Filomat 36:13 (2022), 4539-4551

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2213539D

University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2K

‘&,
g,
T &

&
Ipapor®

Operator Roots of Polynomials: Iso-Symmetric Operators
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Abstract. Given Hilbert space operators A;, B;, i = 1,2, and X such that A; commutes with A, and
Bi commutes with B,, and integers m,n > 1, we say that the pairs of operators (By, A1) and (B,, Ay) are
left-(X, (m, n))-symmetric, denoted ((B1, A1), (B2, Az)) € left — (X, (m, n)) — symmetric, if

mon . " " I i
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=0 k=0

An important class of left-(X, (m, n))—symmetric operators is obtained upon choosing B; = B, = A} = A; =
A* and X = I: such operators have been called (1, n)—isosymmetric, and a study of the spectral picture and
maximal invariant subspaces of (1, n)—isosymmetric operators has been carried out by Stankus [23]. Using
what are essentially algebraic arguments involving elementary operators, we prove results on stability
under perturbations by commuting nilpotents and products of commuting left-(X; (1, n))—symmetric oper-

ators. It is seen that (X, (m, n))—isosymmetric Drazin invertible operators A have a particularly interesting
structure.

1. Introduction

Let B(H) denote the algebra of operators, i.e. bounded linear transformations, on an infinite dimensional
complex Hilbert space H into itself. Let C denote the complex plane, C? the product of d copies of C for
some integer d > 1, Z the conjugate of z € C and z = (21,2, ..., z4) € €. For a given polynomial P in C*
and a d-tuple A of commuting operators in B(H)?, A is a hereditary root of P if P(A) = 0. Hereditary roots
have attracted the attention of a number of researchers in the recent past. Two particular operator classes
of hereditary roots which have been studied extensively are those of m-symmetric (also called m-selfadjoint
in the literature) and m-isometric operators, where A € B(H) is m-symmetric (for some integer m > 1) if

m

Z(_l)j( ’;1 ) A= Ai =

j=0
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and A € B(H) is m-isometric if
m
2(—1)"( " )A*‘”l‘”Amf = 0.
70 J

Itis clear that A is m-symmetric if and only if it arises as a solution of P(z) = (z—z)" = 0, and A is m-isometric
if and only if it arises as a solution of P(z) = (zz—1)" = 0. The class of m-symmetric operators was introduced
by Helton [20] (albeit not as operator solutions of the polynomial equation (z — z)" = 0), who showed that
an operator A is 2-Jordan (i.e., A = T + N for some self-adjoint T and a 2-nilpotent N commuting with T) if
and only if A and A* are 3-symmetric. McCullough and Rodman [21] in their consideration of algebraic and
spectral properties of m-symmetric operators proved that if an A € B(H) is self-adjoint and an N € B(H) is
an n-nilpotent which commutes with A, then A + N is (2n — 1)-symmetric. These operators have since been
considered by many other authors, amongst them Stankus [23] and Trieu Le [22]

The class of m-isometric operators was introduced by Agler and studied in a series of papers by Agler and
Stankus [1-3]; properties of m-isometric operators, amongst them the spectral picture, strict m-isometries,
perturbation by commuting nilpotents and the product of m-isometries, have since been studied by a large
number of authors, amongst them Sid Ahmed [4], Bayart [5], Bermudez et al [7-9], Botelho and Jamison [6],
Duggal [11-13], Gu [17, 18] and Gu and Stankus [19].

A € B(H) is an (m, n)-isosymmetry for some integers m, n > 1 if

Z(_l)]( m )A*(m_j) [Z(_l)k( ;{l )A*(n—k)Ak
j=0 J k=0

Z(—l)k( ; )A*(”k) [ZHV ( " )A*<’"f>Am—f] a
k=0 j=0 ]

= 0

A"

(m, n)-isosymmetric operators arise as the hereditary roots of the polynomial (zz — 1)"(z — z)" = 0, and a
study, amongst other properties, of the spectrum, resolvent inequalities and maximal invariant subspaces
of these operators has been carried out by Stankus [23]. In this paper we study a generalisation of
(m, n)-isosymmetric operators, but from the point of view of elementary operators. The problem that we
consider is that of the permanence of this generalised isosymmetric property under commuting products
and perturbation by commuting nilpotents.

For A, B € B(H), let Ly and Rg € B(B(H)) denote respectively the operators
La(X) = AX and Rp(X) = XB

of left multiplication by A and right multiplication by B. We say that the operator A is left (X, m)-invertible
by B, denoted (B, A) € left-(X, m)-invertible, for some operator X € B(H) if

A3 4(X) = (LsRa = D" (X) = Z(—l)f( i )Bm-fXA'"—f =0,
=0

and that the operator B is an (X, n)-symmetry of A, denoted (B, A) € (X, n)-symmetry, for some X € B(H) if

n )B(”‘f)XAf =0.

0 A(X) = (Lp — Ra)"(X) = Z(—l)j( i
=0
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It is clear from these definitions that A} ,(I) defines the class of left-m-invertible operators A of [16],
A%/ (D) defines the class of m-isometric operators A, 6;"*/ (D) defines the class of n-symmetric (equivalently,
n-selfadjoint) operators, and an operator A € B(H) is (m, n)-isosymmetric if and only if

A 4 (8% 4(D) = 84 4 (205 4(D) = 0.

Let [A, B] = AB — BA denote the commutator of A, B € B(H). Given operators A;, B;, X € B(H),i=1,2 and
positive integers m and n, such that
[A1,A2] = [B1,B2] =0,

we say in the following that the pairs of operators (B1, A1) and (B,, A;) are left-(X, (m, n))-symmetric, denoted
((B1, A1), (B2, A2)) € left — (X, (m,n)) — symmetric

if
A (0h4) 0 = (Ls,Ra, = D™ (Lp, = Ray)"(X))
SR i m n m—jyn— m—j
= Z Z (_1)]+k ( ] )( k )LBl ]LBz kRIAsz‘n j(X)
j=0 k=0

= (L, — Ra,)" (L, Ra, — D™(X)) = Op, 4, (Agll,m (X))

n m ‘ m " . » »

- LX) 0
k=0 j=0

0.

Products, and perturbation by commuting nilpotents, of left-(X, (1, n))-symmetric pairs of operators behave
in a manner very similar to that of m-isometric and n-symmetric operators. We prove:

Theorem 1.1. If A;, B;, S;, Ti, X € B(H), i = 1,2, are such that
(i) [A1,A2] = [B1,B2] = [A;, Ti] = [B;, Si] = 0,

(ii) ((B1, A1), (B2, A2)) € left-(X, (m1, n1))-symmetric,

(iii) ((S1, T1), (B2, Az)) € left-(X, (r1, n2))-symmetric,

(iv) ((B1, A1), (S2, T2)) € left-(X, (2, s1))-symmetric, and

(v) ((S1,T1),(S2, T2)) € left-(X, (r2, 52))-symmetric,

then

((S1B1, T1A1), (52B3, T A)) € left — (X, (m + v — 1,1 + 5 — 1)) — symmetric,
where m = max(my,my), n = max(ny, ny), r = max(ry, r2) and s = max(sy, s2).
Theorem 1.2. If A;, B;, M;,N;, X € B(H), i = 1,2, are such that
(i) M[" = N} = 0, m; and n; some positive integers (i = 1,2),
(it) [A1, A2] = [B1, B2] = [M1, M2] = [N1,N2] = [A;, Mi] = [B;,Ni] =0 (i = 1,2) and
(iii) ((B1, A1), (B2, A2)) € left — (X, (m, n)) — symmetric,
then
((B1 + N1, A1 + My),(By + Np, Ay + Mp)) € left — (X, (m + my + 1y — 2,1 + my + ny — 2)) — symmetric.
An operator A € B(H) is Drazin invertible, with Drazin inverse Ay, if
[A4, Al =0, AZA = Ay, APTA; = AP

for some integer p > 1. (The least integer p for which this holds is then called the Drazin index of A.) No
Drazin invertible operator A € B(H) can be m-isometric (equivalently, left-m-invertible by its adjoint) [15]:
there may however exist operators X € B(H) such that A is left-(X, m)-invertible by A*. We prove:
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Theorem 1.3. Let A € B(H) be a Drazin invertible operator, with Drazin index p and Drazin inverse Ay. Let
X € B(H), and let m, n be some positive integers.

(i) If A € (X, (m, n))-isosymmetric, then
AZ;,A (AZ’*,Ad(X)) =0= 62{;,/1 (‘52\;,Ad (X));

(ii) if (A}, A), (A", A)) € left-(X, (m, n))-symmetric, then AZ\*/A (AZ*,Ad(X)) =0;
(iii) if (A, A), (A%, A)) € left-(X, (m, n))-symmetric, then

60, (3%,400) =

We prove Theorem 1.1, and most of our complementary results, in Section 2, tensor products are
considered in Section 3, Section 4 is devoted to the proof of Theorem 1.2, and we prove Theorem 1.3 in
Section 5..

2. Complementary results, Proof of Theorem 1.1.

We start this section by proving some complementary results. Throughout the following A;, B;, i = 1,2,
and X will denote operators in B(H), and m, n, t will denote positive integers.

Lemma 2.1. [15, Proposition 2.1] If (B, A)) € {(X, n) — symmetric} V {left — (X, m) — invertible},
(i) then (B, A) € {(X, t) — symmetric} V (resp.){left — (X, t) — invertible} for all integers t > n, (resp.)m;
(ii) and A, B are invertible, then (B, A™Y) € {(X, n) — symmetric} V (resp.){left — (X, m) — invertible}.

The following lemma is an easy consequence of Lemma 2.1 (ii).

Lemma 2.2. IfA;, B;areinvertibleand ((B1, A1), (B2, A2)) € left-(X, (m, n))-symmetric, then (B;*, A7"), (B;', A1) €
left-(X, (m, n))-symmetric.

Trivially, [Lg, Ra] = O for all operators A, B € B(H). Hence, for every integer k > 1,

Ly —RY™ = (Lp — Rae)™ = (Lg = Ra)"Pyuge—1)(L, Ra)
Ppg-1)(Lp, Ra)(Lp — Ra)"

and

(LERE — 1™ (LpRae — )" = (LsRa = I)" Que—1y(Ls, Ra)

Que-1)(L, Ra)(LgRa = I)™

for some polynomials P and Q of degree m(k — 1). We have:

Lemma 2.3. [15]If (B, A) € {(X, n) —symmetric}V {left — (X, m) —invertible}, then (B¥, A¥) € {(X, n) —symmetric} v
(resp.){left — (X, m) — invertible} for every positive integer k.

Considering operators A; and B;, i = 1,2, such that [A1, A;] = [B1, B2] = 0, one has
[L, Ra;] = [Lg,, Lg,] = [Ra,, Ra,1 =0; 4,j=1,2.

Hence
A?hz‘h (6g2/A2 (X)) = 622/142 (Agll/Al (X)) :
We have:
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Lemma 2.4. If[A1, Ay] = [B1, B2] = 0, and either (B1, A1) € left-(X, m)-invertible or (B, Az) € (X, n)- symmetric,
then a (5% (X)) =068 , (an , (X)) =0.

Lemma 2.5. If[A1, A] = [B1, Bo] = 0and ((B1, A1), (B2, A2)) €left-(X, (m, n))-symmetric, then ((B1, A1), (B2, A2)) €
{ left-(X, (m1, n))-symmetric} A { left-(X, (m,n1))-symmetric} A {left-(X, (m1, m))-symmetric} for all integers
my > mand ny > n.

Proof. The proof follows since
nmy n — my—m m n
B 4 O, 0) = S5 (8% 5, O, )
m 1y —_ m n—n n _ ni—n m n
ABw‘ﬁ (632,/\2) - A151,1‘\1 (632,/\2632,142) - 632,/{2 (ABI,Al 632,142)
and

mq 11
ABlel (632,142

)= a5 (85 4,05 ,) -
O
Proposition 2.6. Let A;,B;, S, T, X € B(H), i = 1,2, be such that
[A1,Az] = [B1,B2] = [A;, T] = [B;,S] = 0,

and let (a), (b), (c), (d) and (e) be the hypotheses:
(a) ((B1,A1), (Ba, Ay)) € left-(X, (m, n))-symmetric;
(b) (B1, A1) € left-(X, m))-invertible;
(c) (Ba, Az) € left-(X, n))-symmetric;
(d) (S, T) € left-(X, t))-invertible;
(e) (5, T) € left-(X, t))-symmetric.

(i) If either of the hypotheses (b) or (a)A(e) or (c)A(e) is satisfied, then
((B1,A1),(5By, TAp)) € left — (X, (m,n + t — 1)) — symmetric.

(ii) If either of the hypotheses (c) or (a)A(d) or (b)A(d) is satisfied, then
((SB1,TA1), (B2, A2)) € left — (X, (m + t — 1, n)) — symmetric.
Proof. The hypotheses [S, B;] = [T, A;] = 0 imply
Sginta, = (LsLe,—RrRa)"™"
= {Ls(Ls, — Ra,) + (Ls = Rr) Ra, """

n+t-1 na+t—1
_ - n+t=1-j5j n+t=1-j¢j
- Z( ] )LS RAzéBz,Az 6S,T
j=0

n+t—1 nat—1
- nHt=1-j5j o cntt=1-j
) R s
j=0

and the hypotheses [S, B1] = [T, A1] = 0 imply
At = (LsLg,RrRy, — D)™
= {LsRr (Lp,Ra, —I) + (LsRy — D}"*"™

" mrt—1
_ - m+t=1-k , m+t-1-k \ k
= Z ( k ) (LSRT) ABllAl AS,T
k=0

m+t—1( m+t—1

m+t=1-k k ,m+t—-1-k
K )(LSRT) Agrga

k=0
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This, in view of the commutativity hypotheses on A;, B;, S and T (i = 1,2), implies
-1
Agll/Al (62211‘12 (X))

n+t-1 nat—1
_ - n+t=1-j5j o en+t=1-j
- ( i )Ls Ry 050, (85,4, X))

j=0

g

t—1
( n+ t -1 )Ln+t—1—]R] 5 (Ag,bAlénH—l—](X))

] S Ay”ST Bj,As
=0
n+t-1 nt—1
- ntt=l=jpj n+t=1-j [ ¢j
’ Z ( ] )Ls RAZAgerléBz,Az <6S,T(X))
=t
= n+t-1
= h ntt=l-jpnj oj nt=1-j
- ( ; )LS R}, 6L % (632, " (X))
=0
n+t-1 nf—1
- nHt=1-j nt=1-j ( oj
! Z ( ] )Ls RA2Ag1,A1éBz,A2 <6S,T(X))

and
Atrh, (05,.4,0)
m+t—1 mat—1
( . ) (LSRT)m+t—1—k AI;,TA?:A;l_k (6g2,A2 (X))

t—1
m+t-1 —1- -1-
e A . WXC)

m+t—1
m+t—1 1 L
+ Z ( P )(LSRT)mH 1 kA’gl*;gll k(Agl,Alégz,Az(x))
o m+t-1
= Z ( k ) (LSRT)m‘H—l—k AI;,T (652’142 Agll‘:g:‘l—k(x))
k=

-1 - 1o
¢ )R ey (e4,00).
Recall now that
Ag’l,A] 6%21A2(X) =0= Ag’],fh 6;12,A2(X) =0foralln; >n

and
0% 7(X) = 0 = 67,(X) =0 forall t > t

(see Lemmas 2.5 and 2.1). Hence, if either of the hypotheses (b), or, (a) A (e), or, (c) A (e) is satisfied, then
((B1,A1),(5By, TAp)) € left — (X, (m,n + t — 1)) — symmetric.

Again, since
A8 (08, 4,(X0) = 0= a3 (85, (X)) =0 forallmy > m,

if either of the hypotheses (c), or, (a) A (d), or, (b) A (d) is satisfied, then
((SB1,TA1), (Ba, Ap)) € left — (X, (m + t — 1,n)) — symmetric.
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A particularly interesting case of Proposition 2.6 is obtained upon choosing
A=A =AB1=B=A"5=5=B"and T, =T, =B.
We have:

Corollary 2.7. If [A,B] = [A,B] = 0, A € (m,n)-isosymmetric and B is both left-r-invertible and s-symmetric,
then
ABeleft—(m+r—1,n+s—1) — symmetric.

A generalization of Proposition 2.6 is obtained upon replacing the pair of operators (S, T) by the pairs
(Si,T:), i =1,2. Observe that the hypothesis

(S1,Ty) € left — (X, 1) — invertible = 6] . (1. (X)) = a% . (af, (X)) =0
foralll < jkand (E,F) = (S, T2) V (B;, Ai), i = 1,2, and the hypothesis

(S2,T) € left — (X, 5) — symmetric = 6], . (55, 1,(X)) = k5 (65, ,(X)) = 0
forall1 < jkand (E,F) = (S1,T1) V (B, A)), i = 1,2.
Corollary 2.8. If [A;, Tj] = [B;,S;] = [S1,52] = [B1, B2l = [A1,A2] =0, 1<,/ <2,
(i) ((B1, A1), (B2, Az)) € left-(X, (m, n))-symmetric;

(ii) (51, T1) € left-(X, r))-invertible; and

(iii) (S2, T2) € (X, s)-symmetric,
then
((B151,A1Th), (B2S2, ApTy)) € left — (X, (m + v — 1,n + s — 1)) — symmetric.

Proof. In view of the commutativity hypotheses, Proposition 2.6 implies that if (i) and (ii) are satisfied, then

(iv) ((B151,A1T1), (By, Ay)) € left-(X, (m + r — 1, n))-symmetric;
another application of Proposition 2.6, this time since (iv) and (iii) are satisfied, now implies the result. O

Theorem 1.1, which we now prove, is a generalization of Corollary 2.8.

Proof of Theorem 1.1. Defining the positive integers m,n,7 and s as in the statement of the theorem, the
commutativity hypotheses imply

+5-1 _ n+s—1
62252,T2A2 - {LSZ (LBZ - RAZ) + (LSZ - RTZ) RAZ}
n+s—1 nas—1
_ - n+s—1-kpk sn+s—1-k sk .
- Z ( k ) LSZ RAZ 6321/‘2 652,Tz’
k=0
+r—1 _ m+r—1
AgéBrl,TlAl - {L51 (LBlLAl - I) Rr, + (LSIRTI - I)}
S mr—1
_ - m+r—-1—j  m+r=1-j j 3
- Z ( ] ) (leRTl) ABerl A51,T1’
j=0

and
i | n+s—1
—1 -1 _ — —
Agigl'TlAl (57;:;212142(}()) - Z Z ( j )( k )X
=0 k=0

mAr=1=j ynts—1-kpk ,m+r=1=j j n+s—1—k <k }
X (Ls,Rr,) L, RA,8p 4, 25,1.98,4, 05,1,/ (X)
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where the commutativity hypotheses guarantee the commutativity of all the operator entries within the
curly brackets. To complete the proof we observe now that:

ifj>randk>sthenAj (k (X))—

if j<r—1andk > s, then Am” i ](6’;2 Tz(X)) 0;
if j>randk <s-1, then A] (6';;;21 X)) =0
and (finally)

ifj<r—-landk<s-1, thenA"W - ](6§:221 k(X )) =

3. Tensor Products.

Let H ® H, endowed with a reasonable uniform cross norm, denote the completion of the algebraic
tensor product of H with itself, and let A ® B denote the tensor product operator defined by A, B € B(H).
Theorem 1.1 has applications to tensor products.

Consider operators A;, B;, i = 1,2. Since

m n
A31®I A1®I (6Bz®1 A2®I)

ZZ( 1)]+k( " )( Z )(LB1®IRA1®I)m_] (ngélRﬁxz@I)

j=0 k=0
m
o3 NS ([ A S R
j=0 k=0
Ag1®I,A1®I <6§2®1A2®1(X ® X)) = AZﬂ,Al ( B, Az(X))

Hence, if ((B1, A1), (B2, Az)) € left-(X, (m, n))-symmetric, then

A?@I,A@I (6gz®l,Az®I(X ® X)) =0

(and, arguing similarly,
NN (6?@)32 194, X ® X)) = 0)-
Again, if A}, o (X) = 0 (resp., 6},  (X) = 0), then A}, 1o (X®X) =0 (resp., Ojop, g0, (X ® X) = 0).

Corollary 3.1. Let Ei,Fi,Pi, Qi S B(?“{), i=1,2, be such that [El, EQ] = [Fl,FQ] = [Pl, Ql] = [Pz, Qz] = 0and
A (08, 1,(X0) = 85,0,(X) = 0,0,00 =0
Then
(E1®P1,F1®Q1),(E2®Py, F,@ Qo)) €left — (X® X, (m+r—1,n+s—1)) — symmetric.

Proof. The hypothesis A,  (X) = &, , (X) = 0implies 7., 0 (O o p o (X® X)) = 85 100 (A2 o ar(X®X)) =

Ao 150r (Siap, im0, (X ® X)) = 0. If we let
Bi=E®LA=F®L5=I9Pand T; =1®Q;, i=1,2,
then the hypotheses of Theorem 1.1 are satisfied (with X ® X playing the role of X). Hence, since
SiBi=Ei®P;and T/A; =F;®Q;, i=1,2,

the proof follows. [



B.P. Duggual, .H. Kim / Filomat 36:13 (2022), 4539-4551 4547

For commuting n-isometries S, T € B(H), Corollary 3.1 take the form:

Corollary 3.2. If[S,T] = 0 and
A (1) = 0. +(I) =0,
then

2n-1 2n-1 _
AS'eT SeT (6Sn®T seorll ®I)) =0

4. Perturbation by commuting nilpotents.

It is well known, see for example [22], thatif dg 4 = 6pa V Apa, df} A(I ) = 0 and N is an n-nilpotent which

commutes with A, then dg”;’i’]\} (I) = 0. This extends to A, B such that d}} , (X) = 0 for some X € B(H), as the

following argument shows:

Apl(X) = {(LpRa — 1) + LpRy}"™" ™ (X)

m+n—1 1
) ("”’7_ )(LBRNV a0

=0 J

= 0,

since R/, =0 forall j > nand ay;" "I(X)=0forall j <n—1(=> m+n—1-j>m);again

Spri(X) = {(Lp—Ra) — Ry} (X)
m+n—1
_ Z (_1)j( m+}1—l )R;\Iérg;n 1-j ()
j=0
= 0.

forR] :Ofora11]>nand(5m+n - ](X):Oforallan—l.

This argument extends to perturbation by commuting nilpotents of operators ((B1, A1), (B2, A2)) € left —
(X, (m, n)) — symmetric.

Proof of Theorem 1.2. The commutativity hypothesis [A1, A;] = [B1, B2] = 0 implies

6gz,A2 (Argl,Al (X)) = Bl A1 (51;32 Ay (X))
Set
0p, 4,(X) =

Then A’l’;l " (Y) =0, and it follows from the argument above that if [A;, M;] = 0 and M;"l =0, then

m+m1 m+mi—
31 A1+M1(Y) 0 A‘A T+M; B ) =

and hence if [B1, N1] = 0, N|" = 0, then

m+my+ny =2 *\ m+my+n—2 —
Aapentygran; (V) = 0= Apln gy, (V) =0
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Let now A?:E:X;Jl\/h (X) = Z. Then, upon assuming the full force of the commutativity hypotheses, we have
+ 1 +my—1 *
D=0 = O (2) =0 O (2 =0

— 6n+m2+n§ .ENE(Z*) =0 6n+mz+n2 -2 ( ) =0

AL+M;, By+Np, Ay +M,
n+my+1ny—2 n+my+1ny—2 )
By+Np,Ay+M; ( B1+N1,A; +M1( )

_ an+mp+ny=2 n+my+ny—2 _
- A31+N1,A1+M1 (632+N2 LA +Mjy (X)) -

We leave it to the reader to verify that if one drops the hypotheses [A1, A2] = [B1, B2] = [My, M,] =
[N1, N>] = 0 in the statement of Theorem 1.2, then

n n+my+ny—2 n+mp+np,—2 _
632 Az ( B1,A4 (X)) 0 6BZ+N2 LAs+M> (ABl+Nl,A1+Ml (X)) =0

only. For (X, (m, n))-isosymmetric operators A, Theorem 1.2 implies

Corollary 4.1. If[A,N] =0 = N" and A € (X, (m, n))-isosymmetric, then A+ N € (X, (m +2ny —2,n +2ny — 2))-
isosymmetric.

5. Application to Drazin invertible operators.
Let T € B(H) be a Drazin invertible operator. Then there exists a decomposition
H=H &H,

of H and a decomposition
T=T1®Ty (=T g, &T |,)

of T such that Ty is invertible and T, = 0 for some integer p > 1. The Drazin inverse T, of T has a
representation

T, =T;' @0 € B(H, & H,)

[10, Theorem 2.23]. In the following we use this representation of Drazin invertible operators to prove
Theorem 1.3.

2
Proof of Theorem 1.3 Let X € B(H; @ H,) have the matrix representation [Xi, 7];‘ 1 Then

0 = A¢ T(ég, (X)) = 6% 1 (Al (X))

(1) = (_1)l+k ( ) ( ) (n—l+m—k)XTm—k+l}
= ii(_l)l+k( )( ) T  (N—I+1m—, k)X Tm k+l]
1=0 k=0
0 = 87 (5%.500) = 81 (%, 70)

n T*(n—l—m+k)X11Tm—k+l T*(n—l—m+k)X12Tm_k+l
@ - <_1>l+k( )( )( 1 nokel T ,

zgo‘ kzzo‘ 0 0
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and

o
1l

AT. T( T T(X)) 6? T(A? T(X))

n ( )( )( T;(m—k—n+l)X11T;n—k+l TI(m—k—n+I)X12T£n—k+l
0 0

Il
D’h
A
;_\
~
¥
L

®)

Z(_l)l+k( 711 ( 7: )T;r—m+k+sX12T£n—k+l -0

1=0 k=0
n " m—1 m
= Y (1 ( ; )T;s (—1)"( ' )T;‘m+kX12Tg1—k+Xu}T’2=o
=0 k=0
n n m—1 m
— {[Z(—Dl( ; ) (—1)k( ' )T;S—WXHT;"—"“+T;5qu§)
1=1 k=0
m—1 m
+Z(‘1)k( k )Tis‘m*XuT;”‘k + Tzsxlz}Til =0
k=0

= TXpT, =0 XTI, ' =0.

Repeating this argument next by multiplying the expression within the curly brackets by T§72 on the right,
and then so on, it is seen that

X12Th =0forallr=1,2,---

Consequently, it follows (from the expression within the curly brackets) that X;, = 0. A similar argument
shows that X1 = 0 (in (1)).

(i) Equality (1) implies T1 € (Xi1, (m, n))-isosymmetric, and this (since T; is invertible) implies by Lemma
2.1 that T;! € (m, n)-isosymmetric, i.e.,

iZ( 1)l+k( n )( ){T* (n—l+m— k)X T—m+k l} 0

1=0 k=0
n " m m

— Z(_l)l( l )TI_("_I) {Z(_l)k( b )T;—(m—k)XllTl—(m—k)} T1_1 -0
=0 k=0
n " m m

— Z(_l)l( l )TI_("_I) {Z(_l)k( h )T;—(m—k)XllTl—(m—k)} Tf‘l -0
=0 k=0

— A;I'l,Tl (A}%—lﬂﬂ (Xll)) =0

>
— =
—~
—_
>
&;]g
s/
—~~
>
~
~——
Il
o



B.P. Duggual, .H. Kim / Filomat 36:13 (2022), 4539-4551 4550

Again, T, e (X, (m, n))-isosymmetric if and only if

Z(—l)"( v )TI("””‘) {Z(—l)l ( h ) T;‘<”"’X11T;l} T," =0
k=0 =0
= Z(—l)k( v )Tf"””‘) {Z(—nl( ] )T;—<”">X11T;l} TE =0

k=0 1=0

= o (o ) =0

= o, (5’;%(;()) —0,

(ii) Since X1, = 0, and

noom (_1)l+k n m T;(—m+k+n—l)X11Tm—k+l =0
l k 1

=0 k=0

n " o m m . o B
— Z(—l)l( 1 )Tl (n=1) {Z(—l)k( h )T] X T, "’}Tllzo
=0 k=0
— Z(_l)l( '11 )T;—(H—l) {Z(_l)k( 717{1 )T;m—kXHTl(mk)} T?" -0
=0 k=0

n m —
— AT{’l,ﬂ (AT;,T;I (X)) =0, we have that

oy o (871, (00) = 0.

(iii) In this case

Z(_1)1+k( Tll )( 7;{1 ){Tz(m—k—n+l)X11T~in—k+l} -0
1=0 k=0
— Z(_1)1+k( 7 )( Tl:l ){T;—(m—k—n+l)X11T1—(m—k+l)} -0

= (—D’( i )TI(”") { (—1)k( X )TI‘(M‘“XHT; (’”"‘)} T'=0
0

Z(—l)k( v )T;—<’"—">XHT§} T =0

o4l
~ =
H

L
—_—
o4l
e
|

=
~~
>
et

=
N
S—
1l
(e

|

6., (3%:00) = 0.

Data Availability Statement Data sharing not applicable to this article as no datasets were generated or
analysed during the current study.
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