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SEP Matrices and Solution of Matrix Equations

Wengqing Nie?, Junchao Wei?

#School of Mathematics, Yangzhou University, Yangzhou, 225002, P. R. China

Abstract. This paper mainly introduces some properties of several generalized inverses of matrices,
especially some equivalent characteristics of generalized inverses of matrices, specifically by constructing
some specific matrix equations and discussing whether these matrix equations have solutions in a given
set to determine whether a group invertible matrix is some generalized inverse of matrices.

1. Introduction

Throughout this paper, C"™" stands for the set of all n X n complex matrices. AH denotes the conjugate
transpose matrix of A € C"™". Recall that a matrix A € C'"™" is said to be group invertible [4] if there exists
X € C"™" such that

AXA =A XAX = X,AX =XA

hold. If such matrix X exists, then it is unique, denoted by A*, and called the group inverse of A. It is well
known that the group inverse of A € C"™" exists if and only if rank(A?) = rank(A) [1].
A matrix A € C"™" is said to be Moore-Penrose invertible [5-7, 11] if there exists X € C"™" such that

AXA = A, XAX = X, (AX)! = AX, (XA) = XA

hold. According to [11], such matrix X always exists uniquely, denoted by A*, and called the Moore-Penrose
inverse of A.

A matrix A € C"™" is called EP [12] if A* exists and A* = A™; A is called partial isometry (or PI) [3] if
A* = AH; A is said to be normal [2] if AAH = AHA; A is said to be SEP if A is EP and PI.

In [10], it has studied the generalized inverse of an operator with the aid of specific operator equation.
In [15], it has studied the connection between the normal element and the existence of solutions to some
equation on rings in a given set.

In [13], it has discussed the necessary and sufficient conditions for the EP element and the existence of
solutions to equations on rings in a given set.
Inspired by these, the purpose of this paper is that we collect some new characteristics of EP matrices,

normal matrices and partial isometry matrices through various matrices equations admitting solutions in
a definite set pa = {A, A*, A", AH, (AMH, (AHH}, (AT, (AF)*).
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2. Several lemmas
We begin with the following lemma.

Lemma 2.1. Let A € C"™" be a group invertible matrix. Then A is a SEP matrix if and only if AT = (A*)HA*A*,

Proof 7 = ” Assume that A is SEP. Then A* = A* = AH, which implies (AF)HATA* = AATA* = A* = A*,

"= 7 If AY = (ANHAYAF, then AHAY = AH(AHA*AF. Noting that AM(AHHA* = (AAHH(ATAAY) =

(ATA2AHHAY = (ATAHA*T = A*. Then AHA* = A*A*. Thus A is SEP by [14, Theorem 1.5.3]. [ |
Observing carefully the proof of Lemma 2.1, we have the following corollary.

Corollary 2.2. Let A € C"™" be a group invertible matrix. Then
(1) AH(A#)HA+ = At = A+AH(A#)H;
(2) A is a SEP matrix if and only if A* = (A")HA*A*,

Now we give following lemma which proof is routine.

Lemma 2.3. Let A € C"™" be a group invertible matrix. Then

(1) (AM)* = (AAHHA(AANH;

(2) (A" = A*A3A*;

(3) (AMHHA*TA* is an EP matrix and (A" )HATAM)* = ATASAHATA = (A*)TAAHATA.

Corollary 2.4. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if (A*)HAT = ATA.

Proof By Corollary 2.2, A is a SEP matrix if and only if A* = (A*)?A*A*. By Lemma 2.3, we obtain A is a
SEP matrix if and only if
ATAPAT = ATAPATATA.

Multiplying the equality one left by (A*) A* A* and again by Corollary 2.2, one has A is a SEP matrix if and
only if (AHHAY = ATA. [ |

Lemma 2.1 and Lemma 2.3(3) imply the following corollary.

Corollary 2.5. Let A € C"™" be a group invertible matrix. Then A isa SEP matrixifand only if A = ATASAHATA =
(AHTAAHATA.

Also Lemma 2.1, Lemma 2.3(1) and (3) imply the following corollary.
Corollary 2.6. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if (AA*)TA(AAMH =
ATASAHATA.
3. Consistency of relative equations
According to Lemma 2.1, we can construct the following equation.
(AHHEXA* = AT, (3.1)

Theorem 3.1. Let A € C"™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(3.1) is consistent
in C"™", and the general solution of Eq.(3.1) is given by

X = A"+ U-AATUAA*, where U € C™. (3.2)
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Proof ” = ” Assume that A is SEP. Then A* = (A*)7A*A* by Lemma 2.1, this gives
(AHH(AY + U - AATUAAT)AY = AT, (3.3)

Hence the formula (3.2) is the solution of Eq.(3.1).
Now, let X = Xj be any solution of Eq.(3.1). Then (A*)7X,A* = A,
which implies
AATXoAAY = (AADAH(AHHEXAMAZAT = AATAHATAZAT.
Noting that A is SEP. Then AATAHA*A2A* = AA*A*A*A2A* = A* = A7, it follows that AATXpAA*T = AT,
Choose U = Xy. Then Xy = A* + U — AATUAA". This shows that the Formula (3.2) is the general solution
of Eq.(3.1).
” < ” If the general solution of Eq.(3.1) is given by (3.2), then
(AHT(AT + U - AATUAANA* = A7,
e.g. (AHHATA* = A*.
Hence A is SEP by Lemma 2.1. [

Remark 3.2. Let A € C"™" be a group invertible matrix. Then A is an EP matrix if and only if Eq.(3.1) is consistent
in C"™",

In this case, the general solution of Eq.(3.1) is given by

X =AH + U - AATUAA*, where U € C™". (3.4)

Proof ” = "If Ais EP, then (A*)TAHA* = (A*)HAHA* = A* by Corollary 2.2. Hence Eq.(3.1) is consistent.
” & ” Assume that Eq.(3.1) is consistent, then A* = (A")# X A" for some Xj € C™", this gives AT = ATA*A.
Hence A is EP.

The rest can be similarly proved as Theorem 3.1. [

Now we construct the following equation.

ATXAAT(AHH = AT, (3.5)

Theorem 3.3. Let A € C™" be a group invertible matrix. Then the general solution of Eq.(3.4) is given by (3.3).
Proof It is routine.

Remark 3.2 and Theorm 3.3 imply the following corollary.

Corollary 3.4. Let A € C"™" be a group invertible matrix. Then A is an EP matrix if and only if Eq.(3.1) and Eq.(3.4)
have the same solution.

Now we consider the following equation.

(AAHHXAAT = A*. (3.6)
Theorem 3.5. Let A € C™" be a group invertible matrix. Then the general solution of Eq.(3.5) is given by (3.2).
Proof Similar to the proof of Theorem 3.1, we can easy prove it. [

Clearly, Theorem 3.3 and Thorem 3.5 lead to the following corollary.

Corollary 3.6. Let A € C"™" be a group invertible matrix. Then A is is an SEP matrix if and only if Eq.(3.1) and
Eq.(3.5) have the same solution.
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4. The solution of a matrix equation in a given set
According to Lemma 2.1, we can construct the following equation.
X = (AHIXA*, 4.1)
The following theorem follows from [16, Theorem 2.8].

Theorem 4.1. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(4.1) has at least
one solution in ps = {A, A*, A*, AH, (AH, (A)H, (A, (A%)*).

It is well known that A is SEP if and only if A* is SEP. Hence use A" to replace A in Eq.(4.1), we have
the following equation.

X = A"XA. 4.2)
Theorem 4.1 implies the following corollary.

Corollary 4.2. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(4.2) has at least
one solution in pa.

Noting that if A is SEP, then A* = A*. Hence we can change Eq.(4.2) as follows.
X + At = AHXA + A%, 4.3)

Theorem 4.3. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(4.3) has at least
one solution in pa.

Proof ” = ”If Aisa SEP matrix, then X = A* is a solution because A* = A* = AH.

"< "1DIfX = A, thenA+At = AHAA + A%, Post-multiplying the equality by A*A, one yields A" = A*A*A.
Hence A is EP, which implies A* = A* this gives A = AHAA it follows that X = A is a solution of Eq.(4.2).
Hence A is SEP by Corollary 4.2;

2) If X = A*, then A* + A* = AA*A + A*. Post-multiplying the equality by A*A, one yields A* = ATA*A.
Hence A is EP, which implies A* = A"A*A, Thus X = A* is a solution of Eq.(4.2). Hence A is SEP by
Corollary 4.2;

3)If X = A*, then A" + A* = AHATA + A*. Pre-multiplying the equality by A*A, one gets At = ATAAY.
Hence A is EP, it follows that A*™ = AZA*A. Thus A is SEP by Corollary 4.2;

4)If X = AH, then A" + A* = AHAHA + A*. Similar to the proof of 3), we can show that A is SEP;

5) If X = (AH)H, then (A")H + At = AH(A")HA + A*. Post-multiplying the equality by A*A, one obtains
A* = A*A*A. Hence A is EP, which implies (A*)? = AH(A*)1A. Thus X = (A*)" is a solution of Eq.(4.2).
By Corollary 4.2, we have A is SEP;

6) If X = (A", then (AHH + A* = AH(A")HA + A*. Pre-multiplying the equality by A*A, one yields
A* = A*AA*. Hence A is EP, one obtains (A*) = A"(A*)HA. By Corollary 4.2, we have A is SEP because
X = (A*)M is a solution Eq.(4.2);

7)If X = (A*)*, then (A")* + A+ = AH(A*)*A+A*. Pre-multiplying the equality by A*A, one has A* = ATAA*.
Hence A is EP, this leads to X = (A*)* = A is a solution. Hence A is SEP by 1);

8) If X = (A")*, then (A")* + AT = A(A*)*A + A*. Pre-multiplying the equality by A*A and using Lemma
2.3, we have A" = A*AA*". Hence A is EP. Now X = (A*)* = A is a solution. Thus A is SEP by 1). [ |

5. The general solution of equations
Now we generalize Eq.(4.1) as follows

X = (AHHYA*, (5.1)
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Theorem 5.1. Let A € C™" be a group invertible matrix. Then the general solution of Eq.(5.1) is given by

nxn
Y =P+ V- AA*VAA*, where P,V € C™", (5.2)

{ X = (AMHpA*
Proof First, we have
(AP +V — AATVAANA* = (AF)HPA?.

Hence Formula (5.2) is the solution of Eq.(5.1).

=Yo
Choose P = AATAHX)A%A*, V = Y,.
Then (A"HPA* = (A")HAA*AHX,AZA* A = (AHHAHX AAY
= (ANHAH(ADHY AFAAT = (AHHY, A" = X,.
And Y, = AA*Y AA® + Yo — AATY,AA*
= AA*AH(ANHY AP A2A* + Yo — AAYY AAY
= AATAHX A2AT + Yy — AATY)AAY =P+ V — AATVAAT

X=Xy )
Next, let be a solution of Eq.(5.1). Then X, = (A*)7Y A"

Xo = (AHHPA*
Hence
Yo=P+V-AA*VAA",
it follows that the general solution of Eq.(5.1) is given by Formula (5.2). [ |

Theorem 5.2. Let A € C™" be a group invertible matrix. Then A is SEP if and only if the general solution of
Eq.(5.1) is given by

X = (AHTPAH nxn

{Y=P+V—AA+VAA+, where P,V e C"™", (5.3)

Proof ” = ”If Ais SEP, then A* = A, which implies Formula (5.3) is same as Formula (5.2). By Theorem
5.1, the general solution of Eq.(5.1) is given by Formula (5.3).

” « 7 If the general solution of Eq.(5.1) is given by Formula (5.3), then (AHHPAH =
(AHH(P +V — AATVAAH)A¥,

that is, (A")PAH = (A")HPA* for all P € C"™". Especially, choose P = AH. Then we have A" = (AA*)1A*,
this gives A = (A*)7AA*. By Theorem 4.1, we obtain that A is SEP. [

It is not clear which equation has the general solution given by Formula (5.3), so, we construct the
following equation.

X = (AHHYAAT AR, (5.4)

Theorem 5.3. Let A € C™" be a group invertible matrix. Then the general solution of Formula (5.4) is given by

nxn + _ + A+
Y =P+ V- AA*VAA*, where P,V € C"" and PA™ = PAATA™. (5.5)

{ X = (AHHPAH

Proof First, Formula (5.5) is the solution to Eq.(5.4). In fact,

(AHH(P +V — AATVAAHAATAT = (AHHPAATAH

= (AHHPAATATAAH = (AHHPA+AAH = (AHHPAH.
Next, let { i/( : i((? be the any solution of Eq.(5.4). Then

Xo = (AHHY,AATAH,

Choose P = AA*AHX (AN, V = Y.
Then PAA*A* = AATAEX(AHHAATAY = AAT AP X (AF)HAT = PAY;
(A#)HPAH — (A#)HAA+AHXO(A#)HAH — (A#)HAHXO(A#)HAH
— (A#)HAH((A#)HYOAA+AH)(A#)HAH
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= (AHHY,AAT AT = Xo;
Yo = AATVAA* + Yy - AAYVAA*
=AATY)AAT + Y - AATVAAY
= AATAH(AMHHEY AATAT(AMH + Yy — AATVAAT
= AATAHX(AMHE + Yy - AATVAA*
=P+Yy-AATVAA*.
Hence the general solution of Eq.(5.4) is given by Formula (5.5). [

Theorem 5.4. Let A € C"™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(5.1) and Eq.(5.4)
have the same solution.

Proof 7 = " If Ais SEP, then A is EP and by Theorem 5.2, the general solution of Eq.(5.1) is given by
Formula (5.3). Since A is EP, we have PA* = PAA*A* for each P € C"™". So by Theorem 5.3, the general
solution of Eq.(5.4) is given by Formula (5.3), this implies Eq.(5.1) and Eq.(5.4) have the same solution.

” &« 7 If Eq.(5.1) and Eq.(5.4) have the same solution, then, by Theorem 5.1, the general solution of Eq.(5.4)
is given by Formula (5.2). Thus we have

(AHHEPA* = (AHH(P + V — AATVAAT)AATAE

ie. (AHHPA* = (AH)HPAA* A for all P € C"™", especially, take P = A*A, then (A*)1A* = (AA")H. Tt follows
that AA* = (A"HA* = (AA*)H, so A is EP. And then by Theorem 5.3, the general solution of Eq.(5.4) is given
by (5.5), so by (5.3). This leads to the general solution of Eq.(5.1) is given by (5.3). By Theorem 5.2, A is SEP.
[

6. The solutions of bivariate equations in a given set

Nothing that A* = ATAH(A*)!l. Hence, by Lemma 2.1, we have A is SEP if and only if A*A7(A*)H =
(AHHA*TA*. So we can construct the following equation.

XA"Y = YXA*. 6.1)

Theorem 6.1. Let A € C™" be a group invertible matrix. Then A is a PI matrix if and only if Eq.(6.1) has at least
one solution in 42 = {(X, V)IX, Y € 14}, where T4 = {A, A¥, A*,(AH)H, (AH)H}.

Proof ” = ” Assume that A is PI, Then A” = A*, this infers (X, Y) = (A, A*) is a solution.
" < 7 1)If Y = A, then we have the following equation.

XAMA = AXA*. 6.2)

1)If X = A, then AAHA = A2A* = A. Hence A is PI;
2) If X = A*, then A*AHA = AA*A* = A*, this gives A = AA* = A2A"AHA = AAHA. Hence A is PI;
3)If X = A*, then A*AHA = AA*A* = A*, which implies A* = ATAHA = ATA(ATAHA) = A*AA*. Hence A
is EP, it follows that X = A* = A*. Thus A is PI by 2);
4) If X = (AN, then (A)HAHA = A(AMHA*. eg. A = A(AT)HA?, it follows from Corollary 2.2 that
A*A = (AY)HA*. Hence A = (A*)HA*A = (A")", which infers A is PI;
5) If X = (AHH, then (A")HAHA = A(A")HA*, one gets

(E, — AAT)AHHAHA = 0,
this gives (E, — AAT)AH = (E, — AA*)(AHHAHAA*AH = 0. Hence A is EP, which infers X = (A*)H = (A*)H.
Thus is A is PI by 5);

IT) If Y = A*, then we have the following equation.

XAHA* = APXA", (6.3)
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6) If X = A, then AAHA* = A*AA* = A*. Hence A is PI by 2);

7) If X = A*, then A*AHA* = A*A*A*, this give A = A2(A*A*AF)A? = A2(A*AHA*)A? = AAHA. Hence A is
PI;

8) If X = A*, then A*AHA* = APA*A* = (A"P. This gives (E, — A*A)A"? = 0, and (E, — A*A)A =
(E, — ATA)(A*)3A* = 0. Hence A is EP and so X = A" = A*. Thus A is PI by 7);

9) If X = (A")H, then (A*)HAHA* = AHAT A e.g. A* = AHATYHAP.

Hence A = AA*A = AA*(AHYHA*A = (A")H, it follows that A is PI;

10) If X = (A*)H, then (AHAHA? = A*(ARYH A,

One obtains (E,—A* A)A*(ANYHA¥ = (E,—A* A)(A")HAHAY = 0, and (E,—A* A)A*(ANH = (E,—A*A)A*(AHHATA2A* =
0.

Hence (E, — A*A)A* = (E, - A*A)A*(AH)HAHA*A = 0, which implies A is EP. Thus X = (A")H = (A")H, by
9), we have A is PI;

II) If Y = A*, then we have the following equation.
XAHAY = ATXA*. 6.4)

11) If X = A, then AAHAT = A*AA*, one has AAHAY(E, — ATA) = AYAA*(E, — ATA) = 0. Pre-multiplying
the last equality by (A*)fA*, one has A* = A*A*A. Hence A is EP, which implies Y = A* = A*. Thus A is
PI by II);

12) If X = A*, then A*AHA* = A*A*A* it gives AYA*A*(E,— AA™) = 0,and AA*(E,,— AA") = ASATA*A¥(E, -
AA*) = 0. Hence A is EP, which infers Y = A*. Thus A is PI by II);

13)If X = A*, then A*AHA* = A*A* A", s0 A*AHA*(E,—A*A) = 0,and AFA* (E,—A* A) = (AP AV AA* AHA* (E, -
AA*) = 0. Hence A*(E, — A*A) = (AYHAPA*(E, — A*A) = 0, it gives A is EP. Thus Y = A* = A* and A is
PI by II);

14)If X = (A")H, then (AT)HAHAY = AT(A)A* e.g. AATAY = AT(AT)1A?, this gives (E,—AA)AT(AT)HAY =
0, and by Corollary 2.2 (E,, — AAT)AT (AN = (E, — AAY)AT(AT)HAPA = 0.

Hence (E, — AAN)AY = (E, — AAT)AT(AM)H1AH = 0, which implies A is EP and so Y = A" = A*. Thus A is PI
by II);

15) If X = (A", then (AHHAHA* = A*(A*)HA* e.g. A* = AH(ANHAY.

Hence A is EP and so X = (A*)f = (A*)H. By 14), we have A is PI;

IV) If Y = (A*)H, then we have the following equation
XAH(ANH = (ATHEXA*,
that is,
XA*A = (AHITXA*, (6.5)

16)If X = A, then A = AA*A = (A*)HAA* = (A*)H. Hence A is PI;

17) If X = A*, then A* = A*ATA = (A")HA*A?, this gives A = A*A? = (AT)HA*A*A? = (A")!. Hence A is PI;
18)IFX = A*, then A*A*A = (A*)HA*A* 50 (E,~AAT)A*A* A = 0 and (E,—AA*)A* = (E,—AAHA*A*A(AAMH =
0. Hence A is EP, which implies X = A* = A*. Thus A is PI by 17);

19) If X = (AMH, then (AN = (AMHATA = (ANH(AYHA, it follows (AY)HA = (AMH(ANHATA =
(ANH(ANH,

Hence ATA? = AH(AN)HA = AH(AHH(ANH = A*A(AT)T and A% = A(AT)H. Thus A is PI;

20) If X = (A")H, then (A")HA*A = (ATYH(AFYHA", this gives (E, — AA*)ANHATA = 0, and (E, — AADA* =

(E, — AAT)(AHHATAAH AT = 0. Hence A is EP and so X = (A*)f = (A*)H. Thus A is PI by 19);

V) If Y = (A*)1, then we have the following equation.

XAHAMH = (AHHXA*. (6.6)
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21) If X = A, then AAH(AH)H = (AH)H AA?, this gives

(E, — AAT)AHHEAA" = 0.

It follows that

(E, — AAYYAMHE = (E, — AAT)AHHAAAZAT = 0.

Hence A is EP, which implies Y = (A*)f = (A*)H. By IV), we have A is PI;
22) If X = A*, then A*AH (A" = (AMHHA*A*, it gives

A*ABAHI(E, - ATA) = 0.

Pre-multiplying the last equality by A*A*AZ, one has A*(E, — A*A) = 0. Hence A is EP and so Y = (A*)H =
(ANHH. By 1V), A is PI;
23) If X = A*, then ATAH(AMH = (AHHATA*, e.g. AT = (A")LATA*, one yields

AT = (AHTATAPATA = ATATA.

Hence A is EP, this infers Y = (A*)H. Thus A is PI by IV);
24) If X = (A*)H, then (A*)HAH(AM)H = (A*)H(A+YH AP,
Applying the involution to the equality, one has A*YAA* = (A*)HA* A, this gives

and

A*AA*(E, — ATA) =0,

A*(E, — A*A) = A*AA*AA*(E, — A*A) = 0.

Hence A is EP and so Y = (A*)". Thus A is PI by IV);
25) If X = (A")H, then (A*)H = (AHHAH (AN = (A"H(A*)HA*, it follows that

A+ — A+AH(A#)H — A+AH(A#)H(A#)HA# — A+(A#)HA#,

so AT(E, — ATA) = AT(AHHA*E, — ATA) = 0, Hence A is EP, it follows that A*A = AT(AH)HA*A =
AY(ANHHA*A = AY(AY)H . Thus A is PI. [ |
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