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Abstract. This paper focuses on the operator-theoretic properties (boundedness and compactness) of
Hankel operators on the Fock-Sobolev spaces .ZP" in terms of symbols in BMO! and YMO! spaces,
respectively, for a non-negative integers m, 1 < p < co and r > 0. Along the way, we also study Berezin
transform of Hankel operators on .7/,

1. Introduction

The investigation of Hankel operators on several spaces like Hardy spaces, Bergman spaces, Bergman
spaces on a certain domains, Fock spaces, Fock-type spaces etc., has a long history in mathematics. We
refer to [2, 6, 7, 9-11] for the detailed study of Hankel operators on these spaces. Zhu [9] obtained a
characterization of bounded and compact Hankel operators on the Bergman space by defining the spaces of
bounded mean oscillation and vanishing mean oscillation with respect to the Bergman metric and analogous
results were obtained by Peréld, Schuster and Virtanen [5] on the weighted Fock spaces. Motivated by these
developments, the properties of Hankel operators on the Fock-Sobolev spaces are discussed in this paper.
In particular, we examine the boundedness and compactness of these operators in terms of BMO? and
VYMOY spaces for the generating symbols.

Let dA be the Lebesgue area measure on C. For 1 < p < oo, let %7 be the space of all entire functions g

on the complex plane C such that _t](v)(z‘%“"2 € LP(C,dA(v)) with norm

“g”p = {% j‘; |g(U)|F’e_§|02dA(v)}P ,

for1 <p < coand

Iglle = ess sup {lg(v)le 2"},
veC

forp = oo.
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Throughout the paper, m is a fixed non-negative integer. The Fock-Sobolev space .#?" is the space of
all entire functions g on C such that

lgllym =Y, Nlg®ll, < oo,

0<k<m

where g* denotes the k' derivative of g. Cho and Zhu [3, 4] gave a very useful Fourier characterization of
Fock-Sobolev spaces on C" (1 > 1). They proved that g € .77 if and only if z"g € .#* and ||gl|,» can be
taken as

1

v
glly,m = {a)p,m f |g(v)|p|v|mp€_zlvlsz(U)} ;1<p<oo
C
and

lIglleo = sup lg(0)o"e 2| p = oo,

veC

mp
5 +1 1

—(
where wy ., = (5) mTuET

Let LP" be the space of all Lebesgue measurable functions g such that g(?})lvlme‘%“’|2 € LP(C,dA(v)) and
FPM is a closed subspace of LP"".

The space .#%™ is a closed subspace of the Hilbert space L>" with inner product

{f, .’7>p,m = % ff(v)ﬁlvlzmelvzd/l(v) forall f,g € Fm,
C
and having reproducing kernel

(e = Qu(20))

m _ m — . L‘ so)k =
K™(v,z) = K] (v)—kzz(; (k+m)!(ZU) = m! (zo)"

m—1 e
where Q,,(w) is the Taylor polynomial of ¢¥ of order (m — 1) that is, Q,,(w) = Z % Let
k=0

k(o) =

KZ@) (€ = Qulz0) { mlfzp" }i
K2'(z) (zo)™ (€ = Qu(I2P))

denote the normalized reproducing kernel of #2™. Also, the sequence bi(v)-, forms an orthonormal basis
of Z2" where

- mt k
0@ = \ G
Cho and Zhu [4] showed that the orthogonal projection P : L*™ — Z2™ given by

1 SR
P9 = 9Ky = 1 [ o@RTGIREE FdA)

is a bounded projection from L7 onto P for 1 < p < co.
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2. BMOf spaces and boundedness of Hankel operators on .77

For 1 < p < oo, let O, denote the space of all Lebesgue measurable functions g on C such that gk € LP™
for each v € C. Let I denotes the identity operator on LP™.

The following result can be found in [3], from which it is clear that for each v € C, the reproducing
kernel ||KY'||, i is finite for all possible p” > 1.

Lemma 2.1. Suppose m is a fixed non-negative integers and Q,,(z) is the Taylor polynomial of &* of order m — 1(with
the convention that Qo = 0). For any parameter p’ > 0,0 > 0, ¢ > 0 and d > —myp’ — 2, we can find a positive
constant Cy such that

,2
[ 167 - Quizr e oftdac) < Coate T,
C

for all |z| = o. Furthermore, this holds for all z if d < p’m as well.

Therefore, it follows that if g € (2, then the Hankel operator Hg ¢ FPM — [P with symbol g, defined

by Hg f=U-P")gf forall f € FP™, is densely defined on 7", since the set of linear span of all kernel
functions {k}! : v € C} is dense in the space .#7™. By using the definition of P", we write

Hif@) = f&(z) - J@)fKI@)loP"e " dA(). (1)

Henceforth, for the convergence of integral in (1), we will assume that the symbol g is in Q0.

Forsomez € C,1 <p<owand 0 <r < oo, let A(z;7) = {v € C : [v—z| < r} be the Euclidean disk
centred at z and of radius . Let LZ}C denote the space of all Lebesgue measurable functions g on C such that
g(v) € LP(K,dA(v)) for each compact subset K of C. Let BA, be the set of all Lim integrable functions g on C
such that g, defined by

76)= g [ @0

is bounded on C. For finitep > 1and g € L} ,or denote

1
(2) = — lg()IPdA(0).
s f%(z,’r) 7 8

mr?

Let BA! be the set of all L} _integrable functions g on C such that 7} is bounded on C. Let BMO} denote
the set of all L? _integrable functions g such that

1 . 3
I19ll5c0p = Sup {—2 f lg(v) — gr(Z)I”dA(U)}
ze€C \ T J B(zr)
is finite. Let BO, be the set of all continuous functions g on C such that
I9lls0, = Surﬂ{ Sup l9(v) = 9(Z)I} < co.
zeC | veB(z;r)

The following results will be instrumental in the study of Hankel operators on .#7™.

Lemma 2.2. [5] Let p > 1. Then the following conditions hold:
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1. Let g € L} then g € BMOY if and only if there is a constant C > 0 such that for every z € C there exists a
constant u, such that

f lg(v) — u.lPdA(v) < C.
B(z;r)

2. For0 <r <R, BMO} c BMOY.

3. BO, is independent of r. Moreover, for any continous function g on C, g € BO if and only if there exists a
constant Cy > 0 such that

9(z) = 9(0)| < Co(lz — v| + 1)
forallz,v € C.
4. If g € BMOY, then §, € BO,.
5. If g € BMOY, then g — §, € BAL.
6. BMOY c BO, + BA for 0 < r < co.

Lemma 2.3. [3] Suppose t € R and M > 0 be a fixed real number.

1. Then there exists a constant Coy > 0 such that

Z.o:(k+1) < Coe?

k=

(=}

for all real y > M. Futhermore, this holds for all y > 0 if t > 0.

2. Then there exists a constant Cy > 0 such that

i(kﬂ) z Coc?

k=

[==}

for all real y > M. Futhermore, this holds for all y > 0 if t < 0.

For any two points # and v such that # and v do not lie on the same ray emanating from the origin, the
lattice generated by 1 and v is the set {au + bola, b € Z}.

Lemma 2.4. [8] Suppose A is a locally integrable positive measure, p > 0, r > 0, m is a non- negative integer and
{b,} is the lattice in C generated by r and ri. Then the following conditions are equivalent.

1. There exists a constant Cy such that

f 19(@)0"e™ 5 PdA < Collglf
C

for all entire functions g.
2. There exists a constant Co > 0 such that A(B(z; 1)) < Co forall z € C.

3. There exists a constant Cy > 0 such that A(B(by; 1)) < Co for all positive integers n.
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The Berezin transform of a function g is given by

Bulg)Q) = (KK, = i [ ORI 24 )

— 2w _ ), (z0) e "
”(elzlz—Qm(|Z|2)j;g(v)lez Qu(zo)fe " dA(),

where kI denotes the normalized reproducing kernel of .#%".

Proposition 2.5. Let g € Q. For 1 < p < oo, the following conditions are equivalent:
1. g€ BAY;

2. There exists a positive constant C such that

1 Z0 - —[vf?
TG | IO - Qe A < C

T1(el’
forallz € C;

3. The multiplication operator LZ C FPM — [P s bounded.
Proof. (1) & (2) Let g € BA! then f B |g(v)IPdA(v) is bounded on C. Then Lemma 2.4 gives
f h)"e % PdA < CollE,,
C

for all entire functions & where dA(v) = |g(v)[PdA(v) if and only if g € BAY and hence, it follows that g € BA!
if and only if B.|gl’ is bounded on C where

1 Z0 = —[o]?
Bulgz)lP = mﬁk](vﬂﬂ@ - Qu(zo)Pe ™ dA(v).

(1) © (3) Let g € BA then by definition §/ is bounded. Define a non-negative measure dA(z) = |g(z)[PdA(z)
on C then A(%(z;7)) = [, o A @) = I, ) [9)PAA(v). Therefore, from Lemma 2.4, it follows that

| oo pan < com,
c
for all entire functions / if and only if g € BAY. Thus, for all h € .ZP", we have
LS = gl = wpm f @) lg)P o™ e™>"F dA ()
C

= Opm f hy"e W paA) < CInL,,
C

for some constant C > 0. [

Thus, from Lemma 2.2 and Proposition 2.5, it is obtained that BO, and BA’; are independent of r and
hence, we will denote them by BO and BA?, respectively.

Lemma 2.6. Let g € BMOY. Then

- - 2 _ 0 (50)2e "
n(eIZIZ_Qm(|Z|2)L|g(U) B, g(2)lPle” — Qu(zv)[*e™" dA(v)

is bounded for |z| > M, for some positive constant M.
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Proof. Let g € BMO! ¢ BO + BAY, therefore, there exist two functions g+,9- on C such that g, € BO,

and g_ € BA}. Since g. € BO,, therefore, by using Lemma 2.2 and Lemma 2.3 and the fact that BO, is
independent of r and

: _ ,Zv 5 —
velégr(rz‘,>(1 e Qm(zv)) =1,

|Z|—>oo

it follows that

-t _ o e bl

{N(E'Z'Z—Qm(lzlz) iy 07O 7 g = Quizolle dA(v)}

= ; — Z012|11 _ ,—Z0 =\ 2

_{n(elzlz—QmﬂzP) ey 70 = B @FITHIL = 0 (20)
e"”'sz(v)}

=€ {f lg+(0) — ngng(Z)We—lz—vlsz(v)}
B(z;r)

<C { f lg+(v) — 93mg+(Z)Ipe_lz_vlsz(U)}
C

=C { f 194z = 0) - 58mg+(z)|”€_vlsz(U)},
C
for all |z| > M for some positive constants C and M, where

19+(z — v) = Bug+(2)|

1 ., o e
:|g+(z_v)_mf¢;g+(u)lez = Quzw)Pe ™ dA )|
1 u = —[o?
I o0+ 0~ 9l — QutaPe )
i ; _ _ Zu =.\|2
o T O Joey T~ )~ DI — Q)
e " dA )|
1 _ _ Zu|2|1 _ ,—zu 5.,\[12
< | G ) e, 020 9GP = Q)
e " dA )|
<Clim| | (g4(z—0) - gs(w)e " dAu)
e J B

< [ (02 =)= ga e F A
e fc 9.2 = 0) — g4 (z — wle ™ dAw)

for all |z| > M. Therefore,

— L - 2 _ 0 (z0)Pe "
{n<e'z'2—Qm<|z|2) ey 70~ B @I~ QuE0)le dA(v)}

=c ff 19+(z = 0) = gz = wPe " dA)e T dA)
C
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< f (u - ol + Ve ™ dAu)e " dA(v)
C

for all |z] > M which is a constant term. Now, since g_ € BA’;, therefore, by Proposition 2.5, there exists a
positive constant C such that

1 . 2
- - P20 _ = N2~ ol
e fcw_(vn ¢ — Quizo)Pe " dA) < C
for all z € C. Consider

1

; — Z0 _ =22 —[0? 4
{n(elz|2 —0n(izP) ‘[CL!]—(U) Bung-(2)Fle” — Quzv)le dA(v)}

; P|p70 520\ 2 ,— [0 }rl]
= {n<e'z'2 BCWED fc'g‘(”)' 6~ QuEo)Pe T dAQ) | +[Bug-(2)]

2
=11,

. r o P }é
= {7‘((e|2|2 — Ou(IzP) j‘;|g—(0)|p|€ Quv)[7e™™ dA@) p + |Bmg-(2)|
< C+[Bug-(2)),

where

1 Z0 = —|v?
Brg-(2)] < m L lg-(0)lle — Qu(zov)Pe ™ dA(v)

v Ao }5
= {n(eIZIZ —0n(izP) fc 9-@)Ple* = Qu(zov)Pe ™ dA(v)
(LT

P|,Z0 2 —|v|
{ o | O - Qe dA(v)}
C.

IA

Therefore,

1

1 Z0 = —[o? !
{m [E 9-(v) = Bug-(2)lPle™ — Qu(zv)Pe™ dA(U)} <2C

and hence, we get the result. O

Lemma 2.7. Suppose there exists a positive constant M such that

! Z0 = o2
o/ {m fc 9(2) = Bug(@)1e* - Qu(zo)*e™ dA(v)},

lz>M

is bounded. Then, there exists a constant M’ > 0 such that for each z € C, there exists a constant i, such that

1
sup {1 f 19(0) - zv’dA(v)}
|z|>A}Z’{an B(z;r) 7 :

is bounded.
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Proof. By using the fact that e#" > a for v € #(z; r) and for some constant a > 0, it follows that

1
”* {W f%w l9(0) - %mg(z»PdA(v)}
L _ —|z—z;|2
<C {777’2 f;(z;r) Ll](?)) 581119(2)”]6’ dA(U)}

:C{ 1 f |g(v)—Qsmg(z)we—'zlz|efv|2e—'v'2dA(v)}
B(z;r)

nr?
1 _ v 5.0\ [2 =0
< {W2 =G o, 7O~ B = Quzo)e dA(v)} @
1 50 = —[o]?
: {ner((elz|z ~ QP fo: 9(6) = Bug P I = Quizofe™ dA(U)}

for all |z| > M’, where the Eq. (2) follows from Lemma 2.3 and

lim (1-¢%Q,(z0)) = 1.
ve;;(rzl;y)( e~ "Qu(zv))

lzl—o0
U
Lemma 2.6 and Lemma 2.7 jointly give the following result:
Theorem 2.8. Let g € BMOY. Then the following conditions are equivalent:

1. There exists a constant M > 0 such that
1 , 2
Supy —m =5 f 9(0) = Bug@Ple® — Qu(zo)Pe™™ dA(U)} < oo;
ZJA{n(e'Z' —QullR) J I

2. There exists a constant M > 0 such that for each z € C, there exists a constant u, such that

1
Sup {—2f lg(v) — yzl”dA(v)} < ©oo;
zZ>M \ T J ()

3. There exists a constant M > 0 such that for each z € C, there exists a constant i, such that

1 Z0 = —|v]?
Sup {m fc 19(0) — plPle® — Qu(z0v)Pe ™ dA(v)} < 0.

|z|>M

Proof. (1) implies (2) follows from Lemma 2.7 and (1) implies (3) follows from Lemma 3.1 [5]. O

Proposition 2.9. Let g € BMO, . Then there exists a positive constant M such that the following hold:

(1) SuP { SMP |93mg(71)—93m!7(z)| <0

|zI>M+r | veB(z;r)

@ sup (2 [0~ Bup)@)PAA@)) < .

|z|>M+r

Proof. Let g € BMO, c BMOY. Consider

1Bmg(z) - gr(2)|



A. Gupta, B. Gupta / Filomat 36:14 (2022), 47674778 4775

1 1
=l— L& - Bg(z)dA@) - p— La o g(v)dA()]

<2 [ 190) - Bug@IlAQ)

2
T J Bz

1 ,
< {ﬁ j%(z;r) |9(U) - 23mg(z)lpdA(v)}

1 i i !
(e — O (121 - Ple¥ — Q,,(z0)2e !
< C{n(emz ~0n(2P) fclg(v) B, g(2)Ple” — Qm(zv)l7e dA(v)}
< Co,
for all |z| > M > 0 and for some constant Cy > 0. Thus,
Sup { SuP |(%mg - gﬁ)(v) - (%mg — ﬁr)(Z)I} < oo
lz|>M+r | veB(z;r)

and

1
A {ﬁ ]‘%(z;r) [(Bung = gr)(0)|pdA(v)} < o0.

|z|>M+r

Since g € BMO, C BMO}, therefore by Lemma 2.2, it follows that §, € BO and g — §, € BA, so
Buwg = Bwg — Jr + Gr, 9 — Bmg = 9 — §r + §r — Bug, we get the desired result. [

Lemma 2.10. If g € BA?, then H; is bounded on FP™ for finite p > 1.

Proof. By Proposition 2.5, g € BA? if and only if L’; is bounded on .#P" and hence if g € BA” then Hg is
bounded on .#?™" | since P" is bounded. [

For two quantities X and Y, the equation X < Y represents there exists a constant C > 0 such that X < CY
(Cis independent of X and Y).

Lemma 2.11. If g € BO, then H; is bounded on FP™ forall 1 < p < co.

Proof. Leth € #P™ and 1 < p < o0. Since g € BO, therefore, by Lemma 2.2, we obtain that

H P < {wp,m f 19(2) - g 2@ o, |2"'dA<v>}
c (z0)
_ Qm(ZU) 1P [p2m }
< c{w,,,m fc (12— +1>|h(v>||—( - P dA()
Further from [4], we have
|gzv _ Qm(zg) < el + 310l - glz—of < 3l +3 0P~ glz—oP
(zo)" (1 + [zlfol)™ (Izlol)™
Therefore,
[Hy(h))Pe 2 |z
p
< Ce 5 zpm {w mf(lz—v|+1)lh(v)ll%)mm(m _'z"zlvlzmdA(v)}

4
=C {“’nm f (2ol + 1>|h<v>|e-%”'ze-%'z-v'ﬂdeA(v)}
()
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14
2 o q
< c{w,,,m f Ih(o)Pe2 Ivlp’”dA(v)} {wp,m f (Iz — 0| + 1)le sl dA(v)}
C C
r
q
= ClIull; . {wp,m f (z -l + 1)qe‘§'2‘”'2dA(v>} ,
C

for some constant C > 0. Therefore, |[H, (W), < Collhll,,, and hence, H} is bounded on .##" for 1 < p < co.

For p = 1, we can conclude by using Fubini’s theorem that

V0l = wr f () @le = 2" dA ()
C

C C

< Collllm,

where Cj is a constant. For p = oo,
I ()lleom = |H ()(2)le™ 2 2"

Swmm{fW—M+D€W”Wmm}sq,
C

where C; > 0 is a constant and hence, the result follows forall 1 <p < co. [
Theorem 2.12. Let g € BMOY. Then the operators Hg and HZ_ are bounded for all 1 < p < oo.

Proof. The proof of the theorem follows from Lemma 2.2, Lemma 2.10 and Lemma 2.11 and the fact that if
g€ BMO! thensog. O

3. VM(‘)’: spaces and Compactness of Hankel operators on .77

Define VA, be the set of all L] _integrable functions g on C such that lim §, = 0. For finite p > 1, let

|z] =00

VMO! denote the set of all L’ZOC integrable functions g such that

1
1 P
lim {—2f lg(v) — g,(z)|PdA(v)} =0.
|z| >0 | TTF B(z;r)
Let VO, c BO, be the set of all continuous functions g on C such that

lim Sup |g(v) - ()] = 0.

2= ye B(z;r)
Let VA be the set of all LFL’OC integrable functions g on C such that

lim 4 = 0.

|z]—00

The following Lemma will be useful in the study of compact Hankel operators on .%#7" and the related
results.

Lemma 3.1. [8] Let A is a positive Borel measure, 0 < p < oo, r > 0, m is a non- negative integer and {b,} is the
lattice in C generated by r and ri. Then the following conditions are equivalent:
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o2
1. lim f |7 (0) T [PdA = 0 for all bounded sequence {g,,} in FP™ that converges to 0 uniformly on compact
n—o0 C
sets;

2. |llirn MPB(z; 1) =0;
3. lim A(A(by; 1)) = 0.

Similar to BO, and BA’; , it is easy to observe that VO, and Vﬂf are independent of 7, so we will denote
them by VO and VA, respectively.
The following results are analogues to Lemma 2.2 and Theorem 2.8.

Theorem 3.2. Let p is any natural number. Then the following conditions are equivalent:
1. g € VMOP;

2. geVO +VAY;

L

. 1 B 0 = N2~ 0P } —0
. Izlllggo{n(@lzlz — Qm(|z|2) L'g(v) QS111!](75)|7ﬂ|e Qm(zv)l e dA(U) 0;

HN

. There exists a constant M > 0 such that for each z € C, there exists a constant i, such that

lim {Lz f lg(v) — yzlpdA(v)} =0
lel=eo \ T J g8(z;7)

5. There exists a constant M > 0 such that for each z € C, there exists a constant u, such that

. 1 z0 = —|vf? _
Jim {m fc l9() - =Ple —Qm<zv)|2e"dA<v>}—o.

From Theorem 3.2, it follows that VMO is independent of 7, so we will write VMOP.
Lemma3.3. 1. Ifg e VMO, then §, € VO.

2. If g € VMOP, then g — G, € VA for every r > 0.

3. If g € VMO, then B, (g) € VO.

4. If g € VMOP, then g — By (g) € VA?.

5. The function g € VO if and only if for each constant C > 0, there exists r > 0 such that |g(z)—g(v)| < C(1+|z—v])
forall z,v € C\A(0; r) (see [1]).

Lemma 3.4. [1] For r > 0, consider a function g : C\%(0;r) — C with
19(z) — g@)| < C(1 + |z —9|) for all z,v € C\A(0; 1),

where C > 0 is independent of g. Then, there exists a function G on C such that g = G on C\A(0;r) and
|G(z) = G()| £2C(1 + |z —v|) forall z,v € C.

Theorem 3.5. Let g € VMO where 1 < p < co. Then the Hankel operators Hg and H; are both compact.
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Proof. Letg € VA?. This gives the positive measure dA = |g['dA satisfying Illim MPB(z;1)) = 0. So, by Lemma

3.1, the multiplication operator LZ . FPM — [PM is compact and so is HY.

Letg € VO. Lete > 0 be arbitrary. Using Lemma 3.3 and Lemma 3.4, it follows that there exists a function
G on C such that g = G on C\#(0; r) and |G(z) — G(v)| < 2e(1 + |z — v|) for all z,v € C. Then Lemma 2.2 and
Lemma 2.11 give H”G is bounded with ||H”G|| < 2eCy for some constant Cy > 0. Also, HZ _c 1s compact, since

g — G has compact support, and ||HpG - HE_GII = IIHZII < 2eCy. Since € > 0 is arbitrary, therefore, the Hankel

operators HZ is compact. Similarly, it can be proved that the Hankel operators Hg is compact. Hence, by
using Theorem 3.2, the result follows. [
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