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Abstract. Let H be a separable infinite-dimensional Hilbert space. Given the operators A € B(H) and
B € B(H), we define My := [’3 ),f] where X € S(H) is a self-adjoint operator. In this paper, a necessary and
sufficient condition is given for Mx to be a left (right) Weyl operator for some X € S(H). Moreover, it is

shown that
N 0x(Mx) = N ox(Mx)= (1 0x(Mx)UA,
XeS(H) XeS(H)NInv(H) XeB(H)

where 0, is the left (right) Weyl spectrum. Finally, we further characterize the perturbation of the left (right)
Weyl spectrum for Hamiltonian operators.

1. Introduction

We assume throughout that H and K are separable infinite dimensional Hilbert spaces. If T is abounded
linear operator from H to K, we write T € B(H, K) and, if H = K, T € B(H). By S(H) denote the subset of
B(H) whose elements are self-adjoint. The identity operator on H is denoted by Iy and simply by I if the
underlying space is clear from the context. Let T € B(H, K). Then N(T), R(T) and T*are, respectively, used
to denote the kernel, the range and the adjoint of T, and we write n(T) := dim N(T) and d(T) := dim N(T%).

For T € B(H,K) with closed range R(T), T is said to be left Fredholm, if #n(T) < oo; while if d(T) < oo,
we say T is right Fredholm. If T is both left and right Fredholm, then it is Fredholm. For T € B(H), the left
(right) essential spectrum and essential spectrum are defined by

01(T)(0re(T)) = {A € C: T — Ais not left (right) Fredholm},
0.(T) ={A € C: T — Aisnot Fredholm}.
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If T € B(H, K) is left or right Fredholm, we define the index of T by ind(T) := n(T) — d(T). Then T is called
left Weyl if it is left Fredholm with ind(T) < 0, right Weyl if right Fredholm with ind(T) > 0, and Weyl if
Fredholm with ind(T) = 0. For T € B(H), the sets

0w(T)(04(T)) ={A € C: T — A is not left (right) Weyl},
0w(T) ={A € C: T — A is not Weyl}

are called left (right) Weyl spectrum and Weyl spectrum. For convenience, we define p,(T) := C \ 04(T) in
which o € {01, Ore, 0} and px € {pie, pre, pel-
For given A € B(H) and B € B(K), define

My = [6‘ ;f] € BH & K)

where X € B(K, H) is an unknown element. The spectrum and its various subdivisions of My are considered
in many papers such as [2-5, 7-9, 11-18] and the references therein. In [4] and [5], the perturbations of the
left and right Weyl spectra of Mx were, respectively, given by

N 0wMx) = 01(A) U{A € 6,4(B) : d(A — A) < oo}
XeB(K,H)
U{A € pu(B) : n(B=A) = d(B — A) = 00,d(A — A) < o)

UA € pu(B) :n(A=A)+n(B—A)>d(A—-A)+d(B- A7)},

(N 0r(Mx) = 0re(B) U{A € 0,u(A) : n(B - A) < oo}
XeB(K,H)
U(A € pu(A) : (A = A) = d(A — A) = o0, n(B — A) < oo

UA € pu(A) :n(A=A)+n(B—-A) <d(A-A)+d(B-A)}.
In [16], the authors proved that

N oMx)= [ owMx)U{leC:B-Aiscompact},
XeInv(K,H) XeB(K,H)

where Inv(%, H) denotes the set of all the invertible operators of B(K, H). In [9, 18], the authors making
use of the single-valued extension property, estimated the defect sets (04 (A) U0 4(B)) \ 0.(Mx) and obtained
some sufficient conditions for

0+(Mx) = 04(A) U 0x(B),

where 0, runs different spectra.
Let A € B(H). Recall that an upper triangular Hamiltonian operator is a block operator matrix of the
particular form

Hy = [‘g _iff] € BH o H),

where X € S(H). Hamiltonian operators play a fundamental role in algebraic Riccati equations, control
theory, elasticity mechanics and other areas. This paper is motivated by the perturbation of left (right) Weyl
spectrum for Hy. Note that, for a Hamiltonian operator Hx, Hx — A is not necessary a Hamiltonian operator.
Thus, we consider the following more general questions:

Question 1. Is there a self-adjoint operator X € S(H) such that My is left (right) Weyl, left (right)
Browder, left (right) Drazin?

Question 2. () 04(Mx) =? where o, is any type of spectrum.
XeS(H)
In [11, 13, 17], the authors investigated the self-adjoint perturbations of the spectra and Weyl spectra of
Mx.
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This paper mainly aims to characterize the left (right) Weylness of Mx for some X € S(H). A second
aim is to describe the following self-adjoint perturbations

ﬂ Ulw(MX)r ﬂ Urw(MX)/
XeS(H) XeS(H)

and explore the relationship between

N 0x(Mx), N o0«(Mx) and N 0«(Mx),
XeB(H) XeS(H) XeS(H)NInv(H)

where 0, € {01, 0r»}. As a byproduct, we also obtain a necessary and sufficient condition such that
0x(Mx) = 04(A)U04(B) forevery X € S(H)

by using the spectral properties of the given diagonal entries A, B € B(H). Finally, a third aim is to develop
the analogues for Hamiltonian operators, which is actually our original motivation for considering such
self-adjoint perturbations.

2. Preliminaries
We begin with some basic lemmas, which are useful for the proofs of the main results of this paper.

Lemma 2.1 (see [1, Remark 1.54]). Let T € B(H, K) be left (rightt) Fredholm, and let S € B(H, K) be a compact
operator. Then T + S is a left (right) Fredholm operator with ind(T + S) = ind(T).

Lemma 2.2 (see [6, Lemma 5.8]). Let T € B(H,K). Then T is compact if and only if R(T) contains no closed
infinite dimensional subspaces.

Lemma 2.3 (see [4, Theorem 2.1]). Let A € B(H) and B € B(K). Then Mx is a left Weyl operator for some
X € B(K, H) if and only if A is left Fredholm, and one of the following statements is fulfilled:

(i) d(A) = oo;

(ii) [’3 g] is a left Weyl operator.

Lemma 2.4 (see [4, Theorem 2.3]). Let A € B(H) and B € B(K). Then Mx is a right Weyl operator for some
X € B(K,H) if and only if B is right Fredholm, and one of the following statements is fulfilled:

(i) n(B) = oo;

(ii) [‘3 9| is a right Weyl operator.

3. Main results

In this section, we present the main results of this paper and their proofs. First, we establish the left
Weylness of Mx.

For a linear subspace M C H, M and M* stand for the closure and the orthogonal complement of M,

respectively. Write T|y( for the restriction of T to M and P for the orthogonal projection onto M along
M+ when M s closed.

Theorem 3.1. Let A, B € B(H). Then Mx is a left Weyl operator for some X € S(H) if and only if A is left Fredholm,
and one of the following statements is fulfilled:

(i) Blry : R(A) — H is a left Fredholm operator with ind(Blg(a)) < —n(A);

(ii) Blgeay: : R(A)*: — H is a non-compact operator. In addition, the collection of all X € S(H), completing Mx
as a left Weyl operator, is further given by

Suw(A,B) = {X € S(H) : [ P X]: H — [ *D)" ]is left Fredholm withind([ "*#"* |) < -n(4)}. (1)
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Proof. Let A is left Fredholm. Picking a finite dimensional subspace M of H satisfying H = M & M* and
dim M = n(A). Then, we have

0 A1 Xu Xi] [N@A) R(A)
100 X»n Xao| [N R(A)*
Mx=1o 0 By Bn|'|®rR@A) || M @
0 O By By R(A)* M

for any X € S(H), where A; : N(A)* — R(A) is invertible and X}, = X3,. Hence there exists the invertible
operator

I 0 0 0 N(A) N(A)
v |0 T —ATXn —ATXn| (N IN@A)*
~10 0 I 0 | RA) R(A)
0 0 0 I R(A)* R(A)*
such that
0 A 0 0
{00 Xy X»
MxV=1, o B Bul 3)
0 0 Bx Bx

Necessity. Assume that Mx be a left Weyl operator for some X € S(H). Clearly, A is left Fredholm.
From (3) and Lemma 2.1, it follows that

Xo1 Xpo| . | R(A) R(A)*+
[311 Bl2:| ’ [R(A)l oML 4)
is left Weyl. Thus there exists an invertible operator W € B(M+, R(A)) such that
BuW  Bu|_|Bu Bupf[W 0 (5)
XaW X» Xo1 X0 Igy

is left Weyl. Now we consider two cases.
Case 1: By, is a compact operator. By Lemma 2.1, the left Weylness of the operator matrix (5) implies that

BuW 0| | M- | M

XaW  Xn| ™ [R(A)* R(A)*
is left Weyl. By Lemma 2.3, Xy, is left Fredholm, which together with X5 € S(R(A)*) implies the Weylness
of X»,. It follows that Bi1 W is a left Weyl operator. This implies that

B M
[51]:R(A)_>[M]

is left Fredholm and ind([Bé1 ]) < -n(A). From Lemma 2.1, it follows that [g;] is left Fredholm and

ind([ E; ]) < —n(A). The assertion (i) follows from Blg) = [g; ] right away.
Case 2: Bjp is a non-compact operator. Since dim M < oo, it follows that

B LG
[BZ]:R(A) _>|M]

is non-compact, assertion (ii) is proven.
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Sufficiency. Let A is left Fredholm. From assertion (i), we easily see that By; : R(A) — M™* is a left Weyl
operator. If By, is a compact operator, then define by

x.2[0 0 ][R ][R
o Ir | |RA| T R

and we verify that My is clearly left Weyl.

Now assume that assertion (ii) holds. From the relation (3), we need only show that the operator matrix
(4) is left Weyl for some Xp1 € B(R(A), R(A)*) and X, € S(R(A)*') in order to prove the desired result.
Define X5, := Ig(a): . It is easy to see that

B | | I M-
[xﬂ]-%) [R<A>L]

is left Fredholm and Pg4): (N[X5, Bj,]) contains a closed infinite dimensional subspace G from Lemma 2.2.
We take an orthogonal decomposition G = G1 ® G» of G such that G and G, are closed infinite-dimensional
subspace of G. Then there exists a right invertible operator S € B(R(A)*, R(A)) such that N(S)* = G1. Since
R(Pg) C R(B},), therefore (B},)"Pg, € B(R(A)*, R(A)). Define

X3, =S+ B;,(By,) Pg, . (6)

Then the operator matrix

Xy, Byl [RA] _ [RA) -
Bl M T R@

is right Weyl. In fact, let [ﬁ;] € R([X5, B},]) ® R(A). Since R(Pg) C R(B],), there exist xo € G+ (with
R(A)" = Go GY) and yy € M* such that xo + Bj,yo = u;. From the definition of S, it follows that
SXo = up — B}, yo for some £ € Gi. If we choose x1 := xo + %o and y1 := yo — (B},)" %o, then we get

X;Z Bylr2 X1 _ X Xg + Xo ++szy1 _ U ‘
X5 By || S%o + B};(B},) %0 + B} 11 Up

This proves the right Fredholmness of (7). Note that R(X},Pg) C R(B},). Then there exists y;, € M* such

that x, + B}, y, = 0 for all xj € G,. The right invertibility of S further implies SX; = —Bj, y, for some % € G1.

; - o — * \+ 4
Define x; := xy + %, and y1 := y, — (B},)*%;, then

[x;z B, [xl]:[ %+ BLn ]:
X5 Byl [» 5% + By, (B1,)"%, + By

The arbitrariness of x, € G, results in

X, B X, B
(| 2 P}=w>m[? yb
|:X21 Bll XZl Bll

Therefore, the operator matrix (4) is left Weyl. Define X € S(H)

X:Z[o X;l]:[R(A)}H[R(A)]‘
Xo1 Xoo| [RA)* R(A)*

Then My is a left Weyl operator.
From the fact [X21 Xzz] = Pg(4). X and the previous proof, the relation (1) is clearly valid. O
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Remark 3.2. In the Theorem above, the assertion (i) holds if and only if BA is a left Fredholm operator with
ind(BA) < 0, since R(Blr4)) = R(BA) and n(BA) = n(A) + n(Blr(a)). Furthermore, if d(A) < oo, then we easily
obtain that

ind(Blg)) = n(B) — d(A) — d(B). (®)
The following is a dual result of Theorem 3.1.

Theorem 3.3. Let A,B € B(H). Then My is a right Weyl operator for some X € S(H) if and only if B is right
Fredholm, and one of the following statements is fulfilled:

(i) A* lr@y: R(B*) — H is a left Fredholm operator and ind(A* |g-)) < —d(B);

(i) A* |g@ye: R(B*)*: — H is non-compact operator. In addition, the set of all X € S(H), completing Mx as a
right Weyl operator, is further given by

Skw(A, B) = (X € S(H) : [A X Inw)] : [ Nif) | = H is right Fredholm and ind(| "4** |) < —d(B)).

Theorem 3.4. Let A, B € B(H). Then My is a left Weyl operator for some X € S(H) N Inv(H) if and only if Mx is
a left Weyl operator for some X € S(H).

Proof. For the proof, we only need to prove the Sufficiency. Let My is a left Weyl operator for some X € S(H).
Again, Mx has the representation (2) for any X € S(H). By Theorem 3.1, By : R(A) — M* is a left Weyl
operator and Bj; is a compact operator, or By, is a non-compact operator. If By; : R(A) — M- is a left Weyl
operator and By, is a compact operator, then define by

xoo|®a 0] [RA] [ RA)
T 0 gy | T |RA T [R@A)*

and we verify that My is clearly left Weyl. If By, is a non-compact operator, define X € S(H) N Inv(H)

X oo (Xn X, | RA) || RA)
[ X1 Xoo| " |R(A)* R(A)™* |’

where X117 = 4||X21||2IR(A), X2 = Ig@y:, and X3, as in (6). It is easy to see that X € S(H). Now we will prove
that X € Inv(H). Since X11 = 4|XnlPIrx) € Inv(R(A)), thus the invertible operators U € B(R(A) & R(A)*)
and V € B(R(A) ® R(A)*) given by

IR(A) 0 I’R(A) -Xix
U= ~ V= 1421
[—le X' gy 0 Iy

are such that

Uxyv = [X“ 0 ]

0 Iray = Xn Xy Xy |’
Note that ,
%1 X35 X | < X IIXG Xl = 7 < 1,
it follows that Igy — XX} X5, € Inv(R(A)*). This together with the invertibility of Xi; implies that

X € Inv(‘H). From the proof of the sufficiency of Theorem 3.1, we obtain that My is a left Weyl operator.
O

The following is a dual result of Theorem 3.4.

Theorem 3.5. Let A, B € B(H). Then Mx is a right Weyl operator for some X € S(H) N Inv(H) if and only if Mx
is a right Weyl operator for some X € S(H).
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As a direct consequence of Theorem 3.1, of Theorem 3.3, one can obtain

Corollary 3.6. Let A,B € B(H). Then

N owMx) = N o10(Mx)
XeS(H) XeS(H)NInv(H)

= 01(A) U{A € pe(A) : (B = A) |ra=y) is not left Fredholm, (B — A) |ra-1y+ is compact}
U{A € pr(A) : (B = A) lrea-n) is left Fredholm, (B — A) |gra-a)- is compact,
ind((B - A) lria-1)) > —n(A = A1)},

N orMx) = N 0rw(Mx)
XeS(H) XeS(H)NInv(H)

=0r(B)U{A € pr(B) : (A" - A) |g(: 7 i 1ot left Fredholm (A" — A) lg(p-—7)2 15 compact, }
UIA € pre(B) : (A" = A) |pp._y, is left Fredholm, (A* = A) lgp._7,. is compact,
ind((A* = 1) lgg_x,) > —n(B" = D).

Corollary 3.7. Let A,B € B(H). Then

ﬂ Ulw(MX) = ﬂ UZZU(MX) = ﬂ O-lw(]VIX) U A,
XeS(H) XeS(H)NInv(H) XeB(H)

where

A={A € pr(A): d(A—=A)=00,(B—A) |rn-y is not left Fredholm, (B — A) lra-a): is compact }
U{A € pie(A) : d(A = A) = 00, (B — A) |r(a-) is left Fredholm,
(B - A) |’R(A7/\)i is compact, md((B - /\) |‘R(A7/\)) > —n(A - A)}

In particular,

ﬂ le(MX): ﬂ O_lw(]VIX)
XeS(H) XeB(H)

ifand only if A = 0.
Proof. For the proof, we need only use Lemma 2.3 and Theorem 3.1 directly. [

Corollary 3.8. Let A,B € B(H). Then

m er(MX) = ﬂ Urw(MX) = m er(MX) UA,
XeS(H) XeS(H)NInv(H) XeB(H)

where

A={A € pr(B): n(B-A)=o00,(A" - ) LR(B*—X) is not left Fredholm, (A* — A) |R(B*—X)i is compact }
U{A € pre(B) : n(B—A) = o0, (A" - A) |R(B*—X) is left Fredholm,
(A*= A7) |72(B*—X)i is compact, ind((A* — A) I(R(B*_X)) > —d(B - A)}.

In particular,

ﬂ Urw(MX)z ﬁ er(MX)
XeS(H) XeB(H)

ifand only if A = 0.
Corollary 3.9. Let A,B € B(H). Then

4
01w(A) U 014(B) = 01(Mx) U kL_Jl Ay
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holds for every X € S(H), where

A1 :={A € pr(A) N prB) :n(A-A)>dA-A),n(A-A)+nB-A) <dA-A)+d(B-7A)},

Ay :={A € pr(A) N pr(B) :n(B-A) >d(B - A),d(A—A) <oo,n(A—-A)+nB-A) <dA—-A)+d(B - A1)},
Az :={A € plg(A) Nop(B):d(A—-A)=00,(B-A) |R(A7A) is left Fredholm, ind((B — A) |R(A7/\)) < -n(A-2N)},
Ay = {A € pr(A) N 01(B) : d(A = A) = 00, (B = A) lga—py+ is non-compact}.

4
Proof. The inclusion op,(Mx) U |J Ax € 01y(A) U 01,(B) for every X € S(H) is trivial.
k=1

We prove here the opposite inclusion. Let A € (01,(A) U 01,(B)) \ 01,(Mx) for some X € S(H). Then, it is
obvious that A € p(A). If A € 01,(A) \ 01,y(B), then A € pi(B) and n(A — A) > d(A — A). This, together with
A ¢ 01,(Mx) implies that n(A — A) + n(B - A) < d(A - A) +d(B — A) from Theorem 3.1 and equation (8). Thus,

4

A€ A1 If A € 05(B), then A € AyUA3UA, from Theorem 3.1. Therefore, 6;,,(A) U0, (B) C 01(Mx)U U Ar. O
k=1

Corollary 3.10. Let A, B € B(H). Then
010(A) U 01(B) = 01 (Mx)
holds for every X € S(H) if and only if
AMUAUA3UAL =0,
where Ar(k = 1,2,3,4) defined as in the Corollary 3.9.
Proof. From the proof of Corollary 3.9, we immediately have the desired result. [
The following is a dual result of Corollary 3.9.
Corollary 3.11. Let A, B € B(H). Then

er(A) U er(B) = er(MX) U O Ay
k=1

holds for every X € S(H), where
A1 :={A € pre(A) N pre(B) : d(A = A) > n(A—A),n(B—A) <00,d(A—A)+d(B—-A) <n(A-A)+n(B-A1)},
Ay :={A € pre(A) N pre(B) : d(B—A) >n(B—-A),d(A-A)+d(B-A)<n(A-A)+nB-A7A)},
As = {4 € pre(B) N a(A) : 1(B = A) = 00, (A" = A) | .y, s left Fredholm, ind((A* = A) lg 5. _y) < =d(B = A)},
Ay :=1{A € pre(B) N 0w(A) : n(B—A) = 00, (A" = A) |1z(BuX)L is non-compact}.

Corollary 3.12. Let A,B € B(H). Then
0rw(A) U 0r(B) = 0700(Mx)
holds for every X € S(H) if and only if
AMUAUA3UAL =0,
where Ar(k = 1,2,3,4) defined as in the Corollary 3.11.
We end this section by analyzing some special cases of our main results.
Corollary 3.13. Let A,B € B(H). If A is left Fredholm, then Mx is left Weyl for some X € S(H) if and only if

P v Blgeay + P are Blgeay F is left Weyl for some F € B(R(A), R(A)*), where M is a finite dimensional subspace of H
with dim M = n(A).



X. Wu et al. / Filomat 36:13 (2022), 43854395 4393

Proof. Write By := Blg(s) and B, := Blg(a):. Let M be a finite dimensional subspace of H with H = M & M+
and dim M = n(A). Assume that M is left Weyl for some X € S(H). By Theorem 3.1, we have that Py By
is a left Weyl operator, or that Py B, is a non-compact operator. Note that R(A) is an infinite dimensional
closed subspace of H. Then there exists an invertible operator U € B(M*, R(A)) such that P . B1U is a left
Weyl operator or P B, is a non-compact operator.

If Py B; is a non-compact operator, then, from the proof of the sufficiency of Theorem 3.1, there exists
F € B(R(A), R(A)}) such that

PruBiU PauBy] [ M- ] [ M
FU  Igay | |RA| T |RA):

is left Weyl. Since

PrpuBr PpeBo|[U 0 | _[PauBiU PpuB,
—-F IR(A)L 0 IQ(A)L - —-FU IR(A)L

it follows that

PMJ. Bl PMJ. B2 . R(A) N MJ_ (9)
-F Igay: | [REA)* R(A)*
is left Weyl. This, together with
I —PpeBo|[PpmeBr PpeBof|lg@y O
0 IR(A)L -F IR(A)L F IR(A)L (10)
_ ParB1 + PpqBoF 0]
B 0 I

implies that Py By + P BoF is a left Weyl operator.
If PpB; is a compact operator, then Py By is a left Weyl operator. Then, for any F € B(R(A), R(A)*),
we see that

PreBi 0] [RA]_ [ M
“F Ipay | |RA| TR

is left Weyl. Applying Lemma 2.1, we infer that (9) is left Weyl. By the factorization (10), we conclude that
PpiBy + P BoF is a left Weyl operator.

Conversely, let Py By + PpuBoF is left Weyl for some F € B(R(A), R(A)*). Then, either B, is compact
and Py By is left Weyl or B, is a non-compact operator. Note that dim M = n(A) < co. From Theorem 3.1,
we see that My is left Weyl for some X € S(H). O

Corollary 3.14. Let A, B € B(H). If B is right Fredholm, then My is right Weyl for some X € S(H) if and only if
Py A*|lrsy + P Al F is right Weyl for some F € B(R(B*), R(B*)*), where M is a finite dimensional subspace
of H with dim M = d(B).

Corollary 3.15. Let A, B € B(H) be given operators with d(A) < co. Then My is left Weyl for some X € S(H) if
and only if Mx is left Weyl for some X € B(H).

Proof. Let Mx be left Weyl for some X € B(H). Then, in combination with d(A) < co, we obtain that A is left
Fredholm, B is left Fredholm and n(A) +n(B) < d(A)+d(B). Hence Blga) is Fredholm and ind(Blg)) < —n(A).
By Theorem 3.1, M is left Weyl for some X € S(H). The opposite implication is trivial. [

The following is a dual result of Corollary 3.15.

Corollary 3.16. Let A, B € B(H)) be given operators with n(B) < co. Then My is right Weyl for some X € S(H) if
and only if Mx is right Weyl for some X € B(H).
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4. Applications and examples

Let A € B(H). We denote Hx by the operator on H & H of the form

A X
Hx:= [0 —A*}

with X € S(H) unknown, which is clearly the so-called Hamiltonian operator. As applications, we now
present the analogues of Hamiltonian operators.

Proposition 4.1. Let A € B(H). Then Hy is left Weyl for some X € S(H) if and only if A is left Fredholm.

Proof. Let Hx be left Weyl for some X € S(H). By Theorem 3.1, A is left Fredholm. Conversely, if A is left
Fredholm, then R(—A"|g(4)) = R(A") is closed and ind(—A"|g)) = —1(A). By Theorem 3.1, Hx is left Weyl for
some X € S(H). O

Proposition 4.2. Let A € B(H). Then Hx is left Weyl for some X € S(H)NInv(H) if and only if A is left Fredholm.

Proof. From Theorem 3.4 and Proposition 4.1, the desired result follows right away. [

Similarly, we get the following conclusions.
Proposition 4.3. Let A € B(H). Then Hx is right Weyl for some X € S(H) if and only if A is left Fredholm.

Proposition 4.4. Let A € B(H). Then Hy is right Weyl for some X € S(H) N Inv(H) if and only if A is left
Fredholm.

Proposition 4.5. Let A € B(H). Then

ﬁ le(HX) = ﬂ alw(HX)
XeS(H) XeS(H)NInv(H)

= 01(A) U{A € pr(A) : (=A" = A) |ra-1) is not left Fredholm, (A" — A) |ra-1y+ is compact }
U{A € Ple(A) : (_A* - /\) |‘R(A7/\) is left Fredholm, (—A* - /\) |7Q(A,/\)L is compuct,
ind((-A" = 1) lg@-1)) > —n(A - 1)},

ﬂ Orw(HX) = ﬂ Urw(HX)
XeS(H) XeS(H)NInv(H)

= 0r(—A") U{A € pre(-A") : (A" = X) |7e(— A-T) is not left Fredholm, (A* — X) IR(_ A=) is compact }
UIA € pre(=A") : (A" = A) |g_y_x, is left Fredholm, (A* = ) |p_, ). is compact,
ind((A" = 2) lg,_y_1,) > —n(=A = D)},

Proof. Note that g,,(—A*) ={A e C: A€ 0(A)} and n(-A*-A) = d(A +X). By Corollary 3.6, we directly
obtain the result. O

Remark 4.6. Unlike the general operator matrix case, () or(Hx)and () 0x(Hx) can not be derived
XeS(H) XeS(H)
from Propositions 4.1 and 4.3, repectively.

We conclude this section with two illustrating examples of the previous results.

Example 4.7. Let H = K = (2, and let A, B € B({?) be defined by

Ax = (O/ X3, O/ X4, 0/ X5, " )/

X X X
Bx = (O,X], TZIXSI frx9/ %/” )

for x = (x1,%2,x3, ) € €. Then we claim that Mx = [‘3 ),f] is left Weyl for some X € S(£?).
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It is esay to see that A is left Fredholm and B|g(): is non-compact. By Theorem 3.1, we obtain that
Mx = [‘3 % | is left Weyl for some X € S(£?). In fact, define the self-adjoint operator

Xx = (x1 + X2, X1, X3, X5, X5 + X4,, X9, X7, X13, X9 + Xg, X17, X11, X21, X13 + Xg, - **)

for x = (x1,x,x3,--+) € £2. Then we can check that My is closed, n(Myx) = 2, d(Mx) = oo, and hence My is a
left Weyl operator.

Example 4.8. Let H = K = (2, and let A, B € B({?) be defined by

Ax =(0,x2,0,x3,0,x4,---),
X X X
Bx = (x1,X4, 3 + X6, X8, 5 + X10,X12, F + X14," ")

forx = (x1/x2/x3/' ) € fz'

Clearly, A is left Fredholm and B |g(a): is compact. Direct calculations show that B |g) is left Fredholm
and ind(B |g)) = 0 > =1 = —n(A). By Corollary 3.6,

0e N owMx).
XeS(H)

Note that d(A) = o0, it follows from Lemma 2.3 that

0¢ N oMx).
XeB(H)

Indeed, if we take the operator by
Xox = (x1,0,x2,0,x3,0,---)
for x = (x1,x2,x3,---) € £2. Then, we immediately see that 0 ¢ 0y,(Mx,), and hence

0¢ (N opMy).
XeB(H)
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