) 0 a4 . 0 (aq +by)" ) 0 aj )

_[ 0 6" Pay(as + bo)a]
0 0 )

Y :[ bytoo0 ] [ p —aal ] :| byt —bytapat ]
p p 0 p

(bd)n+2an+1 (ad)k+1 b(ﬂ + b)k

_[ 0 bIWZ)azaZ | [ : ) ] [ o b ] [ o * ]
= d
0 0 I, 0 (ady! ) 0 b ) 0 (as+Dby) )

:[ 0 bl_(n+2)a2a2(lli)k+1b2(€l4 +b2)k ] .
p

0 0
From (4.5) and (4.6), it follows (4.2). O
Corollary 4.3. Leta € A™! b e AL Ifab™ = a, b™ab = Ab™ba and A # 0, then
@+by = b + Z(bd)"+2a(a + DY
n=0
Proof. If a is quasinilpotent, then a = 0 and a™ = 1. Applying Theorem 4.2, we get the result. [

In [7, Theorem 2.3], authors gave an explicit representation for (2 + b)? under conditions ab™ = a and
b™ab = b"ba. Theorem 4.2 extends it to more general setting. The following example can illustrate this fact.

Example 4.4. Let A be defined as in Example 3.2, and take

0 0O 0 00
a=|0 0 1 and b=[0 0 5.
1 0 0 1 0 0

Since a® = b® = 0, we have a® = b? = 0 and a™ = b™ = I3. Then we have

0 0O 0 0O
bab=|1 0 O and b"ba=|5 0 0 |.
0 0O 0 0O

Now, we can see that a = ab™,b™ab = %b”ba, the conditions of Theorem 4.2 hold. However, the conditions of [7,
Theorem 2.3] are not satisfied.

In the rest of the paper, we look for simplifying equation (4.2) for (a+b)? under some stronger hypotheses
than Theorem 4.2. The results of the preceding theorem, in particular the matrix representations, suggest
that we should retain the condition a = ab™, while replacing b™aba™ = Ab™ba by a stronger hypothesis.

First, we extend [7, Corollary 2.1].

Theorem 4.5. Lefa, b € A% Ifa=ab™, aba™ = Abaand A # 0, thena+ b € A and

@+ =a'+ 6"+ ) (@) 2@+ by + Y (b)) 2a(a + b)'". (4.7)
n=0 n=0
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Proof. Applying Theorem 4.1, similarly as in the proof of Theorem 4.2, we have thata + b € A¢ and (a + b)*
is represented as in (4.7). O

The final theorem gives the simpler expression of (a + b)? under the conditions that a = ab™ and
b™aba™ = Aba.

Theorem 4.6. Let a,b € A’ Ifa = ab™, b™aba™ = Abaand A # 0, then a + b € A and

@+by =a + 17 + Z(ad)”+2b(a +b)".
n=0

Proof. The assumption b™aba™ = Aba implies b™aba™ = Ab™ba. According to Theorem 4.2, we complete the
proof. O
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