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Abstract. Let 04 and o5 be two homomorphisms on Banach algebras A and B, respectively. In this paper,

we study o-amenability, c-weak amenability, o-biflatness, and o-biprojectivity of triangular Banach algebras
of the form T, ;,, where 0 = 04 @ 03.

1. Introduction

Let A be a Banach algebra. The set of all continuous homomorphisms from A into A is denoted by
Hom(A). Suppose that 0 € Hom(A), and that X is a Banach A-bimodule. A bounded linearmap D : A — X
is a g-derivation if D(ab) = D(a).o(b) + o(a).D(b) for all a,b € A. A o-derivation D is g-inner derivation if there
exists x € X such that D(a) = o(a)-x—x-o(a) for alla € A. The set of all o-derivation from A into X is denoted
by ZL(A, X), and the set of all o-inner derivations from A into X by N1(A, X). Then, we define the space

HYA,X) = I%f}iiﬁ)??) We say A is g-amenable if HL(A, X*) = 0 for every Banach A-bimodule X [11]. We call A is
o-weakly amenable if HL(A, A*) = 0 [3, 13]. Note that the module version of such notions are available in [2].

For a Banach algebra A, the corresponding diagonal operator 7 : A®A —> A is defined by n(a ® b) = ab.
Let X and Y be Banach A-bimodules, and o € Hom(A). Abounded linear map T : X — Y is a 0-A-bimodule
homomorphism if T(a - x) = o(a) - T(x) and T(x - a) = T(x) - o(a) for a € A, x € X. Then, A is o-biprojective if
there exists a 0-A-bimodule homomorphism p : A — A®A such that 7t o p = ¢ [14]. Moreover, A is o-biflat
if there exists a bounded linear map p : (ARA) — A* satisfying p(o(a)-A) = a-p(A) and p(A-c(a)) = p(A)-a,
such that p o 7" = 0" where a € A, A € (A®A)" [7].

Let A and B be Banach algebras, and X be a Banach A, B-module; that is, X is a left Banach A-module
and is a right Banach B-module such that ||z - x - b|| < ||a]| [|x]| ||b]], for a € A, x € X and b € B. We define the

corresponding triangular Banach algebra T = (13 }é) with the sum and product being given by the usual

2 X 2 matrix operations and obvious internal module actions along with the norm

b )
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= llall + llxll + 1Ibll, (2 € A,be B, xeX).
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For Banach A, B-module X, the first dual space of X, that is denoted by X* is a Banach B, A-module with the
following actions:
(b-x",xy=(x",x-b) and (X" -a,x) ={x*,a-x)
foralla € A,b € B,x € Xand x* € X*. Moreover, foreachx € X, x* € X*we can consider x-x* € A* and x*-x € B*
through
(x-x",ay =(x",a-x), (x*-x,b) =(x",x-b) (a€e A,beB).

Similarly for each x € X,a™ € A and b™ € B” we can consider 4 - x € X and x - b € X™ through
@ -x,x7) =@, x-x7), {x- b7, x0) = (b7, X - x),

for all x* € X*. We may continue this process to higher order dual spaces of X ; that is, X" is a Banach
A, B-module X"V is a Banach B, A-module and A®" - X ¢ X@, X . B ¢ X@n, X . X@n-1) ¢ AC-D),
X@=D . X ¢ B@D for all n € N. Here, we recall that the n-weak amenability of Banach algebras based on
homomorphisms were investigated in [4].

In [1], the authors introduced a new product on triangular Banach algebras as follows.

Definition 1.1. ([1, Definition 1.1]) Let A and B be Banach algebras, X be a Banach A, B-module, 6 4 € Hom(A) and
op € Hom(B). Let T,, 4, denote the algebra whose underlying Banach space is T but whose multiplication is defined by

ay Xxp\[a2 Xz\| _ (@42 oa(ar) - x2 + x1 - 0p(b2)
0 bl 0 bg - 0 b1b2 !

a X1\ (42 X2
for all (0 b1)’ (O bz) eT.

Amenability, weak amenability, biflatness and biprojectivity of T, have been studied in [1]. In
this paper, motivated by [1-4], we shall study o-amenability, c-weak amenability, - biflatness and o-
biprojectivity of T, 5, for the homomorphism ¢ = 04 @ 0.

The organization of the paper is as follows. In section 2, we prove that T;, 5, is 04 ® og-amenable if and
only if A is 04-amenable and B is og-amenable and X = 0 provided o4 and op are idempotents. Section
3 is devoted to 04 ® og-weak amenability of T, ,. In other words, for unital Banach algebras A and B
with idempotents 04 and og, we show that T, ,, is 04 ® op-weakly amenable if and only if A is 04-weakly
amenable and B is og-weakly amenable. In section 4, under some mild conditions, we prove that T;, ,, is
o4 © op-biprojective (biflat) if and only if A is 04-biprojective (biflat) and B is op-biprojective (biflat) and
X=0.

A/0B

2. 04 @ op- amenability of T, ;,

Let A and B be Banach algebras and 04 € Hom(A), op € Hom(B). Let X be a Banach algebra A, B-module.
We consider the map 04 ® 0 : Ty, 6, = L0406, defined by

A/0B

oA P op (g Jlj) = (GAO(Q) agjzb)) (@€ AbeB,xeX).

Proposition 2.1. Let A and B be Banach algebras and o4 € Hom(A), op € Hom(B). Let X be a Banach algebra
A, B-module. If 65 = 04 and o3, = op, then 64 ® op € Hom(T,, 5,).

a; X1 ay Xz
Proof. For(0 bl)’(O bz) €Ty, 080

a X1\ [a X
ooy W5 5

oA Do (‘11182 oa(m) - x%;;l-gle : OB(bz))

(OA(ﬂlaz) oa(ar) - xo + x1 - op(b2)
0 op(b1b2)
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On the other hand,
siwon D o @on (2 2= oala)  x1 \[oa(@) x2
ATEB L0 b)°AT7Blo b T\ 0 og(b1) 0 op(b2)
_ [oal@maz)  o%(@)  x2 +x1 - 05(b2)
0 op(b1b2)
_ (0a(@maz)  oa(ar) - x2 + x1 - 0(b2)
0 op(b1b2)

Thus o4 ® op is a homomorphism. [J

Theorem 2.2. Let A and B be Banach algebras, X be a Banach A, B-module, and o4 € Hom(B), op € Hom(A) such
that 0124 =0y, aé = op. Then Ty, ¢, is 04 ® op-amenable if and only if A is o s-amenable and B is og-amenable and
X =0.

Proof. Suppose that T,, ¢, is 04 ® og-amenable and D : A — Y" is a 0s-derivation such that Y is a Banach

— A byp(” o

A-bimodule. Define the map P : T, 0 b

wr ) = a. It is obvious, that P is a homomorphism.

Now we can consider Y as a T,, 5,-bimodule via

04 ®0p(T") -y =Ploa®op(T")) -y and y-oa®0p(T') =y Ploa ®op(T")),
for " € Ts, 65, v € Y. Hence for each T1, T € Ty, 5, we have
D o P(T1T2) = D(P(T1)P(T2)) = D(P(T1)) - 04(P(T2)) + 04(P(T1)) - D(P(T?2))
=D o P(T1) - P(oa @ 0g(T2)) + P(oa ® 0p(T1)) - D o P(T2)
=DoP(T1) 04 ®0p(T2) + 04 ®0p(T1) - D o P(T>).
Hence D o P is a 04 ® op-derivation, so D o P is 04 @ op-inner, thus there exists a y* € Y* such that for

every (8 ch) € Ty, 05, We have,

a x a x a x
D(ﬂ)ZDOP(O b):UAeaGB(O b)‘y*_y*'GAeaGB(O b)=0A(a)'y*_y*‘UA(ﬂ)'

It implies that A is os-amenable and similarly, B is og-amenable. Now we prove that X = 0. Since
0 X . [0 X™ ) - 1 a x\_ (0 x
X = (0 0), we get X™* ~ (0 0 ) Hence for the map D : T;, ;, — X defined by D(O b) = (0 0), we

have

D((a1 xl)(az xz)) _ D(alaz oa(@r) - x2 +x1 -GB(bz)) _ (00 oa(@r) - x2 + 21 -as(bz))

0 b J\0 by 0 b1by 0
(0 x1-0p(by) + 0 oalm) x
1o 0 0 0

— —

0 x1)(GA(ﬂz) X2 )+(UA(111) x1 )(0 xz)
0 0 0 UB(bz) 0 GB(bl) 0 0

a1 X1 ay Xz a X1 ay X2
(0 bl)-OAGBO'B(O b2)+OA®OB(O bl).D(O bz)'

I
O
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sk

. . . . . 0 «x
Therefore, Dis a 04®op-derivation. Since T, ., is 04@og-amenable, there exists an element ( ) e X

A0B

0 O
such that,

Ox_Dax_ a x\ (0 x* 0 x~ a x
0 0= lo »)=94®%lo p) {0 o) lo o) 4®%Blo b
_ {0 oa(a) - x™ —x"-0p(b)

1o 0 ’

seta =b =0, as a result x = 0 and hence X = 0. Conversely, suppose that A is o4-amenable and B is
og-amenable and X = 0. Then T, , is the ['-direct sum of A and B, that is, T,,,, = A @ B. Since A
and B =~ ‘% are ideals in A @; B, similar to the proof of [12, Theorem 2.3.10], we obtain that T, ,, is
04 ® og-amenable. [

Let A and B be Banach algebras, and 04 € Hom(A), og € Hom(B) such that ai =0y, G% = og. By [10, Theorem
4.2] and [1, Theorem 2.3], amenability of two triangulars Banach algebras T and T, ,, are equivalent.

It is clear that amenability of T, However, we show that the
converse is not true.

o implies 04 @ op-amenability of Ty, 5,

Example 2.3. Suppose that A is a non-amenable Banach algebra with a right (or a left) approximate identity. Then

A¥ (the unitization of A) is not amenable [12, Corollary 2.3.11]. Define ¢ 4, € Hom(A®) by o 4:(a+ A) = A fora € A,
#

A € C. Then aiu = o By [8, Corollary 3.2], Abis 0 q-amenable. Hence TUAWAu :(/(1) At

is not amenable, since A* is not amenable [1, Theorem 2.3]. Consequently T is not

) is Gi @ ai-amenable

by Theorem 2.2, however Ty, ,
amenable.

3. 04 @ op-weak amenability of T, 5,

Lemma 3.1. Let A and B be Banach algebras, X be a Banach A, B-module and o4 € Hom(A), og € Hom(B). Then

@n-1) . @2n-1)
a x a x - .
for (O b) € Ty, 05 and ( 0 b(z”‘l)) e TV, the following statements hold;

Q) (a x) (a(zn—l) x(zn_l)) _ (a . g@n=1) 4 o(jn_l)(x . x(Zn—l)) ag(b).x(z’“‘l))_

0 b 0 pn-1) 0 b.pen-1 )
R s VI R AN P B a@n-1) . 4 x4 (a)
(i1) 0 pe-vllg p) = 0 p@n-1) -b+og”_1)(x(2”’1) %))
‘ @n-2)  y(2n-2) 2n-2)
Proof. (i) It is easily seen that for each 0 pen-2) | € Ty, 0n Wehave
a x a(Zn—Z) x(Zn—Z) _|a- a(2n—2) OA(LI) . x(Zn—Z) +x- O.(zn—z)(b(Zn—Z))
0 p/]\ 0 2" 0 b-p@n-2 ’
and

a@n=2) 22\ (5 o ~ 22n=2) . 4 ng—Z)(a(zn—Z))' X + x@n=2) o(b)
0 pe-21\0 b))~ 0 pen-2) . p :
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a x a(2n—1) x(2n—1) a(Zn—Z) x(2n—2)

Qo b)l o )| o per2)

B a(Zn—l) x(Zn—l) a(Zn—Z) x(2n—2) a x

- ( 0 b(2n—1) ’ 0 b(Zn—Z) 0 b )
g@=1)  y@n-D\ (en-2) ., 0.2271*2)(”(271—2)) cx 4 (212 . o(b)
0 p@n=1) |~ 0 pn-2) . p )

— (a(Zn—l),a(Zn—Z) '(1) + <x(2n—1), an—Z)(a(Zn—Z)) Sx+ x(2n—2) . GB(b)>

+ <b(2n—1), b(2n—2) . b)

=(a-a® D @2y 4 (af”_l)(x - x@n=1)y gan-2)y

+ <03(b) A x(Zn—l),x(Zn—2)> + <b A b(Zn—l)), b(Zn—2)>

B a- a2 +af42"_1)(x-x(2”‘1)) GB(b),x(zn—l) a@n=2)  y2n-2)
= 0 p.pe-n o pen-2) |

So,

It implies (7). The proof of (if) is similar. [

Suppose that A has a unit e4 and B has a unit eg and 04 € Hom(A),op € Hom(B), then X is unital, if
eqa-x =x-eg = xforall x € X. Moreover, X is said (04, 0p)-unital if 6 4(e4) - x = x - op(eg) = x for all x € X.

Lemma 3.2. Let A and B be unital Banach algebras and o4 € Hom(A), op € Hom(B) such that 0124 = g4 and
oé = 0p. Let X be a (04, 0p)-unital Banach A, B-module. Let D : T;, 5, — ngArf;Bl) be a 64 ® op-derivation and
n €N. Then there exist o -derivation 54 : A — A"V and gp-derivation 65 : B — B@D gnd xézn_l) e X@n-1),

such that

(i) D (“ 0):(6A(a> X aAoz)) .

0 0 0 0
o0 0\ _ (0 —op()- 2PN
(i2) D(o b) = ( 0 osb) )
0 «x _G(Zn—l)(x . x(Zn—l)) 0
— A 0
(iii) D (0 0) = ( 0 Gézn—l) (xE)Zn—l) %) .

Proof. (i) SeftingD(g 8) = ((SA(ga) 2(&))

and 6(a). Since D is a 04 @ op-derivation, so
ai’ 0\ _ _fa O\foa@) O oal@) O a 0
D(o 0)‘D(o o)( 0 0)*( o 0/Plo o

0a(aa’) S(W')) _ (5A(ﬂ)'OA(ﬂ') S(ﬂ)'OA(ﬂ))+ (UA(ﬂ)‘(SA(ﬂ') 0

0 O(aa’) 0 0 0 0
54(a) - 0a(@) + 04(a) - 6a(@’), i.e, 04 is a o4-derivation, and also s : A — X@V is a right 04-A-module
homomorphism. Consider s(e4) = xgzn—n € X1 therefore s(a) = s(eq) - 04(a) = x(()zn_l) .
6(aa’) = 0 for each a,a’ € A, hence 6(a) = 0.

(if) Suppose that D(O 0) = (ng) 5:3(?}3))' A calculation similar to (i) shows that 63 : B — X@D is a

), we wish to find the maps 04(a), s(a)

By lemma 3.1, ( . As aresult 04(aa’) =

oa(a). Moreover

0 b
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og-derivation and 6(b) = 0. Furthermore from

(-0l 3 9o 0T 9-0 26)of 3

we obtain —op(b) - xézn*l) ~oa(a) = r(b) - 0a(a). Putting a = ¢, since X is (04, 0p)-unital, we conclude that

r(b) = —ap(b) - 27V

(iii) SupposeD(g g = 9((?)6) ig;

ofo of=((5 o)l o) =(5 oo a)("5" 5200 o)

Similar arguments as in (i) and (if) shows that r(x) = a?nil)(xgznfl) -x) and s(x) = 0.
Moreover from,

0 x 0 x}(0 O 0 x\ (O 0 0 x 0 0
D(o O):D((O 0)(0 eB)):D(o o)'(o 03(65))+(O 0)'D(0 eB)’

we get O(x) = —af”_l)(x : x[(f”_l)). O

). Since D is a 04 & og-derivation,

o

Lemma 3.3. Let A and B be Banach algebras, let 04 € Hom(A), op € Hom(B) such that ai =04 and aé = op. Let
X be a Banach A, B-module. If 64 : A — A®"™V is a g s-derivation, then the mapping Dy, : To, o5 — T -1 by

0A,0B
Ds, (g Z) = (6,4(()11) 8) is a 04 @ op-derivation. Futhermore, 64 is oa-inner if and only if Ds, is 04 @ op-inner.

bi1]’\0 by

D ay Xi\(ax X -D aian OA(ﬂl)'XQ+X]'OB(b2) _ 5A(£l1612) 0
ba\lo Bb)J{0 By 74\ 0 bib, Lo 0

_ (5A(111) c0A(az) + oa(m) - 6a(az) 0)

Proof. For each (1101 x1) , (az xz) € T,, 0, Wwe have

0 0
o 0 0 0\ (o 0
=( A(gl) 0)'0,46903(“02 O)+OA®OB(1101 0)( A(SZ) 0).

The relation above implies that Ds, is 04 ® op-derivation. Now, suppose that 6,4 is 04-inner. Then there

@u-1)
exists agzn_l) € AP D such that 54(a) = o4(a) -agn_l) —agfn_l) -04(a) foralla € A. Consider (ﬂO 0 8) e,
then
Ds a x\_(6a@) 0\ _(oa(a) -aff”_l) - aff"_l) coal@) 0
A\0 b 0 0 0 0
N CAGE aé2”_1) 0\ aézn_l) coala) 0
0 0 0 0

oala) x .agzn_l) 0\ _ af)zn_l) 0) [oa(a) x
0 og(b) 0 0 0 0/'\ 0 ogb)"

Thus, Ds, is 04 ® op-inner.
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x(2n—1))

b?znfl) e T%"D such that
0

2n-1)
Conversely, suppose that D5, is 04 @ og-inner. Then there exists ( 0 0 OAOE

oaa) O _ a x\_ [o (2) 0 H(Zn—l) (2n 1)
( AO 0) =D, (0 b) - ( AO GB(b)) ( 0 0 b?Zn 1)

aE)Zn—l) (211 1) OA(EI) 0
‘( 0 b?2" 1>)( 0 aB<b>)

_ (oat@) -af" ™V + oG V- £ Y) ag(b)-x;"*”
0 op(b) - bV

NI ot P
0 B2 ap(b) + oV x)

It follows that 54(a) = g4(a) - a(()znfl) +0 (2" Dix- x(zn M_a 2” V. Ga(a), for eacha € A, x € X. Setting x = 0, we

(2n-1) _ a(2n71)
0

get 64(a) = 0a(a) - a; . aA(a), 50 04 is 04-inner, as required. [J

Theorem 3.4. Let A and B be unital Banach algebras and X be a (04, 0p)-unital Banach A, B-module. Let o4 €
Hom(A), op € Hom(B) such that 05 = o4 and o3 = o. Then for each n € N,

OA UB(TUA . UZAHO:)) ~ Hl (A A1) )EBHl (B, p@n- 1))

Proof. Suppose that 6 : Ty, 5, — Tginosl )isa 04 @ op-derivation. By Lemma 3.2, there exist 04-derivation

o4 : A — A@D and op-derivation 65 : B — B@1 and x @1=1) ¢ x@n=1) gych that

s a x| _ Sa(a) — afﬂ—l)(x . xézn‘l)) x(gzn—l) -aala) — ap(b) - x(()2n—1)
0 b 0 agn—l)(x(()Zn—l) . x) " 53(17)

It is clear that the map K : Z1(T,, 0, Tors) — HE (A, A" D)@ H!, (B, B2"D),

defined by K(6) = (64 + Nj (A, AP D), 65 + N; (B, B@1-D)) is linear. Then Lemmas 3.2 and 3.3 together with
the proof of [6, Theorem 3.4], show that the map K is onto and

kerK = NY(Ty, 0, TS D). Thus,

T(Zn 1)) ~ Hcer (A, A(Zn—l)) ® H}TB (B, B(Zn—l))

UAGBUB(TOA OB’ ~0A,0B

O

Corollary 3.5. Let A and B be unital Banach algebras and o4 € Hom(A),op € Hom(B) such that 0124 = 04 and

oé = 0p. Let X be a (04, 0p)-unital Banach A, B-module. Then Ty, , is 04 ® op-weakly amenable if and only if A is

o a-weakly amenable and B is op-weakly amenable.

Let A, B be Banach algebras and X be a Banach A, B-module. Then, X is called essential, if A-X=X-=
X - B. A Banach A, B-module X is non-degenerate, if A-x = 0 implies x = 0 and x - B = 0 implies x = 0 for all
x € X. Itis easily see that if X is essential then X* is a non-degenerate Banach B, A-module. Moreover, for a
Banach algebra A with a bounded approximate identity, A* is non-degenerate.

Definition 3.6. Let A, B be Banach algebras, X be a Banach A, B-module and o4 € Hom(A), op € Hom(B). We say
that X is (04, 0p)-essential, if 0 4(A) - X = X = X - 0g(B). Furthermore, X is (04, 0p)-non-degenerate, if 6 4(A)-x =0
implies x = 0 and x - og(B) = 0 implies x = 0.

It is easily checked that if X is (04, 0p)-essential or (04, 0p)-non-degenerate then, it is essential or non-
degenerate. The following lemma is easily proved.
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Lemma 3.7. Let A have a bounded approximate identity and let S : A — X* be a right(left) 0-A-module homomor-
phism. Then there is a xj € X* such that S(a) = x - o(a) (S(a) = o(a) - x7) for all a € A.

Theorem 3.8. Let A and B be Banach algebras and 64 € Hom(A), op € Hom(B) such that 0124 =04 and oé = op. Let

A have a bounded approximate identity, let A®"~V be 0 4-non-degenerate, B?"~V) be op-non-degenerate and X'~V
be (0B, 04)-non-degenerate. Then for eachn € IN,

HY, 60y (Topop, TES D) = HY (A, A% V) @ HE (B, B®"D).

OA,0B

Proof. Suppose that D : T, 5, — Tfi";; ) is a 04 @ op-derivation. By Lemmas 3.2 and 3.7, there exist

0 0
(2n-1)
(614(’1) Xo GA(’Z)), Now set D(O 0) = (G(b) r(b) ) By Lemma 3.2, we obtain 6p : B— B?""Disa

oa-derivation 64 : A — A®""D, gp-derivation 6p : B — B@*1, and xézn_l) e X@-1 gych that D (11 O) =

0 0 0 b 0 06p(b)
op-derivation, O(b)-c4(a) = 0 and —op(b) - x(()zn_l) -0a(a) = r(b) - o4(a) for each a € A,b € B. Since A®"V is
oa-non-degenerate and X"~V is (53, 04)-non-degenerate, we have 6(b) = 0 and r(b) = —o(b) - x(()zn_l), hence

D(b) = (00 _OB((I;) éljg((lznl)), For D (8 ;) = (986) Zg;) From the equation
B

0 0 0 x\fa O

o o)=2o 3o o)
_(G(x) r(x)).(GA(a) 0)+(0 x)‘((SA(a) xgz”‘”.oA(a))
10 s(x) 0 0/ "\0 0 0 0 '

We have r(x)-o4(a) = 0and 6(x)-04(a) + af"’l)(x . x(()Zn—l) -04(a)) = 0, hence (O(x) + gf”‘l)(x.xézn—l))) coa(@) =0
because 0% = 04. Since AP js g 4-non-degenerate and X?"~V is (55, 04)-non-degenerate, we conclude that

r(x) = 0 and O(x) = —of”_l)(x . xézn_l)). Similarly s(x) = af”_l)(xézn_l) - x). Consequently

pfr ¥ _ Sa@) = o D2y PV 6,(a) - ap(b) - 2
0 b 0 p(b) + oI ) )

The rest of proof follows from Theorem 3.4. [

Definition 3.9. Let A be a Banach algebra. We say that A has a o-bounded approximate identity, if there exists a
bounded net (e,) C A such that
oleg)-a—a, a-ole) »a (aeA).

Corollary 3.10. Let A and B be Banach algebras and o4 € Hom(A), 0 € Hom(B) such that 6% = o4 and 0% = 0.
Let A have a o o-bounded approximate identity and B have a op-bounded approximate identity, and X be a (04, 0p)-
essential. Then T, q, is 04 ® op-weakly amenable if and only if A is oa-weakly amenable and B is op-weakly
amenable.

Proof. It is easy to show that A* is 04-non-degenerate, B* is op-non-degenerate and X* is (04, 0p)-non-
degenerate. Thus, it is immediate by Theorem 3.8. [J

4. o4 @ op-biflatness and biprojectivity of T;, ¢,

Suppose that Ay, ..., A, are Banach algebras. Then their direct sum A = &]_ Ax with componentwise
operations and I'-norm is a Banach algebra. We write ¢b : Ax — A for the natural embedding Ay into A,
1 <k < n. Take ox € Hom(Ax), 1 < k < n, and define 0 := &]_,0x : A — A via 0(a) = (01(a1), ..., 0u(as)) for
every a = (ay,...,4,) € A. Then, it is easy to see that o € Hom(A).
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Theorem 4.1. Let Ay, A, ..., Ay, be Banach algebras, and A = &, _; Ak- Then

(i) A is o-biflat if and only if every Ay is ox-biflat, 1 < k < n;

(if) A is o-biprojective if and only if every Ay is ox-biprojective, 1 < k < n.
Proof. We only prove (i). Suppose that A is o-biflat, so there exists a bounded linear map p : (ARA)* — A*
satisfying p(c(a) - A) =a - p(A) and p(A - o(a)) = p(A) -afora€ A, A € (ARA)" such that pomn' =o¢". Consider
the bounded o-A-bimodule homomorphism s : A — A®A such that s* = p. Then mos = ¢. Take the
projection py : A — Ay, and then define py := ¢ 0 p o (pr ® pr)” : (Ax®Ar)* — (Ar), 1 <k < n. So for each
ak, by € Ar, A € (A®AL)',

(pr(orlax) - Ax), by = (ox(ax) - Ak, (px ® pr) © s © Pr(br))
= (A, (px ® px) © s 0 Pr(bi) - or(ax))
= Ak, (P ® pi)(s © Pi(bi) - (0, ..., 0, 0% (ax), 0, ..., 0)))
= Ak, (P ® pi)(s(Pr(brax))))
= (ax - (P 0 p o (pk ® pi))(Ak), bie) = {ax - p(Ak), br)-

We get pr(ox(ax) - Ax) = ax - pr(Ax) and similarly pr(Ax - ox(ax)) = px(Ax) - ax. For the diagonal operator

%

T+ A®Ar — Ay, because (Pk ® pr)" o T, = " o p;, we see that pr o = ¢ppopo (P ®pr) om =

¢propomop, =¢; 00" op; =o;. Thus pi o 7 = o7, which implies that Ay is oy-biflat, 1 <k < n.

Conversely, suppose that Ay is ox-biflat for each 1 < k < n. Hence there are bounded linear maps
pr  (A®AL) — Ar with pr(or(ar) - Ax) = ax - pr(Ak) and pi(Ax - ok(@)) = pe(Ax) - ax, where a; € Ay,
Ak € (Ax®Ay)* such that pxom; = 0;, 1<k <n. Definep : (ARA) — A* by p(A) = Y, Py © P o (P ®Pr)*(A).
Therefore for eacha € A, A € (A®A)*, we have

po(@) - A) =Y pi o pro (¢x @ ¢x)' (0(a) - A)

k=1

=Y i o plon@) - (6 8 9" (1)
k=1

= Z pax - (px © (Pr ® Pr)*(A)))
k=1

=a- () o pro (@ ® P ()
k=1

=a-p(A).
Similarly p(A - o(a)) = p(A) - a. As (Px ® k)" o " = 17 © Py, thus

pom =) piopio(Gi@p) o’

k=1

n
:Zpkopkonko¢k
k=1

n

= Zpk 00,0 qbk
k=1

=0

Therefore A is o—biflat. [
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Lemma 4.2. Let A be a Banach algebra and ¢ € Hom(A) such that 6> = . Let N C A be a closed complemented

ideal where 6(N) = N and N? = 0. Then 6(A)N N No(A) = 0

Proof. Leti: N —> A be the inclusion map, g : A — 4 be the quotient map, I4, Iy and I a be the identity

maps on A,N and 4, respectively, and let p : I%@N — N be the map defined by p((a + N) ® c) = ac

for eacha + N € £ and ¢ € N. Suppose to wards a contraction that 6(A)N N Na(A) # 0. Suppose that

0 # o(a)c € 6(A)N N No(A) wherea € A, c € N. Hence o(a)c € No(A), so there exists sequences (c(a,,)) € 0(A)
and (c,) € N such that o(a)c = lim,, c,0(a,). Since A is o-biflat, then there is a g-A-bimodule homomor-
phism p : A — (A®A)™ such that 1" o p = 0. Forb € N, let Ry(L;) : A —> N be the map of right (resp.left)
multiplication by b. Consider the operator g ® R, : A®A —> %@N and let d = ((9 ® Rc)™ o p)o(a). We have
po(@g®R;)=R.omandsop™ o (q®R.)™ =R on™. Asaresult

p(d) = (" 0 (G8 R)" 0 p)o(a) = (R: o ™) 0 p)(0(@)) = RE (1" 0 p)(0(@))) = R (%)) = o(@)c # 0, thus d # 0.
By the assumption there exists ¢; € N such that o(c1) = c. As the proof of [9, Lemma 2.3], we have

(Ia ®0)"(d) = (T4 ®1)" 0 (®R.)™ 0 p)(0(a))
=z ®i)o(@®In) o (Ia®RL))™ 0 p)a(a))
=(((g®Ia) o (Ia®i) o (Ia®R.))™ o p)(a(a)
= (q®14)"(p(a(@)) - ©)
= (9®14)"(p(0(a)) - 6*(c1))
= (q®14)" (p(a(@)a(c1)))
= (q®14)" (p(a(a)c))
(

%

= (g® )" (lim o(c,)p(o(@))

= m (g ®14)" © (i Lotey ® 14)" (p(0(ax)))

= m (@ 14)" 0 ((®14) © (Lote)) ® 1)) (p(0(a)
= m (01 0 Lote) ® 1) (p(0(@)) = 0

The last equality is hold because of g o7 o Ls(c,) = 0. Since N is a complemented closed ideal in A , then the
map [4 ®1iis injective and has closed range and hence (I4 ® )" is injective by [5, A.3.48]. This contradicts

d = 0. Therefore 6(A)N N No(A) =0. O

Theorem 4.3. Let A be a Banach algebra and o € Hom(A) where 0> = o. Let N C A be a closed o-essential ideal,
that is, s(A)N = No(A) = N. Let o(N) = N and N? = 0. If A is o-biflat, then A is not complement.

Proof. Since 6(A)N € N € No(A). According to Lemma 4.2, N = 0, this is a contradiction. [J

Theorem 4.4. Let A and B be Banach algebras and 64 € Hom(A), o € Hom(B) such that 0124 = GA,O'%; =o0p. Let X

be a (04, op)-essential module. Then the triangular Banach algebra T;, 5, = (13 g) is 04 ® op-biflat if and only if
A is o 4-biflat and B is op-biflat and X = 0.

Proof. Suppose A is 04-biflat and B is op-biflat and X = 0. Then Tj, 4, is the I'-direct sum of A and B, thus
by Theorem 4.1, it is 04 ® op-biflat.

Conversely, suppose that T, ¢, is 04 ® op-biflat. The closed ideal N = (8 i){) of T;, 5, is complemented

0 X

0 0

2
closed ideal of T,, 5, such that(g é() =0and os @ 03((8 i)()) = (

) and
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0 X) (0 oa(AN) _ A X\ [0 X\
(0 0)‘(0 o )=©@a®o(o gPlo o)

[0 5= 6P)= (o )eenly Bp-

0 X
0 0
Theorem 4.1, A is o0 4-biflat and B is og-biflat. [

Hence by Theorem 4.3, we conclude X = = 0. Therefore T, is the I*-direct sum of A and B. By

OA/0B

Theorem 4.5. Let A and B be Banach algebras and 64 € Hom(A),op € Hom(B) such that 0124 = 04. Let X bea

(04, 0p)-essential module. Then the triangular Banach algebra T;, 5, = (13 }BE) is 04 @ op-biprojective if and only if

A is 0 s-biprojective and B is og-biprojective and X = 0.

Proof. Suppose that T,, ¢, is 04 ® op-biprojective, so Ty, 5, is 04 ® op-biflat. By Theorem 4.4, X = 0. Hence
Toa05 is the I'-direct sum A and B, thus by Theorem 4.1, A is 04-biprojective and B is op-biprojective.
Conversely, if X = 0 and A is 04-biprojective and B is op-biprojective then T,, ., is the I'-direct sum A and
B, Thus by Theorem 4.1, it is 04 ® op-biprojective. [
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