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Abstract. The aim of this paper is to study a Signorini’s problem with Coulomb’s friction between a
thermo-electro-viscoelasticity body and an electrically and thermally conductive foundation. The ma-
teriel’s behavior is described by the linear thermo-electro-viscoelastic constitutive laws. The variational
formulation is written as nonlinear quasivariational inequality for the displacement field, a nonlinear family
elliptic variational equations for the electric potential and a nonlinear parabolic variational equations for
the temperature field. We prove under some assumption existence of a weak solution to the problem. The
thermo-electro-viscoelastic law with a some temperature parameter & > 0 is considered. Then we prove

its unique solution as well as the convergence of its solution to the solution of the original problem as the
temperature parameter o — 0.

1. Introduction

Contact problems with friction between materials are a very common and important phenomenon in
mechanical models, engineering, which is why scientists have tried to study and model it. Mathematical
modeling of quasi-static contact problem with normal compliance between a piezoelectric body and de-
formable conductive foundation, can be found in [10], and with rigid foundation in [11]. Analysis contact
problems with friction for viscoelastic body was made in [1, 5]. The dynamic evolution with the Tresca
model for the frictional problem of viscoelastic body have been studied in [9, 14].

An excellent reference of new model describes the quasi-static process of unilateral contact and friction
between a thermo-electro-viscoelastic body and a conductive foundation is [3, 4, 8]. Numerical analysis
and error estimates for Signorini’s contact problem in thermo-electro-viscoelasticity with non conductive
foundation is referred in [7], and with penalized normal compliance contact condition in [4]. A large number
of studies the continuous dependence result of the solution on perturbation of the contact conditions, see
[1,5,9,11,12].

In this paper, we investigate to study the processes of quasi-static frictional contact between a thermo-
eletro-viscoelastic body and electrically and thermally conductive foundation. We use the Coulomb’s
friction, and we model the contact by Singorini’s condition law. We also establish the existence of a weak
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solution to the Problem (PV1). We introduce the quasi-static problem for an electro-viscoelastic material
with the same conditions of contact and friction, we derive its variational formulation, this problem denoted
by Problem (P2), we present its existence and uniqueness of a weak solution. The novelty of this paper to
study the behavior of the solution of the small temperature parameter when the convergence to zero, and
to establish the link to the corresponding solution.

The rest of the paper is structured as follows. In section 2, we present the model of the equilibrium
process of the thermo-electro-viscoelastic body in frictional contact with a conductive rigid foundation in
Problem (P1). We introduce the notations, list the assumptions on the problem data, derive the variational
formulation of the problem and state the result of a weak solution. We present the quasi-static frictional
contact problem for viscoelastic material denoted by Problem (P2) with the result, Theorem (2.2). We intro-
duce a new contact problem for thermo-electro-viscoelastic with a small temperature parameter, Problem
(P3), and its existence and convergence result in Theorem (2.3). The proofs are established in Section 3.

2. Mechanical and weak formulation

2.1. The physical setting

The mechanical setting of our problem is as follows: An piezoelectric body occupying, in its reference
configuration the domain Q ¢ R (d = 2,3) which is supposed to be bounded, and with a sufficiently regular
boundary dQ =T as showed in Figure 1. We suppose that is divided into three open disjoint measurable
partsI'p, I'y, and I'c on one hand and a partition of I'p UT'y into two open parts I'; and I', on the other hand,
such that meas(I'p) > 0 and meas(I';) > 0.
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Figure 1: Domain in the initial configuration.

Let [0; T] time interval of interest, where T > 0. The body is assumed to be clamped in I'p X (0, T) and is
submitted to a volume force fp in QQ X (0,T). A volume electric charge of density go in Q X (0, T), a heat
source of constant strength g; in Q X (0, T). It also submitted to mechanical, electrical and thermal constants
on the boundary. A density of traction forces f, in I'y X (0, T), and a surface electrical charge of density 4,
in I}, X (0, T). The electric potential and the variation of temperature are assumed to be zero, respectively
onl, X (0,T)and (I'p UTy) X (0, T). Moreover the body may come in contact over I'c X (0, T) an electrically
thermally conductive foundation. Assume that its potential and its temperature are maintained at ¢r and
Or. An unilateral contact is frictional and there may be electrical charges and heat transfer on the contact
surface. The normalized gap between I'c X (0, T) and the rigid foundation is denoted by g.

We denote by $7 the space of second order symmetric tensors on R?, we define the inner products and the
corresponding norms on R? and $7 by

Uu.v = U;0;, [|v]] = (U.U)%, Yu,v € RY,

1
0.T = 0ijTij, Izl = (t.7)2, Vo,t€ g,
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We recall that the usual notation for normal and tangential components of the displacement vector and
stress
v, =0V, UV, =v—0,v and o0, =0oV.V, O0r=0V—0,V,

where v denote the outward normal vector on I'. Also, we denote
L=Qx(0,T), Z,=T,x(0,T), Z,=Ty%x(0,T),
ZDZFDX(O,T), ZNZFNX(O,T), Zczrcx(O,T).

Throughout the article, we adopt the following notation u : £ — R? the displacement field, 0 = (0j;) :
Q — § the stress tensor, E(¢) = (E;(¢p)) the electric vector field, where ¢ : & — R is the electric potential
and D = (Di) : Q — R the electric displacement field. We also denote 0 : & — R? the temperature,
g = (g:) : Q — RY, the heat flux vector.
Moreover, let (1) = (¢;;(1)) denote the linearized strain tensor given by ¢;;(u) = %(ui,j +uj;), and "Div” and
"div” denote the divergence operators for tensor and vector valued functions, respectively, i.e., Div 0 = (0;;;)
and div & = ((S],])
e Problem (P1): Find a displacement field u : £ — RY, an electric potential ¢ : £ — R, and a temperature
0 : L — R such that

o(t) = Fe(u(t)) — EE(p(t)) — OO)M+ Ce(u(t)) in L,

D(t) = Ee(u(t) + fE(@(H) - OBP  in T,

q(t) = -Kvo(t) in L,

Diva(t)y=—fo(t) in L,

div D(t) =qo(t) in X,

o) +div qt) =q1(t) in I,

W N =
=~ ~—

6

,.\,-\,-\,-\,\,-\,\/-\
~ ~

u=0 on Xp, 7)

ot)y=fr(t) on Xy, 8)

=0 on L, ©)

Dv =g, on Xb, (10)

6=0 on (EpUZy), (11)

u(0,x) = uy, 6(0,x) = 6y, in  Q, (12)
o,(u(t) <0, u,(t)—g<0, o,(u®)(u,()—-g) =0, on X, (13)

llo=(OIl < p (len (B)I) [Boy (u())],

llo= I < w (luA) |Bow (u(t))] = 11(t) = 0, on Xc, (14)

llo=ll = p (1) [Bow(u(t))l = A # 0 / 0:(t) = —Aii(t),

D@®).v = Y(u,(t) — 9)pr(e®t) —@r) on  Zc, (15)

d

I — k- 900 -0) oz (16

The equation (1)-(2) represent the thermo-electro-viscoelastic constitutive law of the material in which
denotes ¥ = (fiu), & = (i), M = (mij), B = (Bij), P = (pi), and C = (ciju) are respectively, elastic,
piezoelectric, thermal expansion, electric permittivity, pyroelectric tensor, and (fourth-order) viscosity
tensor. & is the transpose of & given by

&= (el.jk), where €l = Ckijy
and

Eov = aE', Voe$!, veR. (17)
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The heat flux field g is defined through the thermal conductivity tensor K = (k;;) by the Fourier law of
heat conduction (3). The relations (4)-(6) represent the equilibrium equations for the stress, the electric
displacement and the heat flux fields. The equations (7)-(11) represent the mechanical, the electrical and
the thermal boundary conditions. Moreover (12) represents the initial condition of the problem. Relation
(13) models the frictional contact on I'c with Signorini’s conditions. The unilateral boundary condition
(14) represents the Coulomb’s friction law in which p is the coefficient of friction and B is a regularization
operator. Finally the equation (15) represents the regularization electrical contact condition on I'c (see [10]),
and (16) represents the heat flux condition (see [6]) such that:

-L if s<—L, 0 if r<0,
pr(s) =3 s if -L<s<L, ¢@r)={ kor if 0<r<i,
L if s>1L, ke if  r>4i

Where L is a large positive constant, 6 > 0 is a small parameter, and k, > 0 is the electrical conductivity
coefficient such that the thermal conductance function k. : r — k.(r) is supposed to be zero for r < 0 and
positive otherwise, non-decreasing and Lipschitz continuous.

2.2. Formulation and uniqueness result
To order a variational formulation for the problem (1)-(16), we need to use the following notations:

WZ{GGSd 10 =04, Gi]‘ZUjiEL2(Q)},

W ={D= (D) eH'Q) : DieLXQ), divDelL*Q),
L2(Q) = L*(Q)Y, H(Q) = HY(Q)?, and H(Q) = H(Q)".

Endowed with the inner products

(0,0 = f 0ijtijdx, (o, Tu = (0, T)¢ + (Div 0, Div D12y
o)
(D, E)w = (D, E)2(q) + (div D, div E);2(q),

(1, 0)12q) = Luividx, (1, V) ) = (U, V)12(q) + (€(u), €(0)) g
Keeping in mind the boundary conditions (7)-(11), we introduce the following function spaces
V={oeH(Q) : v=0on Ip}, W={£€H' Q) : £=00nT,},
Q={neH(Q) : n=00nTpUTy},
and the set of admissible displacement
Vw={veV :0v,-g<0 on I'¢},
endowed with the inner products
(, o)y = (e(u), e@Dp, (P, Ow = (Vp, VE)izq),and (0, Mg = (VO, Vi q)

with the associated norms ||v|ly = ||e(@)lg, IEllw = IIVélle(Q) and |Inllp = ||V17||Lz(Q) are equivalent on V, W
and Q respectively with the usual norms ||.||; © and [|.[[1 (-

Let y : H'(Q) — H; be the trace map on T Since meas(I'p) > 0, Korn’s inequality holds
le@llge = cllollyy, Yo €V, (18)
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where ck is a non-negative constant depending only on Q and I'p.
Notice also that since meas(I';) > 0, than the following Friedrichs-Poincaré inequalities hold on W and Q,
forallé e Wand n€ Q

IVEllw = cr lIEllw, and [IVNllizq) = cr,linlio, (19)

where cr, and cr, are the positive constants which depends only on Q, I';, I'p, and I'y.
Moreover, using Sobolev’s trace theorem, there exists a constant c; > 0, ¢, > 0 and ¢; > 0 depends only Q,
I'c,I'p, I'n, and I, such that, forallv e V, £ e Wand n€ Q

oll2y < callollv, lEllizae < celléllw, and [llzre) < celinllo- (20)

If g, D € ‘W are a sufficiently regular functions, the following Green’s type formula holds

(D, V&2 + (div D, &)2q = f Dwv &da, YEe HY(Q), (21)
T

@ ey + (@0 g, ey = fr qvnda, Ve H(Q. @)

Finally, for every real Hilbert spaces X, and 1 < p < oo, we use the classical notation for the spaces L7 (0, T’; X),
C(0, T; X) and W*?(0, T; X) with their standard norm.
In order to study the mechanical problem, we denote by

a:VxV-oR, (uo0)ealu,v):=(Fe), )y,
b:WxW =R, (&b é):=BVe, Vé)Lz(Q),
c: VXV >R, (4,0 c(u,o):=(Ceu), )y,
d:QxQ—-R, (6,n)mdO,n):=(KVO,Vn)i2q)

are bilinear and symmetric operators. Also denote by

e:VXW— ]R/ (vl é) = e(vl é) = (88(0)/ Vé)LZ(Q) = (8*V5, E(U))V,
m:QxV —>R, (6,v)— m0,v):=(OM, &),
p:QxW—-TR, (0,8 p0,<&):=(V(PO), Vi)

are bilinear operators.
In the study of mechanical Problem (P1), we make the following assumptions:

(HP1) The elasticity operator ¥ = (fiju) : QxS — $¢, the electric permittivity tensor g = (8;j) : QxR? — R,
the viscosity tensor C : Q x % — 7 and the thermal conductivity tensor K = (k;;) : Q x R? - R?
satisfy the usual properties of symmetry, boundedness and ellipticity,

figg = fiin = fuij € L¥(Q), Bij = Bji € L™(Q),
Cijki = Cjikt = Ciij € L¥(Q), kij = kji € L¥(Q),

and there exists that mg, mg, mc, mgc > 0 such that

fiia()E&r = mgllElP, cip(x)ExEr = mellél?, VEe€S!, YxeQ,
BiiCiCj > mgllcl?, kiiCiCj = myclCI?, VYT e R

(HP2) The piezoelectric tensor & = (ejjr) : Q2 X 5! - R, the thermal expansion tensor M = (m;;) : QX R — R
and the pyroelectric tensor P = (p;) : Q — R satisfy:

€ijk = €ikj € Lm(Q), mi; = mj; € LOO(Q), pi € LOO(Q).
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(HP3) From the hypothesis (HP;), we obtain

la(u, )l < Mgllullviolly,  1b(e, EI < MgligliwllEliw,
le(u, v) < Mcllullvllolly, 14(6, m] < Mx|6llglinllo,

le(v, E)I < MellollvliElw, [m(6,v) < Mmlibliglvllv,

Ip(6, E)I < Mal|BllglI<]Iw-

(HP4) The surface electrical conductivity i and the thermal conductance k. satisfy the following hypothesis:

Y:Te xR — RY,

My > 0 such that [{(x,u)| <My, Vu€R, ae xeTg,

x — P(x, u) is measurable on I'c forall u € R,

x—= YP(x,u)=0forallu <0,

ALy > 0 such that [ip(., u1) — (., uz)| < Lyluy — us|, Yuy, uz € R.

ke :Tc xR — R,

dM. > 0 such that |k.(x, u)] <My, VueR, ae xelg,

x — k.(x,u) is measurable on I'c forall u € R,

x — ke(x,u) =0 forall u <0,

ALy, > 0 such that |k.(., u1) = P(., u2)| < L [u1 — ual, Yuq, up € R.

(HP5) The coefficient of friction i : I'c X R* — R* satisfies

AL, >0, Ya,b e R*, |u(,a) — u(., b)| <Lyla—blae onTc.
For all 2 € R*, the mapping x — p(x,a) is meaeurable on I'c.
For all 2 € R*, the mapping x — p(x,a) is y*-bounded a.e. on I'c,

with

p = sup [lllcere)-
te[0,T]

The mapping B : H'rC — L®(I'¢) is linear compact and continuous with cp = ||B]|.

(HP6) The forces, the traction, the volume, the surfaces charge densities, the strength of the heat source
satisfies

foe W (0, T,LHQ)), fo e W (0, T; LX(Tn)"),
go € W' (0, T;LX(Q)), g2 € W' (0, T; L2(T3)), g € L2(0, T; LA(Q)).
The initial conditions, the friction bounded function, the gap function, the potential and temperature
satisfy:

Uy € Vg, 00 €L*(Q), g=0, geL™Tc), pr € L*(0,T;T¢), and 0F € L*(0, T;T¢).

In addition, we assume that the initial conditions 1y, 6y satisfy the compatibility condition: there exist
@o € W such that

b((PO(t)r 5) - €(Ll0(t), E) - p(QO(t)/ é) + f(uo(t), @O(t)/ 5) = (qf?(t)r é)W/ \7’5 eW. (23)

This Problem, has a unique solution ¢g by using the fixed point theorem.

Using the standard procedure based on Green’s formula and the equality E = —V¢, we obtain the following
formulation of the problem (1)-(16).

e Problem (PV1): Find a displacement field u : ]0; T[— V,4, an electric potential ¢ : ]J0; T[> W and a
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temperature field 0 : ]0; T[— Q such that:
ForallveV,{ e W,ne Qanda.e. t €]0; T[

a(u(t), 0 — (1)) + ew — (), () — m(O(), v — () (24)
reli(t), v — u(®) +  (u(t), 0) — ] (u(t), (1)) > (F(8), 0 — i(E)v,
B(8), ) — e(u(), €) — pO(E), &) + Cu(t), p(H), £) = @ (6), Ew, (25)
40(8), )+ (O(), m + x(u(®), 61), 1) = (G (8), Mo, (26)
u(0, x) = up(x), 6(0,x) = Oy(x). (27)
Where
(f(t),v)V:Lfo(t).vdx+erf2(t).vda, YoeV, (28)
et), ) = fQ go(t).Edx - fr )&,z W 29)
), Mo = f g1(ndx, V€ Q, (30)
Q
and
ju(t), v) = fr el 1B, Gu(t) o< llda, Vo € V, (31)
£u(t), p(t), €) = fr D) — oLlp(t) — pr)da, VE €W, 32)
(), 6(6), ) = fr ket (t) — 9)br(6(8) — 6r)nda, Vi < Q. (33)

Now, we present the existence and uniqueness result of problem (24)-(27)

Theorem 2.1. Assume that (HP1)-(HP6) and (28)-(33) hold. Then problem (24)-(27) has a unique solution. More-
over the solution satisfies

u€ W(0,T; V), 6 € L*(0, T;Q) N C([0, T]; Q) and o € W-=(0, T; W).

2.3. A frictional electro-viscoelastic contact problem

In this short section, we study a new model by neglecting the effect of temperature in Problem (P1), we
obtain the following mechanical Problem (P2) defined by
e Problem (P2) : Find a displacement field u :]0, T[— R? and an electric potential ¢ :]0, T[— R such that

a(t) = Fe(u(t)) — EE(@(t)) + Ce(u(t)) in L, (34)
D(t) = Ee(u(t)) + BE(@(t)) in r. (35)

keeping a count the relations (4)-(5), (7)-(10) and (13)-(15) with the data condition
u(0,x) =uy in Q. (36)

Forallv € V4, £ € Wand t €]0, T[, we have the following variational formulation of this problem.
eProblem (PV2) : Find a displacement field u : ]0; T[— V44, and an electric potential ¢ : ]0; T[— W such that:

a(u(t), v —u(t)) + e(v — u(t), (t)) + c((t), v — u(t)) (37)
+j (u(t), 0) — j (u(t), ut)) > (f(t), v —u(t))y, YoV,
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b((P(t)/ 5) - 6(1/[(1’), E) + é’(u(t), @(t)/ 5) = (qE(t)/ E)W/ vé € W (38)

u(0, x) = up(x). (39)
We have the following existence and uniqueness result.

Theorem 2.2. Let (HP1)-(HP6), (28)-(29) and (31)-(32) hold. Then Problem (PV2) has a unique solution satisfies
u € W>°(0,T; V) and ¢ € W-(0, T; W).

2.4. Asymptotic Behavior for Vanishing Temperature

In this section, we consider a temperature perturbation of Problem (P). To this end let @ > 0 be a
small temperature parameter. We replace the thermo-electro-viscoelastic law (1)-(3) in Problem (P) by the
following linear constitutive equation

oat) = Fe(ua(t)) — E'E(@alt)) — abu()M + Ce(ila(t)) in L, (40)

Da(t) = &e(ua(t)) + PE(pa(t)) — abp()P in L, (41)

ga(t) = —KV(ab,(®) in X 42)
By Riesz’s representation theorem, we know that there exists h(u,, 0) such that

(h(uy (1), O(1), Mre = X(Ualt), Oalt), n). (43)

During the process of contact (i.e. u, > g), the heat flux is supposed to be proportional to the difference
between the temperature of the foundation and the body’s surface temperature. So, when the temperature
vanishes inside of the domain, at the surface, difference between the temperature of the foundation and the

body’s surface temperature must be equal to the body’s and surface sources. That is

h(uy(£), 6()) = g (#). (44)
Because of the conductivity of the foundation, we assume the following condition
X(ual(t), 0a(t), n) = (@u(t), Mo when a — 0. (45)

Let Problem (PV3) denote the variational problem due to perturbed temperature parameter a6 and
(tta, Pa, O4) its solution given by.

eProblem (PV3): Find a displacement field u, : ]0; T[— V.4, an electric potential ¢, : ]0; T[—= W and a
temperature field 6, : ]0; T[— Q such that:

ForallveV,{ e W,ne Qanda.e. t €]0; T[

a(ua(t), v = 1ia(t)) + e(v = tta(t), Pa(t)) — am(0a(t), v — tia(t)) (46)
+e(tia(t), v = tia(t)) + j (Ua(t), 0) = j (Ua(b), 11a(D) = (f(£), 0 = ta(t))v,
b(a(t), &) — e(ua(t), &) — ap(Ba(t), &) + L(ua(t), Palt), &) = (Ge(t), E)w, (47)
d(0a(®), 1) + (Oa(t), Mo + X(Ualt), Oa(t), 1) = (@u(t), M, (48)
1a(0,x) = up(x), 04(0,x) = Bp(x). (49)

We have the following existence, uniqueness and convergence result.
Theorem 2.3. Assume the assumptions stated in Theorem (2.1) hold, and the condition
mg > Myc2, mgc > My Lc}.
Then, for all a > 0.
(1) The Problem (PV3) has a unique solution (ua, @u, ).

(2) Let (u, @) is a solution of Problem (PV2). The solution (u, ¢, 0) is a limit when a converge to 0 of (Ua, Qa, Ba).
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3. Proof of main results

3.1. Proof of Theorem (2.1)

The proof of Theorem (2.1) will be carried out in several steps, and this is based on the argument of
nonlinear variational inequality and Banach fixed point.
In the first step, let z; € L2(0,T; V) be given and consider the problem of finding u, : Vg — R? such that

¢ (uzl (t)r U= Z’.121 (t)) +a (uzl (t)r U= uZ1 (t)) + (Zl (t)/ U= uZl (t)) (50)
+j (uzl(t)’ U) - j(”zl(t)l uZl (t)) 2 (f(t)/ U= uzl(t))
Uz (0,x) = up(x). (51)

The unique solvability of this problem as follows
Lemma 3.1. Forall v € V3 and for a.e. t €]0, T[, the problem (50)-(51) has a unique solution u,, € W*>*(0,T; V).

Proof. We use the Riesz’s representation theorem to define the operator

(fu®),0)y = (f(1),0), = (z1(), 0)y - (52)
Then, problem (50)-(51) can be written
¢ (i, (1), v = 1z, (1)) + a (uz, (), 0 — 11, (F)) (53)
+] (uz, (1), 0) = j (uz, (), 112, (1) = (fz, (), 0 — 0z, (£)),
uz, (0, x) = uo(x). (54)

From assumption (HP3), combined with the regularity of f and z;, it follows that f;, € WL=(0,T; V).
By (HP1)-(HP3), (31) and using the theorem 3.5 presented in [15, P. 67-68] we obtain the result. 0O

In the second step, let z; € L2(0, T; Q) and we consider the following problem of the temperature.
Find 6., € Q foralln € Q and a.e., t €]0, T[ such that

(6=2(8), ) +d (0=, m) + (225, 1) = (qui(t), ), (55)
0.,(0,x) = Op(x). (56)

Lemma 3.2. There exists a unique solution 0, to the problem (55)-(56). Moreover, the solution satisfies 0., €
L*0,T;Q) N C([0, T]; Q).

Proof. Similar to (52) we define the operator

(9=, Mg = @u(t), Mg — (z2(8), Mg - (57)

The problem (55)-(56) can be written as follows
(0=,(t),n) +d (0=,(8), 1) = (4,(H), 1), (58)
02,(0,x) = Bp(x). (59)

From assumptions (HP1)-(HP3), operator d is a hemicontinuous and monotone.
Using (57) and the regularity of gy, we find that q,, € L2(0,T; Q).
Hence, in view of the Theorem presented in [14, P. 48], we have result. [J

In the third step, we let z3 € L?(0, T; W) and we present the following problem of electric potential.
Find ¢., € W forall £ € W and a.e., t €]0, T[ such that

b ((P23 (t)r é) + (23(t)/ E)W = (qé’(t)r ct;)W . (60)

Lemma 3.3. For all £ € W and for a.e., t €]0,T[, the variational equality (60) has a unique solution @., €
WL=(0, T; W).
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Proof. Thank to Riesz’s representation theorem, we can define the function

(@2 (), E)g = (Ge(t), &) = (z3(t), E)g - (61)
The problem (60) can be written
b (@23(1'), 5) = (q23 (t)/ 5) . (62)

From (HP6) and the regularity of u,,, 6., and 4., we conclude that g, € WL(0, T; W).
We apply now the Lax-Milgram theorem to deduce that exists a unique element ¢, satisfies (60). [

In the last step, we denote z = (z1, 22, z3) € Z where Z = V x Q X W and we define the operator

A@)(H) = (M(2)(F), Ma(2)(1), As(2)(D), (63)
given by

(A1(2)(1),v) := e (v, P, (1) — m (O, (1), v), (64)

{ (AZ(Z)(t)/ T]) =X (um(t)/ 6zz (t)/ T]) ’ (65)

(A3(2)(t), &) == —e (uz, (1), &) = p (O, (1), &) + € (uz, (1), @z, (1), ) . (66)

We have the following result of operator A.

Lemma 3.4. For z € L%(0,T; Z), the operator A is continuous. Moreover, there exists a unique element z* €
L%(0, T; Z) such that Az* = z*.

Proof. Letz € 1%(0,T;Z)and t;,t, € [0, T], using (64) and (HP3) we obtain

1A1(2)(1) = A (@) ()l z < C<||(P23(t1) — @z (B2)llw + 1162, (f1) — QzZ(fz)IIQ). (67)

From the regularities of 0,, and ¢,,, we deduce that A;(z) € C([0, T], 2).
Here and below ¢ denotes a positive generic constant whose value may change from line to line.
By (65) and (HP4), there exists a constant c depending only in ¢, Ly, and My, such that

IA2(z)(t1) — Ao (@)(B)llz < € <||922(t1) = 05, (t2)llg + lluz, (t1) — uz, (t2)||v)- (68)

Then, Ax(z) € C([0, T], 2).
In the same way, we have

As(2)(t) — As(2) ()l < C(”“m (t1) = uz ()llv + 1102, (t) = 0=, (E2)llo (69)
+ oz (f) = @z (R2)llw) -

Which implies Az(z) € C([0, T], Z). Consequently, the operator A is continuous.
Now, we prove that A has a unique fixed point, to this let z,z € L%(0,T; Z)and t € [0, T], by similar way to
(67)-(69) we find that

1A@® - A@O|; < c(lluzy®) = uzOIF, +16=1() = 05O + lp= () — p5BIE)- (70)
From (50) we obtain
¢ (2, (t) = 115 (1), iz, (8) — 1155 (8)) + @ (112, (1) = 5 (1), b, (1) — 115, (8)) + (22 () = Z2(8), 11z, () = 6i5:(8) (71)
4tz (1) 12, () = (1 (0, 15:8) = (50, 12, () + (58, 225 (8)) < 0.
Moreover, by (HP5) and (31) we get the following inequality
o 0 2, 0) = (12,0, 1:0) = 50, 1, 0)) + (0, 1 0)| 72)
< egLyc [uz, () = ug B, [Ji, (8) = 25, O], -
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We integrate (71) to 0 at f, combined with (72), (HP1), (HP3) and the inequality

t
e - uz O, < c fo ) - 5 0)|[ ds, 73)
we have
t t
||uzl(t) - ua(t)(K/ < c(f0 ||uzl(s) - ua(s)”é ds + fo ||zl(s) - Z(s)”f/ ds|. (74)

By Gronwall inequality we conclude that

t
e ) - u= . < c f 1) - 56| ds. 75)

Similar to this inequality, and after some tedious algebraic manipulation, we have the following relations

t
o= 001, < ¢ [ )~ 76)

and

t
o=, - o0, < fo les(e) - 56|, ds. 77)

Combining (70) and (75)-(77), are getting

2 ' — 12
INSIGEINAIG]| s fo [[2(s) = zs)| L ds. (78)
Iterating this inequality # times result in

la@xo - a@lf, < S 0 - 79)

’Z\(t)”LZ(O,T;Z) :

Which implies that for n sufficiently large, A" is a contraction operator in the Banach space L*(0, T; Z).
Therefore A has a unique fixed point.

We are now have all the ingredients to proof of Theorem (2.1).

Existence: Let z* = (z],25,2;) € L*(0, T; Z) be the fixed point of operator A. Denote by u* the solution of
(50)-(51) for z; = zj, 6" be the solution of (55)-(56) for z, = z; and ¢" be the solution of (60) for z3 = z}, using
(64)-(66), we find that the triplet (", 6%, ) is a solution of (24)-(27).

Uniqueness: The uniqueness of the solution follows from the uniqueness of the fixed point of the operator
A O

3.2. Proof of Theorem (2.2)

Theorem (2.2) has been proved in [10], using arguments of evolutionary variational inequalities and
fixed points of operators.
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3.3. Proof of Theorem (2.3)

Proof. [Proof of (1) in Theorem (2.3)]
The proof will be carried out in several steps.
For a > 0, the operators am and ap satisfies the condition (HP3).

4454

Then the existence and uniqueness of problem (46)-(49) is proved in the same way that in proof of Theorem

@1). O

Proof. [Proof of (2) in Theorem (2.3)]
Estimate 1: We take n = 0,(t) in (48), we obtain

d (0a(), 0a(t)) + (0a(D), 0a(t)) + x (4a(t), Oa(t), Ou(®)) = (qu(t), Oalt))y -
We use (20), (33) and the bounds |k.(u4, (t) — )| < My, and |¢pr.(04(t) — OF)| < L, we find

|X (ua(t), Oa(t), Oa(t))]

IA

fr ke, () — 9)HL(Oalt) — OP)Ou(Blda

My L3001,

IA

By the following Young’s inequality
1
A2 b R
xy < Ax A YA >0,
we deduce that

M?
|x (uga(t), Ou(t), O, (1)] < 5 + A8 (D%, where M = M. ch and A > 0.

Combining (81) and (83), we have

2 2
(mxc = M L) 1001 < 3 1003 + 7-aaO + MO,
We integrate from 0 to ¢ for almost all ¢ € [0, T] and by Gronwall inequality, we have

10a(®) 0.0 < € (10O + g2 0 1.0 -
Using the regularity of gy, and 0,(0), we find the following estimate: there exits c > 0 such that

104 (D)llr20,1,0) < -

Estimate 2:
We combine (46) with v = 1u(t) and (24) with v = 11,(f), we have

c(ii(t) — ita(b), 1(t) = 11 () + a(u(t) — ua(b), 1(t) — 11(t))

+e(ii(t) — tia(t), P(t) — alt)) + am(O,(t), ik(t) — ita(t))

+ (1t (), tha(t)) = j(ua(t), 1() + j((t), (1)) = j(u(t), ta(b) < O.
By (20), (31) and (HP5), we obtain

|1t (), 1a(8)) = j(ua(t), 1(8) + j(u(®), 1(E)) = j(u(t), ita(b))]

< cpLyc3llu(®) — ua®lly-li(t) = tta(t)llv.
Using (HP3), (HP3) and (88), we find

melli(t) = tia (DI, + %d—ﬂ(u(t) ua(t), u(t) — ua(t)) < Melli(t) = tia(B)llv.llo(E) = Qa(®)llw

+aMpllOa®Ollg-lli(t) = tia(®llv + caLucilu(t) — ta(Ollv-lli(t) = ta(B)lly.

(80)

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)
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By Young’s inequality, there exists A > 0 such that

(mc = A (Mg — aMp + csLucd)) lli(t) — (B + %%a(u(t) — (1), u(t) = ua(1)) (90)

2
Mg 3 2 Mm 2 cBLucy _ 2
< 1 o) = pa®lly + @ l10aBllg + — = [lu() = ua(®lly-

We integrate from 0 to ¢ for a.e. t € [0, T] and using the inequality
¢
llu(t) = ua(®)llv < Cf llit(s) = tia(s)llvds, ©1)
0

with 1y = 1u,(0), it follows that

¢
llu(t) = ua (DI, < a.cllBal)Ilf, + Cf llp(s) = Qals)llwds. (92)
0
Similar to (87), we find the relation

b (@(t) = Pa(t), @(t) = alt)) — e (u(t) = ualt), P(t) = Pa(t)) + ap (Ba(t), 9(t) = Palt)) (93)
-t (uc\c(t)/ (Pa:(t)l (P(t) - (I)a(t)) +{ (M(t), (P(t)l (f)(t) - (f)rx(t)) =0.
Taking account the hypothesis (HP4) and (32), we obtain

|€ (), @), 9(t) = Pa() = £ (tald), Palt), p() = Pald))| (94)

=1L P () = 9)PLlp(t) = )@ (t) — Pa(t)da - : P(ua, () = 9PL(@a(t) = PF(Q(E) — Qal(t))da

IA

fr (90 (®) = DOLPD) = PF) = (e, () = DDL(Palt) = P1)) (P(t) — () da

< fr (902(8) ~ DALPE)  P8) — Vot B) — DL — 5)
it ()~ BP0 ~ F) — Wt ) = )D1alt) — 1)) (D) — (0 da

< | () = tta, O)IPL@E) = Pal)Ll(t) = alBlda + | - [P(ua, () = PLI(t) — palt)Pda

Tc e
< My lip(t) = @a(B)llgy + LLycacellu(t) = ua(®)lIvligp(t) = pal®li-
From the proprieties of b, e, p and by (94), we conclude that
(1 = Mye2) lp() = Pa®)llfy < (Mg + LLycace) l14(H) = ua®llvIp) — @a®)llw + aMplaBllollp(t) — @a®)llw- (95)
Then, there exists a positive constant ¢ > 0 such that
lp(t) = Pa(llw < cllu(t) = ua(®llv + a.cllfal®)llo- (96)
Combining (92), (96) and integrating from 0 to ¢ for a.e. ¢ € [0, T] we get

t
() = ua I + lp(t) = Pa(®llfy < a.cllOa(®)llf, + f (llu(s) — ua(s)llv + ll(s) = @a(s)liw) ds. ©7)
0
By Gronwall inequality, we have the following estimate
u(t) = ta®)ll20,1;v) + Q) = Pa(®lli20r:wy < @.cllOa(t)llo- (98)
Estimate 3:

Similar to (89), we find
melli(t) = ia(t)lly < a.MpllOa(B)llg + c (lu(t) — ua®lly + llpt) — @alt)llw) - 99)
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From (98), we deduce the following estimate
ll(t) — 1o (H)llv < a.cllOa(b)llo.- (100)

Convergence:
From the estimates (86), (98) and (100), there exists a sub-sequence of u,, ¢, and 6, such that when & — 0
we have

Uy — uin L*(0,T, V), 1ty — 1 in L2(0, T, V*), ¢o — @ in L*(0, T, W), and 6, — 0 in L*(0,T,Q). (101)
Keeping in mind the assumption (45), we obtain that
0, — 0, when & — 0in L2(0, T, Q). (102)
Moreover, by the compactness of trace operator y : V. x W x Q — L*(Tc)? X L*(Tc) X L*(Tc), we deduce that
Uy — win L2(Tc)?, 11, — 1 in L2(T¢)Y, o — @ in LA(T0), (103)
0s — 0 in L*(T¢c) and G, — 0 in L*(T'¢).
Taken into account the hypothesis (HP4)-(HP5), (31)-(32) and (103), we find that
(j (ua(t),0) = j(ualt), tia(t))) = ju(t),0) = j (u(®), 0(t)) in R, (104)
L(ua(t), palt), &) = C(u(h), @(f), &) in R.
In other word, using the condition (45) and (103), we have the limit

[4(0a(8), 1) + (©a(t), Mo + X(1talt), Balt), ) = (@us(8), M| — 0 when a — 0. (105)
Now, we combine (103)-(105) with the problem (46)-(49), we have the relations
a(u(t), v —u(t)) + e(v — u(t), p(t)) + c(i(t), v — u(t)) (106)

+] (u(t),v) — j(ut), 1(t)) = (f(t), v — u(D)v,
b(p(t), &) = e(u(t), &) + Lu(t), p(t), &) = (qe(t), E)w,

u(0, x) = up(x).

We conclude that (1, ¢) is the solution of Problem (PV). O

Appendix

In this paragraph, we present the result on the solvability of elliptic quasivariational inequalities that
can find it as soon as the following references [15].

Theorem 3.5. Let X be a Hilbert space and assume that

1) a: X x X — Ris a bilinear form and there exits M > 0 such that

la(u, v)l < Mllullxllvllx, Yu,v € X.

2) b: X x X — Ris a bilinear symmetric form and

i) there exits M > 0 such that
Ib(u, v)| < M llullxllvllx, Yu,v € X.

i) there exits m' > 0 such that
b(v,v) > m'||oll%, Yo € X.

3) j: XxX— Rand

i) foralln e X, j(n,.) is convex and l.s.c. on X.
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ii) there exits B > O such that

|i(m, v2) = jn, 1) + j(2,01) = (2, 02)|
< Blim = nallxllor = vallx, Y11, 12, 01,72 € X

4) f e WY(0, T; X) for some p € [1, 0].

5) Ug € X.
Then, the problem: Find u : [0, T] — X such that

a(u(t), v —u(f) + b(u(t), v — u(t)) + ju(t), v) — j(k), (k)
> (f(h),v—u(t), VxeX, te[0,T],
u(0) =0,

has a unique solution u € W>#(0, T; X).
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