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Generalized Resolvents of Linear Relations Generated by Integral
Equations with Operator Measures

Vladislav M. Bruk?

?Saratov State Technical University, Saratov, Russia

Abstract. We consider a symmetric minimal relation L, generated by an integral equation with operators
measures. We obtain a form of generalized resolvents of Ly and give a description of boundary value
problems associated to generalized resolvents.

1. Introduction

Generalized resolvents of symmetric operators were introduced by M.A. Naimark in 1940 (see, for
example, [1]). In [27], A.V. Straus described the generalized resolvents of a symmetric operator generated
by a formally self-adjoint differential expression of even order in the scalar case. In [5], these results were
spread to the operator case, and in [9] to the case of a differential-operator expression with a non-negative
weight operator function. Further, the generalized resolvents of differential operators were studied in many
works (a detailed bibliography is available, for example, in [25], [21]).

In this paper, we consider the integral equation

t f
y(t) = 30— 1] f dp(s)y(s) — i] f dm()f (), W

where y is an unknown function, a < t < b; ] is an operator in a separable Hilbert space H, | = J*, J* = E (E is
the identical operator); p, m are operator-valued measures defined on Borel sets A C[a, b] and taking values
in the set of linear bounded operators acting in H; xo € H, f € L,(H,dm;a,b). We assume that the measures
p, m have bounded variations and p is self-adjoint, m is non-negative.

We consider a symmetric minimal relation Ly generated by equation (1). We obtain a form of generalized
resolvents of Ly and give a description of boundary value problems associated to generalized resolvents.
We give a detailed example of constructing a generalized resolvent.

If the measures p, m are absolutely continuous (i.e., p(A) = pr(t)dt, m(A) = fAm(t)dt for all Borel

sets A C [a,b], where p(t), m(t) are bounded operators for fixed t and the functions ||p(t) , Im(t)|| belong
to L1(a, b)), then integral equation (1) is transformed to a differential equation with a non-negative weight
operator function. Linear relations and operators generated by such differential equations were considered
in many works (see [23], [6], [9], further detailed bibliography can be found, for example, in [21], [3]).
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The study of integral equation (1) differs essentially from the study of differential equations by the
presence of the following features: i) a representation of a solution of equation (1) using an evolutional
family of operators is possible if the measures p, m have not common single-point atoms (see [12]); ii)
the Lagrange formula contains summands relating to single-point atoms of the measures p, m (see [13]).
This article substantially uses the results of [17]. Also note that this article partially corrects the errors
made in the work [11]. Moreover, equation (1) was considered in [14] under the assumption that m is
the usual Lebesque measure on [4,b] and the set of single-point atoms of the measure p can be arranged
as an increasing sequence converging to b. In [14], a formula for generalized resolvents of L is obtained
and a description of boundary value problems related to generalized resolvents is given. In [14], Lo, L, are
operators.

2. Preliminary assertions

Let H be a separable Hilbert space with a scalar product (-,-) and a norm ||-||. We consider a function
A — P(A) defined on Borel sets A C [a, b] and taking values in the set of linear bounded operators acting in
H. The function P is called an operator measure on [4, b] (see, for example, [4, ch. 5]) if it is zero on the empty
set and the equality P (IU;—; An) = Y.e; P(A,) holds for disjoint Borel sets A,, where the series converges
weakly. Further, we extend any measure P on [g, b] to a segment [a, by] (bg > D) letting P(A) = 0 for each Borel
set AC (b, bol.

By Va(P) we denote VA(P) = pp(A) =sup Y., [IP(A,)ll, where the supremum is taken over all finite sums
of disjoint Borel sets A, CA. The number V5 (P) is called the variation of the measure P on the Borel set A.
Suppose that the measure P has the bounded variation on [, b]. Then for pp-almost all s € [g, b] there exists
an operator function s — Wp(s) such that Wp possesses the values in the set of linear bounded operators
acting in H, |[Wp(s)[|=1, and the equality

P(A) = fA Wp(s)dpp 2)

holds for each Borel set A C [a,b]. The function Wp is uniquely determined up to values on a set of zero
pp-measure. Integral (2) converges with respect to the usual operator norm ([4, ch. 5]).

t .
Further, fto stands for f[to ) if ty < t, for — f[t,to)

equation (1). A function / is integrable with respect to the measure P on a set A if there exists the Bochner
integral fA\I/p(t)h(t)dpp = fA(dP)h(t). Then the function y(t) = ft;(dP)h(s) is continuous from the left.
By Sp denote a set of single-point atoms of the measure P (i.e., a set t € [g, b] such that P({t}) # 0). The

set Sp is at most countable. The measure P is continuous if Sp = @, it is self-adjoint if (P(A))* =P(A) for each
Borel set AC[a, b], it is non-negative if (P(A)x, x) > 0 for all Borel sets AC[a, b] and for all elements x € H.

if ty > t, and for 0 if ty = ¢. This implies that y(a) = xp in

In following Lemma 2.1, p1, p2, q are operator measures having bounded variations on [4, b] and taking
values in the set of linear bounded operators acting in H. Suppose that the measure q is self-adjoint. We
assume that these measures are extended on the segment [a, by] D [4, bg) D [, D] in the manner described
above.

Lemma 2.1. [13] Let f, g be functions integrable on [a, by] with respect to the measure q and yo,zo € H. Then any
functions

t t t ¢
y(t)zyo—i]f dpl(s)y(s)—i]f dq(s)f(s), z(t)=zo—i]f dpg(s)z(s)—i]f dq(s)g(s) (a <tg< by, to<t < bp)
to to to to
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satisfy the following formula (analogous to the Lagrange one):

f dq( £, =) - f O, da®g(®) = {Ty(ea), 2(c2)) - {y(er), =(cr)) + f (), dpa(t)z(h)-

- f @piOy®,zm) - Y. ey pathz®) - Y i), paitzt) -

teSp ﬁS ﬂ[cl C2) teSqﬂS},zﬁ[cl,cz)

- ), IpyO,aihg@) - Y, (aUfE,aie®), th<oa <o <h. @)

teSPl NSqN[c,e2) teSqN[c1,c2)

Further we assume that measures p, m have bounded variations and p is self-adjoint, m is non-negative.
We consider equation (1), where xy € H, f is integrable with respect to the measure m on [a,b], a < t < by.
We construct a continuous measure py from the measure p in the following way. We set po({tx}) = 0 for
ty € Sp and we set po(A) = p(A) for all Borel sets such that ANS, = @. Similarly, we construct a continuous
measure my from the measure m. We denote p = p — po, m = m — my. Then p({t}) = p({t}) for all tk €S,
and p(A) = 0 for all Borel sets A such that AN S, = @. The similar equalities hold for the measure m. The
measures po, p, my, m are self-adjoint and the measures my, m are non-negative.

We replace p by pp and m by my in (1). Then we obtain the equation

t t
y(t) = x0 — i]f dpo(s)y(s) — z']f dmy(s) f(s). 4)

Equations (1), (4) have unique solutions (see [12]).
By W(t, A) denote an operator solution of the equation

t t
Wt Ao = 0= ] [ dpu(@W(s Ao = 72 [ dina(oWGs, Ao ®
where xo € H, A € C (C is the set of complex numbers). It follows from Lemma 2.1 that W*(¢, MW A) = ].
The functions t — W(t, A) and t - W~1(t, A) = JW*(t, )] are continuous with respect to the uniform operator
topology. Consequently there exist constants €; > 0, €, > 0 such that the inequality &, lIxl* < W, x> <
& |Ix|[> holds forall x € H, t € [a,bo], A € C C C (Cis a compact set).

Lemma 2.2. [17]. Suppose that a function f is integrable with respect to the measure m. A function y is a solution
of the equation

t t t
y(t) =xo — i]f dpo(s)y(s) — i]/\f dmg(s)y(s) — i]f dm(s)f(s), xo€H, a<t<by, (6)

if and only if y has the form
t
V() = W, Ao = W i [ (&, Ditm(@)1 ).

3. Linear relations generated by the integral equation

This article is a continuation of the work [17]. In this section, we provide definitions and statements
from [17] that are used in this article.

Let B be a Hilbert space. A linear relation T is understood as any linear manifold T ¢ B X B. The
terminology on the linear relations can be found, for example, in [19], [25], [2]. In what follows we make
use of the following notations: {-,-} is an ordered pair; O(T) is the domain of T; R(T) is the range of T; ker T
is a set of elements x € B such that {x,0} € T; T~! is the relation inverse for T, i.e., the relation formed by the
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pairs {x’, x}, where {x,x’} € T. A relation T is called surjective if R(T) = B. A relation T is called invertible or
injective if ker T = {0} (i.e., the relation T~! is an operator); it is called continuously invertible if it is closed,
invertible, and surjective (i.e., T™! is a bounded everywhere defined operator). A relation T* is called adjoint
for T if T* consists of all pairs {y1, y»} such that equality (x2, y1) = (x1, y2) holds for all pairs {x;,x} € T. A
relation T is called symmetric if T € T* and self-adjoint if T = T*.

It is known (see, for example, [20, ch.3], [19, ch.1]) that the graph of an operator T:D(T) — B is the set
of pairs {x, Tx} € B X B, where x € O(T) c B. Consequently, the linear operators can be treated as linear
relations; this is why the notation {x;, x,} € T is used also for the operator T. Since all considered relations
are linear, we shall often omit the word “linear”.

Let m is a non-negative operator measure defined on Borel sets A C [4, b] and taking values in the set of

linear bounded operators acting in the space H. The measure m is assumed to have a bounded variation
bo

on [a,b]. We introduce the quasi-scalar product (x, y)m = ((dm)x(t), y(t)) on a set of step-like functions
with values in H defined on the segment [a, bo]. Identifyingﬂ with zero functions y obeying (v, y)m =0 and
making the completion, we arrive at the Hilbert space denoted by L,(H, dm;a,b)=$. The elements of $ are
the classes of functions identified with respect to the norm ” yHm =(y, y)u?. In order not to complicate the
terminology, the class of functions with a representative y is indicated by the same symbol and we write
y € 9. The equality of functions in $ is understood as the equality for associated equivalence classes.

Let us define a minimal relation Ly in the following way. The relation Ly consists of all pairs {y, fg} EHXHD
satisfying the condition: for each pair {y, fa} there exists a pair {y, fo} such that the pairs {1, fa}, {y, fo} are
identical in $ x $ and {y, fo} satisfies equation (1) and the equalities

y@ =ybo) = y(@) =0, aeSy; m({B)fo(f) =0, B € Sm. (7)

Further, without loss of generality it can be assumed that if {y, fy} € Lo, then equalities (1), (7) hold for this
pair. In general, the relation Ly is not an operator since a function y can happen to be identified with zero
in $, while f is non-zero. The relation Ly is symmetric and closed. We note that if y € D(Ly), then v is
continuous and y(b) = 0 (see[16], [17]).

By X4 = X4(t) denote an operator characteristic function of a set A, i.e., X4(t) = Eift € A and X4(t) =0
if t ¢ A. We shall often omit the argument ¢ in the notation X4. By S, denote the closure of the set S;,. Let

Sp be the set t€[a, b] such that y(t) =0 for all ye D(Lo). The set Sy is closed and §P U{a} U {b} c Sy (see[17]).
Lemma 3.1. [17]. Suppose {y, f} € Lo. Then f(t) = 0 for m-almost all t € Sy.

By 9o (by 91) denote a subspace of functions that vanish on [a, b] \ Sy (on Sy, respectively) with respect
to the norm in $. The subspaces $o, 91 are orthogonal and $ = Ho ® H1. We note that Ho = {0} if and only if
m(Sy) = 0. We denote Lig = Lo N (H1 X H1). Then D(L1p) € H1, R(L1g) C H1. It follows from Lemma 3.1 that

Ly = (Do X H0) & Ly, (8)

%

i.e., the relation Lj consists of all pairs {y, f} € $ of the form {y, f} = {u, v} + {z,9} = {u + z,0 + g}, where
u,v € H,{z,9} € Ly,

The set 7, = (a,b) \ Sy is open and it is the union of at most a countable number of disjoint open intervals
Tk ie, Tp = Uﬁl Jrand Jr N J; = @ for k # j, where k; is a natural number (equal to the number of
intervals if this number is finite) or the symbol o (if the number of intervals is infinite). By J denote the set
of these intervals Jx. We note that the boundaries ay, i of any interval Ji = (ax, fx) € J belong to S.

We denote

wit, A) = X gy W(E, YW (ay, A), )
where (ay, Br) = Tk € J. Then (see[17])

wit, )Jwe(t, A) =], ax <t < Pre (10)
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By $10 (by 911) denote a subspace of functions that belong to $; and vanish on Sy, (on [4,b] \ Sm,
respectively) with respect to the norm in $. So, H10 (H11) consists of functions of the form X, ;\(s,us,)/t (of
the form X;g_\s,/, respectively), where I € § is an arbitrary function. Therefore,

D1=9100D11, H=H0® Do ® HDiu1-

Obviously, the space 911 is the closure in $ of the linear span of functions that have the form X;j(-)x, where
x € H, 7€ 8n\ S By (7), it follows that $1; C ker L.
Let ux(t, A, t): H— 91 be an operator acting by the formula

t
ur(t, A, 0)x = =X s, Wi (t, A)i] f wi (s, A)dm(s)AX () (s)x, (11)

where x € H, T € (ak, fr) N Sm, (@, Pr) = Tr € J. Then (see[17]) for any x € H the function
ur(-, A, O)x + X5 (-)x € ker(L}, — AE).

Lemma 3.2. [17]. The linear span of functions of the form X, p)\s, wk(-, A)xo and ux(-, A, T)Byx; + X{1)()Bix; is dense
in ker(L}, — AE). Here xj,xo € H; T € (ax,fx) N Sm; Bx: H— H is a bounded continuously invertible operator;
k=1,.., Kk ifk is finite and k is any natural number if k; is infinite.

Let M be a set consisting of intervals J € J and single-point sets {7}, where 7 € Si, \ Sp. The set M is
at most countable. Let k be the number of elements in IM. We arrange the elements of M in the form of a
finite or infinite sequence and denote these elements by &, where k is any natural number if the number of
elements in M is infinite, and 1 < k < k if the number of elements in M is finite.

To each element & € M assign an operator function v; in the following way. If & is the interval,
Ex = Tk = (o, Pr) €], then

Okt A) = Xpy po\SnWk(t, ). (12)
If & is a single-point set, & = {7}, Tx €Sm \ So, and 7 € J, = (an, B1) €], then
'Uk(t, A) = Mn(t, Ar Tk)wﬂ(Tk/ /\) + %{Tk}(t)wﬂ(Tk/ /\) (13)

Further, we denote v (t, 0) = vi(t). We note that ux(t, 0, ) =0 (see equality (11)).
Let Qo be aset x € H such that the functions t — v (t)x are identical with zero in $. We put Qx = HSQx.
On the linear space Qx we introduce a norm ||| by the equality

kIl = llox()Exllg ,  Ex € QO (14)

By Q, denote the completion of Q; with respect to norm (14). The space Q, can be treated as a space with
a negative norm with respect to Qx ([4, ch. 1], [19, ch.2]). By Q;" denote the associated space with a positive
norm. The definition of spaces with positive and negative norms implies that Q; ¢ Qx € Q,". By (-,-)+ and
|l-ll. we denote the scalar product and the norm in Q;, respectively.

Remark 3.3. The set Qi o will not change if the function vi(-) = v(-,0) is replaced by vi(-, A) in the definition of Q.
Moreover, with such replacement, the space Q. will not change in the following sense: the set Q,” will not change,
and the norm in it will be replaced by the equivalent one. The similar statement holds for the space Q; (see [17]).

Suppose that a sequence {xj,}, xtx € Qk, converges in the space Q, to xop € Q; as n — co. Then the
sequence {vk(-, A)xk,} is fundamental in . Therefore this sequence converges to some element in $. By
k(+, A)xg we denote this element.

Let Qy=Q X ... X Qg (QF =Q7 X ... XQ})) be the Cartesian product of the first N sets Q; (Q;, respectively)
and let Vy(t,A) = (v1(t, A), ..., on(t, A)) be the operator one-row matrix. It is convenient to treat elements

from Q;] as one-column matrices, and to assume that V(t, /\)gN = ZkN=1 vk(t, )&k, where we denote Z{N =
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col(&éq,...,éN) € é;,, & € Q‘ Let keri(A) be a linear space of functions t — vi(t, A)&, & € Q‘ The space
kery(A) is closed in 9. We denote Kn(A) = kerl(/\)+ A+ kerN(/\) Obviously, K, (1) € Kn,(A) for N; < Nj.

By Vn(A) denote the operator EN - Vn(, /\)éN, where cEN € QN The operator Vn(A) maps continuously
and one-to-one QN onto Ky(A) C H1 C H.

Let Q_, Q:, Q be linear spaces of sequences, respectively, 7= {n}, ¢ = {@i}, £~= {&k}, where nx € Qp,
Pr € QY cfk € Qk; keNN if k = oo, and 1 < k < k if k is finite; k is the number of elements in IM. We assume

Xk L IE]? converge if k = co. These spaces become Hilbert spaces if
we introduce scalar products by the forrnulas

k k k
(ﬁ: C)*:Z(T]kr Ck)*r ?]:C € Q,, ((’ﬁ/ $)+=Z(g0k/ ll]k)Jrr Eﬁ/lﬁl}ie Q+/ (516:) = Z(‘Sk/ Gk)/ 5156 Q
k=1 k=1 k=1

The spaces Q. ,Q_can be treated as spaces with positive and negative norms with respect to Q ([4, ch. 1],
[19, ch.2]). SoQ: c Q Cc Q_ and 1 “65”_ < ” <2 ” ,» where ¢ € Q4, y1,72 > 0. The "scalar product”
(1, @) is defined for all € Q,, n € Q_. If 1] € Q, then (1], ¢) coincides with the scalar product in Q.

Let M C Q_ be a set of sequences vanishing starting from a certain number (its own for each sequence).
The set M is dense in the space Q_. The operator Vy(A) is the restriction of Vy41(A) to (5;]. By V’(A)
denote an operator in M such that V(1) = Vy(A)ny for all N € N, where 1 = (n,0,...), In € é;]. The
operator V’(A) admits an extension by continuity to the space Q-. By V(1) denote the extended operator.
This operator maps continuously and one-to-one Q_ onto ker(L;0 — AE) C 91 C 9. Moreover, we denote
V(t, V) = (V(A)n)(t), where 7 = {1} € Q-

The adjoint operator V*(1) maps continuously $ onto Q, and

b
Vs = [ 7o (15)

Lemma 3.4. [17]. The operator V(A) maps Q- onto ker(L}, — AE) continuously and one to one. A function z belongs
to ker(L}, — AE) if and only if there exists an element n={n} € Q_ such that z(t)=(V(A)n)(t) = vt M. The operator

V*(A) maps $ onto Q.. continuously, and acts by formula (15), and ker V*(A)=Ho ®R(L1p — AE). Moreover, V*(A)
maps ker(L;, — AE) onto Q. one to one.

The following theorem is proved in [17]. We have changed some designations from [17] to shorten the
record.

Theorem 3.5. A pair {?,ﬁ € 9 X 9 belongs to Ly — AE if and only if there exist a pair {j/\,f} € 9 X 9, functions
Yo, Yy € Do, Y, f € D1, and an element 1) € Q_ such that the pairs {y, f}, {y, f } are identical in $ X $ and the equalities

T=wo+y f=v+f

y(h)= t (t, A)n - Z%[u NS Wk(E, A)l]f w (s, )\)dm s)f(s) (16)

hold, where the series in (16) converges in 9, Kk is the number of intervals Ji € J.

4. The description of generalized resolvents

Let T be a symmetric relation, T € B X B (B is a Hilbert space), and let Thea self-adjoint extension of T
to B, where B is a Hilbert space, B O B, and scalar products coincide in B and B. By P denote an orthogonal

projection of B onto B. The function A — R, defined by the formula R, = P(T — AE)!|g, ImA # 0, is called
the generalized resolvent of the relation T (see, for example, [1, ch.9]).



V.M. Bruk / Filomat 36:14 (2022), 47934810 4799

A.V. Straus (see [26]) obtained a formula for all generalized resolvents of a symmetric operator. It is
shown in [18] that this formula remains true for symmetric relations also. By 9t, denote a defect subspace
of the symmetric relation T, i.e., the orthogonal complement in B of the range of the relation T — AE. We fix
some number Ag (ImAg # 0). Let A — % (A) be a holomorphic operator function, where #(1):9), =97 is a
bounded operator, |7 (A)l| < 1, ImA - ImAg > 0. Let Ti#(,) be the relation consisting of all pairs of the form
o+ FNz—=z,y1 +AF (A)z - Aoz}, where {yo,y1} € T, z € Ny,. Then (see [26], [18]) the family of operators
R, is a generalized resolvent of T if and only if Ry can be represented in the form

Ry = (Trpy — AE)™!, ImA-ImAg > 0. (17)

Theorem 4.1. Let Ry (ImA # 0) be a generalized resolvent of the relation Lig and y = Ry f. Then
b
y(t) = f V(t, AM(A)V*(s, A)dm(s) f(s)+
a

ki b _ 51
271y f X o\ S (D0 (t, A)sgN(s = B)iJ0], (5, DAm($) X5, 6) ) = A7 Y X po(OFB),  (18)
n=1v4

n=1

where M(A) : Q. — Q_ is the bounded operator such that M(A) = M*(A), ImA # 0. The function A — M(A)xX is
holomorphic for every x € Q.. in the half-planes ImA # 0. If Sy = @, then

(ImA) "Im(M(A)x, x) > 0 (19)
for every A (ImA # 0) and for every x € Q..

Proof. Suppose y = R, f. By (17), it follows that the pair {y, f} € L}, — AE. Equality (18) follows from (17)
and [17, Theorem 4.3]. Using (18), we get

_ b JS] ¢ _
V0=V M) [ 76 Dimse)+ ) (—2‘1x[an,ﬁn>\s,ﬂ<t>wn<t,A)z‘f [ s Dame)t s, 076 +
a n=1 ®n

0 _ LS}
27 X, g (B0, AT ft w;<s,A)dm(s)%[u,b]\sm@)f(s))—A*Z%smm(a,,,ﬁ,,)a)f(t). (20)
n=1

Let us prove that the function A — M(A)x is holomorphic for every x € Q, (ImA # 0). We denote S(A) =
M(/\)(V*(X). It follows from (18) and the holomorphicity of the function A — R, that the function A —
V(A)S(A)f is holomorphic. Using (10), we obtain that the function A — S(A)f is holomorphic. Now the
holomorphicity of the function A — M(A) follows from Lemma 4.2. This Lemma is formulated after the
proof of the Theorem. In Lemma 4.2 it should be taken that 8; = $1, B, = Q,, B3 = Q_, T1(A) = (V*(X),
T>(A) = M(A), T5(A) = S(A). _

We note that the equality R = Ry implies M(A) = M*(A).

Let us prove that (19) holds under the condition Sy, = @. Then m = my. It follows from Lemma 3.4 that
there exists a function f € $ such that X = V*(1)f. Let p,: Q- — Q;, be the operator defined by the formula
an= &,, where 5~= {En) €Q_. We denote M,,(A) = p,M(A), x, = ppx. Since Sm = @, we obtain from (20)

kq Tky t
Y = Y X, ) (0t My (NF+271 Y (—%[amﬁn)(t)wn(t, A)if f w;,(s, A)dm(s) f(s)+
n=1 n=1 Qy

+ Xpop po(Da0at, V)] [ "W (s, MdmE) fs)]. @1
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We denote
ki
2(5) = Vit DYMNF=271%) = Y 2(t), 20(0) = ¥ia )7 = a(t, My (NF - 27i]x,),
n=1

where Tis the operator in Q acting as ng {J&k), E: {&k}e@Q. Using (9), (10), (21), we get

ylan) = M,(A)x + Zili]xn/ zn(an) = My (A)x = Zili]xn/ (22)
, liﬁnlo y(t) = , liﬁn’lo zn(t) = W(B,, )\)W‘l(an, MM, (A)x — 2_1i]x,,). (23)

It follows from Lemmas 3.2, 3.4 that z€ ker L;O —AE. Consequently, {y—z, f}€ L;O —AE, {y+z, fle L;O —AE.
Then the pairs {y — z, 91} € Ll ly+2z 921 € Ll where

n=f+AMy—2), g=f+Ay+2). (24)
We denOte y” = x[anrﬁn)y’ gl” = x[anlﬁn)gl’ gzn = %[anrﬁn)gz’ fn = %[an/ﬁn)f' Then {y” ~Zn, gln} € L;O’ {yn + 2y, gzn} €
L}, Taking into account Theorem 3.5 (for A = 0) and (22), we obtain

Yn(£) = 2u(£) = wy(t, 0)i]x, — wy(t, 0)i] f w; (s, A)dm(s)g1. (),

t
Yn(t) + 24(t) = 2w, (t, )My (A)x — wi(t, O)i]f wy (s, X)dm(s)gz,q(s).

It follows from Lemma 2.2 that formula (3) can be applied to the functions y, — z,, ¥, + z, on the interval
[an, B] (an < B < Bu). Using (3), we get

B B
[ m©0,0,500+ 2,00 - [ 00 =20, dm0)75.) -
= (l](yn(ﬁ) - Zn(ﬁ))/ yn(ﬁ) + Zn(,B)) - (i](yn(an) = zu(ay)), yn(an) +zp(ay)).  (25)
Passing to the limit as f— f8, — 0 in (25) and taking into account (22), (23), we obtain
Bn Bn
(dm(t)g1n(t), yu(t) + zn(t)) — f (Yu() = zu(t), dm(£)g2,) = 2(x, My (A)X). (26)

an

On the other hand, using (24), we get

(fn/ Yn + Zn)Sf) - (yn - anfn)55 = (gln - A(yn - Zn)/ Yn + Zn).‘f) - (yn —Zn,Yon — /\(yn + Zn))-‘f) =
= (gln/ Yn + Zn)&f) - (yn - Zn/g2n)35 (A - X)(]/n —Zn,Yn t+ Zn)b- (27)
Combining (26) and (27), we obtain
(fn/ Yn + Zn)Sf) - (yn - anfn)sf) = 2(xnrMn(A)Bz) - (A - X)(yn —Zn,Yn + Zn).ﬂ5~
Therefore,
(fy+2)s = (=2 s = 2EMAT) ~ (A =Dy ~ 2,y +2)s. (28)

Equation (28) implies that

Im[(f,y +2)5 — (y — z, fs] = 2Im(x, M(A)x) — Im[(A — 1) (1, Y)s — (2. Y + (1,2)s — (2, 2)5)]-
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Therefore,
Im[(f, )5 — (v, Hs] = 2Im(x, M(A)x) = Im[(A = D)((y, )5 — (z,2)s)].
Consequently,

(ImA) ' Im(M(A)x, X) = |l2lff, + AImA) ' Im(R. £, f)s — (Raf, Raf)s-
Since (ImA)1Im(R, f, f)g — (Rif, Rif)s = 0, we see that (19) holds. The theorem is proved. [

Lemma 4.2.[10]. Let By, B, B3 be Banach spaces. Suppose bounded operators T3(A): B1 — B3, T1(A): B1 — By,
T>(A) : By — Bs satisfy the equality T3(A) = To(A)T1(A) for every fixed A belonging to some neighborhood of a point
A1 and suppose the range of operator T1(A1) coincides with B,. If functions T1(A), Tz3(A) are strongly differentiable
at the point Ay, then function T(A) is strongly differentiable at A;.

Remark 4.3. It follows from Lemma 3.1 and (8) that Ly N $Ho X Ho = {0, 0}. Therefore any generalized resolvent ﬁA
of the relation Ly has the form EA = Ro) @ Ry, where R, is some generalized resolvent of Lig and Ro, is a generalized
resolvent of the relation {0,0}, i.e., Rox = (Tgn) — AE)™" (see (17)), Ty is the relation consisting of pairs of the form
{(F(AN)z -z, AF (N)z — Aoz} (here F(A): Do — Do is a bounded operator, ||F (M)l < 1, z € Do, the operator function
A—F(A) is holomorphic, ImA - ImAg > 0).

Remark 4.4. In general, if Sy, # @, then the inequality (ImA) ™ Im(M(A)x, X) < 0 is possible (see Remark 6.1).

5. Boundary value problems connected with generalized resolvents

To shorten the notation, we denote wy(t, 0) = wy(t), I7(t, 0) = ?(t), V(0) = V. It follows from Lemma 3.4
(for A = 0) that V*f (f € 9) is an element of the space Q. CQ, i.e., a sequence with elements of the form

B
Yossa [ w00, 29

w::(Tnk)m({Tnk})f(Tnk) (30)

(and possibly with zeros), where T,k € (Sm \ So)NT s (@, Bn) =Tn; Tn €J; 1 < 1 < kq if the number k; of
intervals J,€] is finite, and 7 is any natural number if k; = co. We replace elements (29) by zeros in V*f.
By V; f denote the resulting sequence. So, V f is a sequence with elements of form (30) (and possibly with
zeros). Further, we replace each element (29) and (30) in V" f by the element

Bn "
o = f w;, (Bdm(E) £ (1) = f X, o Sal(AMOFE) + Y W m({ied) fr). (31)

Tk €SmN(atn B )

By V.f denote the resulting sequence. We claim that V.f € Q_. Indeed, let V.f = ¢ = {g,}. It follows from
9), (10), (31) that ||o,]| < €1 ||f ”b = &y, where €1 > 0, ¢; is independent of n. Then

S!
VG =VOF =) |Xaprsa®n®on+ Y Xoywu(ton |,
n=1 Tk €SmN(an,Bn)

and

31

kq
vl =) [||3€[a,l,ﬁn>\smwn(t)an||f3 v Y 1|3€{T,lk}wn(m)an));] =Y kw0l < €3, €3> 0. (32)

n=1 Tuk€SmN (A ) n=1
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By (14), (15), (32), and the definition of Q_, it follows that ¢ € Q_. We note that this proof uses only the
boundedness of the sequence {0,,} in H.

Further, we replace each element (30) in V; f by the element fa " w*(s)dmy(s) f(s). By V..f denote the

resulting sequence. Then V.. f € Q_ (the proof is the same as for V. f). It follows from the definition V*f,
Viof, V.f Vi f that the equalities

V£, Vog) = (Vof V) = (Vo f, Vog), (Vf,Vg) = (Vi f, Vog), f9€9, (33)

(z] f (S dm()f6), f dm(s)g(s)) VLV = TVEVg) Fged 34)
hold. Usmg (10), we obtain

(in;(Tnk)m({Tnk})f(Tnk)/ w:;(Tnk)m({Tnk})g(Tnk)) = (i]m({Tnk})f(Tnk)/ m({Tnk})g(Tnk))/ f/g € g)

Therefore,

k; S _

Y @0 ()T £ (), 0 ()M g(Ta) = Y M) (), ml{Tag(za)) = (Ve f, Vig)- (35)
n=1 n=1

We denote H_ = $y X Q_, H, = $) X Q... Suppose a pair {y, f } € L. By Theorem 3.5 (for A = 0), there
exists a pair {y, f } such that the pairs {y, f}, {y, f } are identical in $ X $ and equalities

. _ ki t
V=vo+ 1, F=vh+ £ y®) = VT - ) Xaansa Owa®i] f w;,(s)dm(s) f(s) (36)
n=1 a

hold, where yo, y; € H0, {y, f} € L]

107
Jn€]. With each such pair {v, f } we associate a pair of boundary values {Y, Y’} € H_ x H, by formulas

1 € Q_, the series in (36) converges in 9, k; is the number of intervals

Y={yo, Yo} € H.=HoxQ_, Y ={y;, Y|,}€ H, =HoxQ,, (37)
where
Yio=T =2 V.f + 27V f + [V f, Yio=V'f. (38)

Let I denote the operator that takes each pair {y, Y. f } € Lj, to the ordered pair {Y, Y’} of boundary values
Y,Y, ie, F{y,f} {Y, Y’}. We put Fl{y,f} Y, Fz{y,f} Y’. It follows from Lemma 3.4 that if pairs {1, f1},
{y, f} are identical in $ X 9, then their boundary values coincide.

Theorem 5.1. The range R(I') of the operator I coincides with H_ X H, and "the Green formula”

(F s~ 09 = (', 2) - (42) (39)
holds, where {7, f }, &, 7} e L, T, fl =LY, TE 7} =1{Z 2.
Proof. The equality R(I') = H_ x H, follows from Lemma 3.4 and formulas (8), (36)-(38). Let us prove (39).

Suppose that a pair {y, f} has form (36) and a pair {z, 7} has the formz = zy + z, 7 = z), + g, where {z,g} € L},
20,26 € 9o, and

]k] 1 _
2B=VOCT =Y Xans, Oa(t)i] f ) ()dm(s)g(s), Ce Q. (40)
n=1 Gn
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Then

(f2)s= U, 9)s = (o, 205~ o, 20)s + (f,2)5 = (¥, 9)s-
Thus, it is enough to prove the equality

(f,2)s = 1, 9)s = V1o, Z10) — (Y10, Z3p)-

We define the functions F,,, G, f, G by the equalities

4803

t t . k1 . ki
Fo(t) = —w, (D] f W, (S)Am(s)f(s), Gult) = —w,(1)i] f Wi ()dm(s)g(s), F(H) = Y Fu®), G() =) Gu(H). (41)
ay Qn n=1 n=1

It follows from Lemma 2.2 that the functions F,, G, are solutions of equation (6) on [ay, ,) for xo = 0 (G,
is the solution if f, y are replaced by g, z, respectively, in (6)). Using (10) and Lemma 2.1 for p; = p> = po,

q=m,c; =ay, ¢ = < py, we obtain

B B B B
f (F(5), dm(s)Go(s)) - f (Fn(S),dm(S)g(S))=(i]wn(ﬁ)i] f w, ()dm(s)£(5), wa(B)i] f w;<s>dm<s>g<s>)—

p g
- Z (i]m({T})f(T),m({T})g(T))=(iI f w,(s)dm(s) f(s), f w;(S)dm(S)g(S))—

T€8mN[ay /ﬁ)

= ), GmThf@),m((thg(r).

T€SmN[a, /,B)

(42)

Passing to the limit as — f,,— 0 in (42), we obtain that (42) will remain true if § is replaced by f,. Therefore,

ﬁ” ﬁ” ﬁ” ﬁﬂ
f (F(), dm(&)Ga(s)) - f (Fn<s),dm(s>g(s»=(ﬂ f @,(Hm() £(6), f w,z(s)dm(s)g(s))—

- ). m(iThf(),m({ehg(r)).

TESmm[an/ﬁn)
Taking into account (41), (43), and (35), we obtain

Ty Bu B —
6,60 - Eis= Y. i1 [ wiomm s, [ wiimeno) - (TVef, Voo,

n=1

Further, we define the functions F,, G0, Fo, (~30 by the equalities

Fuo(H) = X, p\SuFn(),  Gno(t)= X, p,)\8m Gn(t), Fo = Z Fu, Go= Z Guo.
Using (43), we get
(f, Gno)s = (Fuo, )5 = (f, Gun)s — (Fu, @)+

f f
£ (f, X, wa(0] f ,()m(s)9(6)s — (Es, wa(D)] f (A (5), 9(5))s =

Bu Bn
=(iJ f w}(5)dm(s) £ (s), f w;<s>dm<s>g<s>)— Y, mThf(o), m({ehg(o)-

T€SmN[n,Bn)

- Z ({Jw, (1) (1), f wj(s)dm(s)g(s)) — @i n(S)dm(S)f (5), w,(1)g(1)).

TESmn[anrﬁn) @n TESmﬂ[a ﬁ ) n

(43)

(44)

(45)

(46)
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By (35), (45), (46), we obtain

n

]kl ﬁn ,Bn
(f/Go)ss—(Fofg)fa=Z(i] f ) (5)dm(s) £(5), f w;<s>dm<s>g<s>)—
n=1 n Qn

—(JVyf, Vig) = (T Viof, Veed) = (Ve f, Viog).  (47)

It follows from (38), (40) that the equalities

(f,VQs = (V'£,0) = (V'f, Zyg + 27 i] Vg = 27V ] Vg — (] Vieg), (48)
(VI 9)s = @,Vg) = (Yio + 27V f = 27V f = if Ve, V'g) (49)

hold. Using (33), (34), (47), (48), (49), we get

(f,2)s = (v, 9)s = (f, VC+ Go)s — (V1 + Fo, 9)s = (V' f,0) — (0, V'g) + (f, Go)s — (Fo, 9)s =
= (Vf, Z10+2 75 JVeg=2""1 [V g=i [Verg) = (Ya0+2 T JV. f =275 [V f=i [Virg, V') +(f, Go)s—(Fo,9) 5=
= Y}y, Z10) = 27 G TV £, Veq) + 27 G JV £, Vi) + (A ]V f, Vi) -
= (Y0, Z4y) = 27N G JVf, Vg) + 27 G [V £,V g) + ([ Ve f, Vo g)+
+({JV., V'9) = (JVof, Vig) = (JVif, Veeg) = (JVef, Vig) = (Yig, Z10) = (Yao, Zip)-

The theorem is proved. [

By Lemma 3.2 (for A = 0), it follows that functions X (-)x (x € H, T € Sm) belong to ker L] . Consequently
equality (36) is reduced to the form

ST t
’y‘: Vo+y, f=yy+f yt)= V(t)é - Z w,,(t)i]f wy,(s)dm(s)f(s), (50)
n=1 a
where & = {&} € Q_, & = 1 (see (36)) if v has form (12) and

= ne+i] f ' ()dm(s) £(6) (51)

if vy has form (13) for A = 0.
Corollary 5.2. If the pair {y, f} has form (50), then

Yio= &= 2HJV.f + 27NV, Y= V'F. (52)
Proof. Equality (52) follows from (38) and (51). O

We note that the case where functions y, f have form (50) was considered in [16]. Equality (44) is proved in
[16]; however, in [16], there is a mistake in formula (52): V" is written in the first equality instead of V..

From the theory of spaces with positive and negative norms (see [4, ch. 1], [19, ch.2]), it follows that
there exist isometric operators 6_:Q_ — Q, 6, :Q; — Q such that the equality (1, ) = (6-1, 6.+ ¢) holds for all
T€@Q., ¢ €Q,. Wedenote H = H, x Q. Suppose {7, f} € L;. According to Theorem 3.5 (for A = 0), there
exists a pair {’y\,j?} such that the pairs {y, f~ 1 {?,]?} are identical in $ X $ and equalities (36) hold. To each
such pair {y, j?} assign a pair of boundary values )/{'y\,]"\} ={Y,Y’} € H x H by the formulas

— —

Y =0{y, f1 =1y, 0-Y1o), Y =20y, f} =y, 040}
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By Theorem 5.1, it follows that the operator y maps L; onto H x H and equality

F s -G Ns =Y, 2)- Y, Z) (53)

holds, where {7, f}, %, 7} € L, v{, f1=1Y,Y, y{Z7} = {Z,Z'). This implies that the ordered triple
(H,y1,72) is the space of boundary values (a boundary trlplet in another terminology) for Ly in the sense
of papers [22], [7], [8] (see also [19, ch. 3]). It was established in the articles [22], [7], [8] that for the space of
boundary values, formula (53) implies the following statement.

Corollary 5.3. If U is a unitary operator on H, then the restriction of the relation Ly to the set of pairs {/y\,j?} €L
satisfying the condition

(U-EY' -U+EY =0 (54)

is a self-adjoint extension of Lo. Conversely, any self-adjoint extension of L is the restriction of L to the set of pairs
{y, ) € L;, satisfying (54), where a unitary operator U is uniquely determined by an extension.

This statement is proved in [16] for the boundary values (52). It is established in [15] provided that m
is the usual Lebesque measure on [4, ] (i.e., m([a, f)) = p — a, where a < @ < < b). We note that E.S. Rofe-
Beketov [24] first applied linear relations to describe self-adjoint extensions of differential operators.

We consider boundary value problem

F=Ay+h, (K(A)—-E)Y —i(K(A)+E)Y =0, (55)

where (Y, Y’} = »{y, f L he 9; A — K(A) is a holomorphic operator function in H such that [|[K(A)|| <
ImA > 0.
From (53) and [7], [8] we obtain the following statement.

Theorem 5.4. There exists a one-to-one mapping between boundary problems (55) and generalized resolvents of the
operator Lo. Every solution y of problem (55) determines a generalized resolvent Ry by the formula y = Ryh and,

conversely, for any generalized resolvent Ry, there exists a function K(A) such that the function y = R Ryl is the solution
of (55).

6. The example

We consider equation (1) on a segment [0,b] and assume that H=C,J=E=1,p=0, m = mgp + m,
where my is the usual Lebesque measure (we write ds instead of dmy(s)), 0 < 7 < b, m({7}) = 1 and m(A) =
for all Borel sets such that 7 ¢ A. So, Sm = {t}. Thus, equation (1) has the form

t
y(t) =x0—1i f dm(s)f(s). (56)
0
It follows from the definition of Ly and (7), (56) that Lg is an operator and if y = Ly f, then

y(t) = f fo)ds, yB)=0, fO) =0 & y®)=—if) y0O)=y®) =0, £(1)

Since Sy = {0, b} and m(Sp) = 0, we have $ = {0} and L}, = Lj in equality (8).
Equation (5) (for xg = 1) takes the form

t
Wt A)=1-id f W(s, A)ds, AeC.
0
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Therefore, W(t,A) = e='M. Obviously, if A = 0, then W(t,0) = 1. The number of intervals J € J is k; = 1.
We write w(t, A) instead of w;(t, A). Then w(t, A) = X[o5W(t, A). Without loss of generality it can be assumed
that w(t, ) = W(t, A) = e7™M,

The set M consists of the interval (0, b) and the single-point set {t}. Hence the number of elements of M
is k = 2. Using (12), (13), and the equality m({t}) = 1, we get

eI for t# 1,

; 57
0 for t=1 7)

v1(t, A) = X w(t, A) = X e = {

¢ 0 for t<r7,
va(t, A)=ur(t, A, 1)+ X1y (e = = Xjg oy~ Mi f e dm(s)A X (s)e T+ X (He T =4e N for t=1,
0 —Aie7 M for t >1.

(58)
Therefore,
. 0 for t<t
_ ) iAt fi t _ ) 4
vi(t, A) = Xppp e = v fortFT, vy(t,A) = {e" for t=r1, (59)
’ 0 fort=1 i
AieM for t > 1.
If A = 0, then equalities (58), (59) imply that
1 for t#7, 0 for t#7,
t) = t,0)=X o) = ; t) = £,0) = X(H) = 60
v1(t) = 01(t,0) 0,0\(r} (£) {0 for t=1 0a(t) = v2(t,0) (1 (t) {1 for t=1. (60)

By (14), (60), it follows that Q10 = Q = {0} and Q1 = Q] = Qf = Q2 = Q; = Q5 = H = C. Therefore,
Q=Q_ =@, =C%

The domain D(Lo) of Ly is dense in $ = L»(C,dm;0,b). This yields that Lj is an operator. Using
Theorem 3.5, we obtain

y(t) = v1(t, A)mr + va(t, D)2 — Xjoppy o (e i f esdm(s) f(s) (61)
0

for all y € D(L; — AE), where 11,12 € C, f= (L — AE)y. For A = 0, it follows from (61) that

t
y() = XpnmBOm + X (On2 — X pnn (1) fo dm(s)u(s), (62)
where u = Ljy. Since X;)¢ € ker Lj for all £ € C, we obtain
t
V) = &1+ X0~ i [ dmEus), & cC
0

Taking into account (37), (38), (62), and the equality m({t}) = 1, we see that the boundary values Y = Y,
Y’ = Y’ are calculated by the formulas

! b
_(m) _ gy [y Am©u© _1-( 0) ( .0 ) ’—(fu(s)ds)
Y_(nz) ? l[fo(%?alm(s)u(s)]Jr2 u(r) i fo dm(s)u(s) |’ Y= Ou(,[) ’ (63)

where y has form (62), u = Ljy.
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Let £ be an operator such that Ly ¢ £ c Lj. Suppose that £ is the restriction of L; to a set of functions
satisfying the condition Y = 0. It follows from Corollary 5.3 that £ is the self-adjoint operator. Let us find

the function

M1 (A)  Miz(A)

M) = (M21(/\) Mzz(/\)) Coc

that corresponds to the resolvent Ry = (£ - /\E)‘l. We denote

b b
x1 =x1(f,A) = fo v}(s, A)dm(s) f(s) = fo e f(s)ds,

b b
x2=x2(f, A) = f vy (s, A)dm(s) f(s) = e f(7) + f iAe™ f(s)ds.
0 T
Then equality (20) takes the form

y(t) = v1(t, A)(M11(A)x1 + Mia(A)xa) + v2(t, A)(Ma1(A)x1 + Moo (A)x2)—

t b
— 2‘1%[0,b]\[7}e"“if e“\sf(s)ds + 2‘1%[0,“\“]6_1“1' €7Asf(S)dS - A_lf{q}(t)f(l').
0 t

By elementary transformations, equality (67) is converted to the following form

y(t) = Ul(t, /\)(Mn(/\)xl + Mlz(/\)XZ) + Uz(f, /\)(le(/\)xl + Mzz(/\)Xz)—

t b
— Xjop e Mi f e f(s)ds + 27 Xpg pp\ryeMi f e f(s)ds — A7 X (O f (7).
0 0

Using (57), (58), we obtain that in equality (68)
01(t, A)(Mi1(A)x1 + Mip(A)x2) = Xjoppre” M (M (A)x1 + Mip(A)x2),

0 for t<T,
0a(t, A)(Ma1(A)x1 + Maa(A)xz) = e (M1 (A)x1 + Mya(A)xp) for ¢ =1,
—Aie M (M (A)x1 + Man(A)xz) for t > 7.

(64)

(65)

(66)

(67)

(68)

To find Mi2(A), Mx(A), we take the function fi(f) = Xip(f), ie., () =1ift = tand fi(t) =0if t # 7
(by {Y1, Y]} denote the corresponding pair of boundary values). It follows from (59), (65), (66) that x; = 0,

xy = €7, We denote y; = R, f1. Using (68), we obtain
ya(t) = v1(t, YMia(A)e™ + va(t, A)Man(A)e™ = A7 Xy (F).
We denote u; = Ljy; = Ay1 + f1. Then using (69), we get
ui(t) = Avq(t, A)Ma(A)e™ + Avy(t, A)Ma (1)

By (60), (62), (69), it follows that

t
yi(t) = X pp o (HM12(A)e™ + X (H(Mn(A) — A7) — %[O,b]\{T}(t)iﬁ dm(s)u(s).

Using (70) by direct calculations, we obtain

b T
f dm(s)u(s) = i(e™ — 1)Mi2(1)e™ + Ae My (1)e'7; f dm(s)us(s) = i(1 — €)My (A).
0 0

(69)

(70)

(71)

(72)
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By (63), (71), (72), so that

_ Mu(A)EMT —o; i(e”"”’ - 1)M12(A)€MT +)\€7MbM22()\)€MT 4+l 0 +i 0
1= M) = A1 i(e7 — 1)Mip(A)ei™ + Ae™ b Myy (1)t HAM )i = e M () )

The equality Y1 = 0 is equivalent to two equalities

Mua(A)e™ + 271 (e ™ — 1)Mia(A)e"* = 27 Aie P My (A)e™ = 0, 73)
Mp(A) = A7 4+ 271 (e — 1)Myp(A)er™ — 271 Aie M My (A)e T + 271 AiMps(A) — (1 — e47)Mio(A) = 0.
Solving the system of equations (73), we get
24~ 2 +1
Mia(A) = Ma(A) = D (74)

2e M+ 1) — i —1) AQE M +1) — iAe P —1))

To find M11(A), Ma1(A), we take the function fo(t) = X[o1)(t), i.e., fo(t) = 1if t < tand fo(t) =0ift > 7
(by {Y2, Y}} denote the corresponding pair of boundary values). It follows from (65) that x; = iA™(1 — ¢''7),
x2 = 0. We denote y, = R, f,. Using (68), we obtain

t b
ya(t) = v1(t, M1 (A)x1 +0a(t, A)May (A)x1 — X pp ey~ M f ™ fo(s)ds + 27 Xjo oy~ Mi f e fy(s)ds. (75)
0 0
The equality fo(f) = X[or)(t) implies

, Al (e M ~1) for t <7,
—%[O,h]\mewif e"’\sfz(s)ds =40 for t=r, (76)
0 A7lemM(1 — eAT) for t > 1

b —1;,—iAt
) . 2 e "My, for t#£ T
-1y . —ilt; ids ds = 1 4 77
oane | EEROS =g (77)
By (62), (75)-(77), it follows that

) t
Ya(t) = Xpo o) M1 (A)xg + 27 ixg) + Xy (e Mar (A)xg — Xjo ppy o) (H)i f dm(s)us(s), (78)

0

where u; = Layz =Ay, + fo. Equalities (57), (58), (75)-(77) imply that us(t) = uz1 () + una(t) + uz(t) + uza(t),
where

0 for t<T,
1 () = ¥ ppAe MM (A)xy;  uxn(t) = {Ae ™ My (A)xy for =1, (79)
—A%ie" MMy (A)x; for t > 1;

e M for t< 1 ,
’ 271 die7" My for t# 7,
u(t) =40 for t=r1, Upa(t) = {0 for t:; (80)
e”M(1 - €7) for t > T; ’

Using (79), (80), and equality x; = iA~!(1 — ¢/*%), by direct calculations, we obtain

b
f dm(s)us(s) = i(e™" = 1)My1 (A)x1 + Ae My (A)xg +id 1 e T = 1) + (70 — ey =271 (e — 1)xp, (81)
0
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f dm(s)uy(s) = i(e™™" = D)Mxy +iA71e ™ = 1) = 271 = 1)xy. (82)
0
By (63), (78), so that

(Mu e + 27N dmEune)) | 0 (0
= (Mo ) Lamenne) (resmtann) * (ames)

where the integrals fobdm(s)uz(s), fordm(s)uz (s) are calculated by formulas (81), (82), respectively.
The equality Y, = 0 is equivalent to two equalities

My (A)x; + 27y = 271 [ dm(s)us(s) = 0,

. b . . (83)
e MMy (A)x1 — 27Y [ dm(s)ua(s) +27 Aie™ N Moy (A)xy + i [ dm(s)uz(s) = 0.
Solving the system of equations (83), we obtain
(-l — (2 +iA , -2
M11(/\) = ( ) ( ) ; le(A) =1 (84)

D@ iNe M r 21 2 — iNe il + (2 +id)

Thus the matrix M(A) (64) is calculated by equalities (84), (74).
Remark 6.1. It follows from (84), (74) that

3¢ — 1

. 2¢b —2(e" + l)i
2@ +1)" b '

-2
M () = M »:—.;M.:—.;M.:
() 1) = 57t Me®) = 5573t Ma®) = =55
Suppose that fi(t) = Xq(F). Then x1 = x1(f1,i) = 0, x2 = x2(f1,7) = €™ (see (59), (65), (66)). We denote x =
col(x, x). Therefore, (M(i)X,x) = Maa(i)e2*. Thus, Im(M(i)x,x) = ImMp(i)e 2" =-2(e’ + 1)e™2/(3¢’ + 1) < 0.
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