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Abstract. We consider the non-linear matrix equation (NME) of the form U = Q + Zi;l FAH(U)A;, where
Qs an n xn Hermitian positive definite matrix, A, A,, . . ., A, are n X n matrices, and /i is a non-linear self-
mapping of the set of all Hermitian matrices which are continuous in the trace norm. We discuss sufficient
conditions ensuring the existence of a unique positive definite solution of the given NME. In order to do this,
we introduce ©,,-contractive conditions involving modified simulation functions in relational metric spaces
and derive fixed points results based on them, followed by two suitable examples. In order to demonstrate
the obtained conditions, we consider three different sets of matrices. Three different types of examples
(including randomly generated matrix and a complex matrix) are given, together with convergence and
error analysis, as well as average CPU time analysis with different dimensions bar graphs, and visualization
of solutions in surface plot.

1. Introduction and preliminaries

1.1. Positive definite solutions of NMEs

The study of nonlinear matrix equations (NMEs) appeared first in the literature concerned with alge-
braic Riccati equations. These equations occur in large number of problems in control theory, dynamical
programming, ladder network, stochastic filtering, queuing theory, statistics and many other applicable
areas.

Let H(n) (resp. K(n), P(n)) denote the set of all n X n Hermitian (resp. positive semi-definite, positive
definite) matrices over C and M(n) the set of all n X n matrices over C. In [16], Ran and Reurings discussed
the existence of solutions of the equation

U+BH(UB=Q (1)

2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25, 15A24, 65F45

Keywords. Positive definite matrix; nonlinear matrix equation; convergence analysis; fixed point; binary relation; w-distance
function.

Received: 05 August 2021; Accepted: 12 February 2022

Communicated by Vladimir Rakoc¢evié

Corresponding author: Hemant Kumar Nashine

Email addresses: reena. jain@vitbhopal.ac.in,reenakhatod@gmail.com (Reena Jain),
hemantkumar.nashine@vitbhopal.ac.in, drhemantnashine@gmail.com (Hemant Kumar Nashine), kadelbur@matf.bg.ac.rs
(Zoran Kadelburg)



R. Jain et al. / Filomat 36:14 (2022), 4811-4829 4812

in K(n), where 8 € M(n), Q is positive definite and 7 is a mapping from K(n) into M(n). Note that U is a
solution of (1) if and only if it is a fixed point of the mapping G(U) = Q—-BH(U)B. In[17], Ran and Reurings
used the notion of partial ordering and established a modification of Banach Contraction Principle, which
they applied for solving a class of NMEs of the form U = Q + Y5, BH(U)B; using the Ky Fan norm in
M(n).

Theorem 1.1. [17] Let fi : H(n) — FH(n) be an order-preserving, continuous mapping which maps P(n) into itself
and Q € P(n). If B;, B: € P(n) and Y, BiB: < M- I, for some M > 0 (I, — the unit matrix in M(n)) and if
[tr(i(V) = A(U))| < 51te(Y = X)|, for all X, Y € H(n) with U <V, then the equation U = Q + Yk, Bh(U)B;
has a unique positive definite solution (PDS).

In [21], Sawangsup and Sintunavarat studied the NME of the form U = Q + Zle BH(U)B; using the
spectral norm of a matrix, and applied a generalized contraction condition in metric spaces endowed with a
transitive binary relation; they also tested numerically its approximate solutions. In the papers [2, 8, 9], the
authors discussed PDSs of a pair of NMEs. Recently, in [5], Garai and Dey obtained sufficient conditions
for the existence and uniqueness of solution for a system of NMEs, using common fixed point results in
Banach spaces under conditions using a pair of altering distance functions.

1.2. Relational metric spaces

It is well-known that results of metrical fixed point theory can be applied for solving various nonlinear
problems in different areas. These results use various generalized contractive conditions for operators acting
in several kinds of generalized metric spaces. In this paper, we will consider so-called relational metric
spaces with additional w-distance and contractive conditions formulated in terms of so-called simulation
functions.

Throughout this article, the notations Z, IN, R, R* have their usual meanings. We recall the following
notions.

Definition 1.2. Let X be a non-empty set and R be a binary relation defined on X.

1. [14] The relation R is said to be complete if for all x,y € X, [x,y] € R, where [x,y] € R means that either
(x,y) eRor (y,x) e R

. [1] The symmetric closure of R is defined by R® = RU R,

. [1] A sequence {x,} in X is said to be R-preserving if

W N

(X, xp41) € R, Yn € IN U {0}.

~

. [20] A subset E of X is called R-directed if for each x, y € E, there exists z € E such that (z,x) € Rand (z,y) € R.
. [13] For x,y € X, a path of length k (where k is a natural number) in R from x to y is a finite sequence
{zo0, z1, 22, ..., zk} C X satisfying the following conditions:

]

(i) zo=xandzx =y,
(ii) (zi,ziv1) € Rforeachi (0 <i<k-1).

Definition 1.3. Let X be a non-empty set, R be a binary relation defined on X, and let T be a self-map defined on X.

1. [1] The relation R is said to be T -closed if (x,y) e R= (T x,Ty) € R.
2. [10] The relation R is said to be T -orbitally transitive if it is transitive on O(x;T") for all x € X, where
O(;T)={T"x:n=0,1,2,...} is the orbit of T at the point x € X.

Let X be a nonempty set. As has become standard, (X, d, R) will be called a relational metric space if

(i) (X, d) is a metric space and
(ii) Ris a binary relation on X.
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Definition 1.4. Let (X, d, R) be a relational metric space, and let T~ be a self-map defined on X.

1. [1] The space (X, d) is said to be R-complete if every R-preserving Cauchy sequence converges in X.

2. [1] The relation R is said to be d-self-closed if for every R-preserving sequence {x,} with x, — x, there is a
subsequence {x,,} of {x,}, such that [x,,,x] € R, for all k € N U {0}.

3. [1] The mapping T is said to be R-continuous at x € X if for every R-preserving sequence {x,} converging to
x, we have

Tx, > Txasn — oo,

4. [10] The mapping T is said to be orbitally R-continuous at a point z in X if for any R-preserving sequence
{xs} € O(x; T) (for some x € X), x, — z as n — oo implies T x, = Tz as n — oo.

5. [22] The mapping f : X — IR U {—c0, 400} is said to be R-lower semicontinuous (R-LSC, for short) at x if for
every R-preserving sequence {x,} converging to x, we have

liminf f(x,) > f(x).

n—oo

Remark 1.5. 1. [10] Transitivity = 7 -orbital transitivity; the converse is not true.
2. A path of length k involves k + 1 elements of X, although they are not necessarily distinct.
3. [10] The following implications are obvious:

Continuity =  orbital continuity

U U

R-continuity = orbital R-continuity.

4. [22] Every lower semi-continuous function is R-LSC, but the converse is not true. If R is the universal
relation, then these two notions coincide.

We shall also need the following notions.

Definition 1.6. Let (X, d, R) be a relational metric space, and let T be a self-map defined on X.

1. The relation R is said to be T -orbitally closed at z € X if (x,y) e R= (Tx, T y) € R, forall x,y € O(z; T).
2. The space (X,d,R) is said to be T -orbitally R-complete at x € X if every R-preserving Cauchy sequence
contained in O(x; T") converges in X.

Remark 1.7. 1. Every 7 -closed relation is 7 -orbitally closed at each point, but the converse is not true.
2. Every complete relational metric space is 7 -orbitally complete for any 7, and every 7 -orbitally
complete space is 7 -orbitally R-complete, but the converses are not true.

Example 1.8. Let X = [0, 1] be equipped with the standard metric 4 and let the relation R be defined on X
by

1 1
(Y eR & xy>0 V (x,y) € {(0,0),(0,5)} U {(0,57) |n>3).
Consider the self-mapping 7 on X be given by 7x = £. Take xo = 1. Then
O T) =g In €N}, 06, 7) = 0wy T)U (0] € [0, 5.

Then R is 7 -orbitally closed, and R is 7 -orbitally transitive but it is neither 7 -closed nor transitive. To see
this, observe that

() = 0, 3) € Rbut (7%,79) = 0, 30) R
and
1.1 1 1
(0/ 5)/ (g/ g) € Rbut (0/ %) ¢ R.

Also, (X,d, R) is T -orbitally R-complete at xo.
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We are going to use the following notations:

(i) F(7) := the set of all fixed points of 7,
(i) RT)={xeX:(x,T7x)eRand (T x,x) € R},
(iii) Y(x,y, E, R) := the class of all R-paths in E from x to y, where E C X.

A new type of control functions, named as simulation functions has been designed by Khojasteh et al.
[12] and later slightly modified and enlarged by Rolddn-Lopez-de-Hierro et al. [19]. Very recently, Hazarika
et al. [7] modified this notion introducing the notion of modified simulation function.

Definition 1.9. [7] The set of modified simulation functions © is a class of functions 6 : Ry X Ry — R satisfying
the following conditions:

(61) 6,0 <C—=&, forall (&> 0;

(62) if {&4), {Cy) are sequences in (0,+c0) such that lim,o &y = @ > 0 and limy,0 Gy = B > 0, then
limsup,_, 0(&y, C) < B —a.

In Section 2 of this paper, we consider relational metric spaces endowed with additional w-distance.
O,-contractive conditions involving modified simulation functions in these spaces are introduced and fixed
points results, based on them, are obtained. Several special cases are considered in Section 3, together with
suitable examples, illustrating the obtained results.

Applications of the obtained results to non-linear matrix equations are considered in Section 4. We
discuss sufficient conditions ensuring the existence of a unique positive definite solution of the NMEs of the
formU=Q+ Zi-;l AN(U)A;, where Q is an n X n Hermitian positive definite matrix, A, Ay, ..., Ay, are
n X n matrices, and 7 is a non-linear self-mapping of the set of all Hermitian matrices which are continuous
in the trace norm.

In order to demonstrate the obtained results, we consider three different types of matrices in Section
5. This includes convergence and error analysis, as well as average CPU time analysis with different
dimensions bar graphs, and visualization of solutions in surface plot.

2. Relational metric spaces with w-distance

In 1996, Kada et al. [11] introduced the concept of w-distance on a metric space and proved a generalized
Caristi fixed point theorem, Ekeland’s e-variational principle and the non-convex minimization theorem,
according to Mizoguchi and Takahashi [15]. Senapati and Dey [22] presented a modified version of w-
distance function. The corresponding definitions and lemmas, in the setting of metric spaces endowed with
an arbitrary binary relation R, are as follows:

Definition 2.1. [22] Let (X, d, R) be a relational metric space. A function w: Xx X — [0, +00) is called a w-distance
on X if it satisfies the following properties:

(W1) w(x,z) < w(x,y) +w(y,z) forany x,y,z € X;

(W2') w is R-LSC in its second variable; ie., if x € X and y, — y € X such that y,Ry,.1, then w(x,y) <
liminf, e w(x, yn);

(W3) for each € > 0, there exists a 6 > 0 such that w(z,x) < 6 and w(z, y) < 6 imply d(x, y) < e.

The following lemma is a modified version of Kada et al. [11], due to Senapati and Dey [22].

Lemma 2.2. [22] Let (X, d, R) be a relational metric space and let w be a w-distance on X. Suppose that {x,} and {y,}
are R-preserving sequences in X, {a,,} and {B,} are sequences in [0, +00) converging to 0, and let x,y,z € X. Then
the following assertions hold:

(i) if w(xn, y) < ay and w(x,, z) < B, for all n € N, then y = z, particularly, if w(x, y) = w(x,z) =0, then y = z,
(ii) if w(xy, Yn) < ay and w(x,, y) < By for all n € N, then {y,} converges to y,
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(iii) if w(xy, Xpm) < ay for all n,m € N with m > n, then {x,} is a Cauchy sequence,
(iv) if w(y,x,) < ay for all n € N, then {x,} is a Cauchy sequence.

Lemma 2.3. [11, 23]. Let w be a w-distance on a metric space (X, d) and {x,} be a sequence in X such that for each
€ > 0 there exists Ne € IN such that m > n > N, implies w(x,, X)) < €, i.e., limMy, y—yeo W(Xn, Xm) = 0. Then {x,} is a
Cauchy sequence.

Definition 2.4. Let (X, d, R) be a relational metric space with w-distance w and T : X — X be a given mapping. We
say that T is a ©y-contractive mapping, if there exists a function 0 € © such that

O(w(T x, T y), max{w(x, y), w(x, T x), w(y, T y)}) = 0, (2)

forall (x,y) e R.
If (2) is satisfied for x,y € O(xo; T) (for some xo € X), we say that T is an orbitally @y-contractive mapping
(at xg).

Now, we are equipped to state and prove our first main result as follows:
Theorem 2.5. Let (X,d,R) be a relational metric space with w-distance w and 7 : X — X. Suppose that the
following conditions hold:

(i) there exists an xo € R(T);

(ii) R is T -orbitally closed and T -orbitally transitive;
(iii) (X,d,R) is T -orbitally R-complete at xo;
(iv) T is an orbitally ©-contractive mapping;

(v) T is orbitally R-continuous.

Then there exists a point u € F(T"). In addition, w(u, u) = 0.

Proof. Let xo € R(T") be a point as given in (i). If 7"xo = 7"*!xy for some n € N U {0}, then there is nothing
to prove. Construct the sequence {x,} of Picard iterates x, = 7 "(xp) for all n € IN U {0}.
Using (i)-(ii), we have that (7 x, 7 %xo) € R. Continuing this process inductively, we obtain

(T"x0, 7" x0) € R 3)

for any n € IN U {0}. Hence, {x,} is an R-preserving sequence.
Next, we show that

lim w (T”xo, T”*lxo) =0. (4)

n—o0

Denote A, = w (T”xo, T"*lxo) for all n € N U {0}. Now, observe that

0< Q(ZU(T”X(), T"+1X0),
max{w(7" " xo, T"x0), w(T " x0, T"x0), w(T "x0, T x0)})
= G(An/maX{Aﬂ—llAVl})' (5)
We shall show that {A,} is a nonincreasing sequence. Indeed, if A,—; < A, for some n € N, then (5) would
imply that
0< G(AnrAn) <Ay—A, =0,

a contradiction. Therefore, {A,} is a nonincreasing sequence of positive real numbers. Hence there exists
an r > 0 such that

lim A, = im w(7T"x, T xg) = 7.

n—o0 n—o0
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If r > 0, then, using the condition (6;), we would have

0 <limsup O(Ay,, Ap-1) <r—r=0,
n—oo
a contradiction. Thus, we conclude that lim,,_,., A,, = 0, which establishes (4).
Similarly, from (7 xo,xp) € R and using condition (ii), we get (x,+1,x,) € R for all n € IN*. Using this
conclusion and the above arguments, it can be shown that
lim w(7 "+ x, T"x0) = 0. (6)
n—oo
Next, we show that {7 "x,} is a Cauchy sequence in O(xo; 7). Suppose that this is not the case — then, by
Lemma 2.3, the relation
lim w(T"xo, T "x0) =0 (7)

m,n— 00

o]

does not hold. It follows that we can find a 6 > 0 and increasing sequences {m};’,,

integers with my > n such that

{”k};zl of positive

w(T ™ xg, T ™xp) = 6, forallk € {1,2,3,---}. 8)
By (4), there exists a kg € N, such that n; > ko implies that
w(T " xo, T xg) < 6.

In view of the two last inequalities, we observe that my # 1,1. We may assume that my, is the minimal index
such that (8) holds, so that

w(T ™ x0, T "x0) < 6, for r € {ngs1, Mo, ..., M — 1}
Now, making use of (8), we get
0 <6 <w(T™xo, T"x0) < w(T ™ x0, T ™ ' x0) + w(T ™ xo, T"x0)
< &+ w(T ™ Lxg, T™xq).
Thus,
Lim w(T ™ xp, T™x) = 0. )

k—o0

Using the triangle inequality, we have

w(T ™ xo, T™x0) < w(T ™ x0, T o) + w(T ™ g, T xp)

< w(T™xg, T xg) + w(T " xg, T o) + w(T ™ g, T xp).
Taking the limit on both sides and making use of (4), (6) and (9), we obtain

lim w(7 " xg, T xg) > 6. (10)

k—oo
Again, using the triangle inequality, we have
w(T ™ xo, T x0) < w(T ™o, T™x0) + w(T ™x0, T x0)
< w(T " g, T x0) + w(T ™ x0, T ™ x0) + w(T ™ xo, T xg).
Taking the limit on both sides and making use of (4), (6) and (9), we obtain

lim w(7 " xg, T+ xg) < 6. (11)

k— o0
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Combining (10) and (11), we have

lim w(7 " xg, T xg) = 6. (12)

k—oo

Now, since R is 7 -orbitally transitive and since {x,} € O(xo; 7°), therefore we must have (7 "x,, 7 "x,) € R,
for all r € IN. Denote & = w(7 ™ xg, T"™*+x0) and Cx = max{w(T "xo, T ™x0), w(T ™xq, T x0),
w(T ™ xo, T ™+ 1xp)}. Applying condition (2), we get

0< G(w(T”k”xo,'T’"k”xo), max{w(‘T”kxo,’T’”kxo),w(T”kxg,‘T”"“xo),w(‘T"”‘xO,T"”‘“xo)).
Taking the limit on both sides and using (9), (12) and (6,), we have

0 < limsup 6(w(7’”k+1x0,‘7"”"+1x0), max{w(T *xg, T "™ xq), w(’i'”"xo,T”k“xo),w(kaxO,Tm"”xO))

k—o0

<6-0=0,

a contradiction. Hence, {7 "xo} must be a Cauchy sequence in O(xy; 7).

Since (X, d, R) is 7 -orbitally R-complete, there exists a point u € X such that lim,_,. 7"x9 = u. We shall
show that u is a fixed point of 7.

Using the orbital R-continuity of 7~ (due to the condition (v)), we have lim, . 77 "x9 = 7 1. Owing to
the uniqueness of the limit, we obtain 7 u = u.

Finally, assume that w(u, 1) > 0. Then, putting x = y = u in (2), we have

0 < O(w(u, u), max{w(u, u), w(u, u), w(u, u)})
= O(w(u, u), w(u, u)) < w(u,u) —wu,u) =0,

a contradiction. Therefore, w(u, u) =0. O
Next, we have the following result.

Theorem 2.6. The conclusion of Theorem 2.5 remains true if the condition (v) is replaced by the following one:
(v') forevery y € X with y # Ty, inflw(x, y) + w(x, T x) | x € X} > 0.

Proof. Following the proof of Theorem 2.5, we observe that the sequence {7"x¢} is a Cauchy sequence, and
so there exists a point # in X such that lim, ., 7"xo = u. Since limy, ;.o W(7 "x0, T "xp) = 0, for each € > 0,
there exists an N. € IN such that n > N, implies w(T Nexo, T"xg) < €. Since lim,—e 7"xg = 1 and w(x, -) is
lower semi-continuous,

w(T Nexo, u) < liirlglfw(TNexo,T"xo) <E€.
Therefore, w(7 Nexy, 1) < €. Set € = 1/k, N = n; so that
%gg w(T ™ xg,u) = 0.
Assume that 7u # u. Then, by the hypothesis (v’), we have

0 < inf{w(x, u) + w(x, 7 x) | x € X}

< inflw(T " xg, u) + w(T "*x, T xg) | n € N} — 0,

which contradicts our assumption. Therefore, 7u = u.
The last conclusion is derived as in the proof of Theorem 2.5. [

In what follows, we give various sufficient conditions for the uniqueness of the fixed point in Theorems
2.5 and 2.6.
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Theorem 2.7. In addition to the hypotheses of Theorem 2.5 (or Theorem 2.6), if any of the following conditions is
fulfilled:

(D) forallu,v € X, there exists a z € X such that,
{(z,T2),(zu), @z} CR; (13)

(II) the set T (X) is R-directed;
(1) Rlyx is complete;
(IV) Y(u,v,F(T), R’) is nonempty, for each u,v € F(T),

then T has a unique fixed point.
Proof. In view of Theorem 2.5 (or Theorem 2.6), F(7") # 0 and w(u, u) = 0 for each u € F(T").

o Assume (I). Suppose there exist distinct fixed points 1 and v of 7. We will consider the following two
cases.

& Case (A): u and v are R-comparable. Then 7"u = u and 7"v = v are comparable forn = 0,1,....
Therefore, using condition (2),

0 < B(w(T "u, 7 "v), max {w(‘i'”_lu,?'”_lv),w(T”_lu,T”u), w(T”‘lv,T”v)})
= O0(w(u,v), w(u,v)),
since 1 and v are fixed points of 7~. This implies that
0 < O(w(u,v), w(u,v))

which is possible only if w(u,v) = 0. Since w(u, u) = 0, by using Lemma 2.2, we have u = v; i.e,, the
fixed point of 7~ is unique.

& Case (B): By the assumption (I), there exists a z € X, satisfying condition (13). Due to 7 -closedness
of R, we get

T 'zu)eR, (T"'z,0)eR,
and, using (2), it follows that
0 < Ow(T "z, u), max{w(T "'z, u), w(T" 'z, T"z), w(u, T u)}). (14)

Using (z,7 z) € R, similarly as in the proof of Theorem 2.5, it can be shown that w(7 "'z, 7"z) — 0 as
n — oo. Therefore, for n sufficiently large,

max{w(T "z, u), w(T "z, T"z), w(u, Tu)} = w(T " 'z,u)
and, from (14), we have
0 < O(w(T "z, u), w(T "z, u)).

As in the proof of Theorem 2.5, it can be shown that w(7"z,u) < w(7 " z,u). It follows that the
sequence {w(7 "z, u)} is nonincreasing. As earlier, we have

lim w(7 "z, u) = 0.

n—oo

Also, since (z,v) € R, proceeding as earlier, we can prove that

lim w(7"z,v) =0,

n—oo

and by using Lemma 2.2 we infer that u = v; i.e., the fixed point of 7 is unique.
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e Assume (II). For any two fixed points u, v of 7, there must be an element z € 7 (X), such that
(z,u) e Rand (z,v) € R.
As Ris T -closed, so for all n € IN U {0},
(7"z,u) € Rand (7"z,v) € R.

In the line of proof of Case(B) (I), we obtain u = v, i.e., 7 has a unique fixed point.

e Assume (III). Suppose u,v are two fixed points of 7~ with u # v. Then, we must have (1,v) € R or
(v,u) € R. For (u,v) e R, since Tu=u,7v=uv,wu,u)=0and w(v,v) =0, we obtain

0 < O(w(T u, T v), max{w(u,v), w(u, T u), w(v, T v)})
= O(w(u, v), w(u,v)) <0,

a contradiction. Hence, we must have u = v.

In a similar way, if (v, u) € R, we have u = v.
e Assume (IV). Suppose u, vare two fixed points of 7. Let {zo, z1, . . ., zx} be an R*-path in F(7") connecting
u and v. Asin Case (I,A), It must be z; 1 = z; foreachi=1,2,...,k, and it follows that u = v.
|

3. Some consequences and examples

Some fixed point results can be derived using the condition (2) of Theorems 2.5-2.7, with various forms
of function 0 € ®. We state just a few examples as corollaries out of which some of them are new and the
rest include existing results in the literature.

To simplify the notation, in this section we denote

M(x, y) = max{w(x, y), w(x, T x), w(y, T y)}.
Corollary 3.1. [Generalization of [4]]. Under the conditions of Theorem 2.7, except that (iv) is replaced by
w(Tx,Ty) < AM(x,y), forallx,yeX, (15)
where A € (0, 1), similar conclusions hold for the mapping T .
Proof. Taking 0 : Ry x Ry —» Ras 0(§,0) = AC— & forall ,C € R, in (2), we obtain the conclusion. [
Corollary 3.2. [Generalization of [18, 24]] Under the conditions of Theorem 2.7, except that (iv) is replaced by
w(Tx,Ty) <M(x,y)—pM(x,y), forallx,yeX,

where @ : Ry — R, is a lower semi-continuous function such that (&) = 0 if and only if & = 0, similar conclusions
hold for the mapping 7T .

Proof. Taking 0 : Ry xR, — Ras 0(&,s) = C—@(0)—£& forall &, C € R,, we obtain the desired conclusions. [
Corollary 3.3. Let all conditions of Theorem 2.7 be satisfied, except that (iv) is replaced by
Y(Tx,Ty) < eMx,y), forallx,ye€X,

where P, @ : Ry — R, are two continuous functions such that () = @(t) = Oifand only if t = 0and p(t) < t < P(t)
forall t > 0. Then the same conclusions hold for the mapping T .
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Proof. If in equation (2), we define 0 : Ry X Ry — R by 6(¢,C) = ¢(0) — (&) for all £, C € R, we obtain the
conclusions. []

Corollary 3.4. [Generalization of [3]] Let all conditions of Theorem 2.7 be satisfied, except that (iv) is replaced by
w(Tx,Ty) <pM(x,y)), forallx,yeX, (16)

where @ : Ry — R, is an upper semi-continuous function with @(s) < s for all s > 0 and ¢(s) = 0 if and only if
s = 0. Then the same conclusions hold for the mapping T

Proof. If we define 0 : Ry X Ry — Rby 0(¢&,C) = ¢(C) — & forall &, C € Ry, then (2) is converted to (16), and
the result follows from Theorem 2.7. [

Corollary 3.5. [Generalization of [6]] Let all conditions of Theorem 2.7 be satisfied, except that (iv) is replaced by
w(Tx, Ty) < Mx, pM(x,y), forallx,yeX, 17)

where ¢ : Ry — [0,1) is a function with limsup,_, . ¢(t) < 1 for all T > 0. Then the same conclusions hold for the
mapping T .

Proof. 1f we define 6 : Ry X Ry = R by 8(&,C) = Cp(C) — & for all £, C € R,, then (2) becomes (17), and we
reach the conclusion. [

Example 3.6. Let X, d, R, 7 and x( be as in Example 1.8, and let a w-distance on X be given by w(x, y) = y
for all x, y € X. In order to show that all conditions of Corollary 3.1 are satisfied, just the condition (15) has
to be checked.

Take x, y € O(x; 7) with (x, y) € R, and so 0 < x, y < % Consider two cases:

Case 1. If x = 0and y = 1/5", n € N, then (15) reduces to 1/5"*! < A - 1/5" and is fulfilled for A = 1/5. If
y=0and x =1/5", n € N or x = 0, then (15) holds trivially.

Case2. Letx,y € {1/5" |n € N} with0 < y < x,i.e., y < x/5. Then we have

(XYY
WTxTy) = w(5’5) G
and
- ryy_x
M(x,y)—max{y,5,5} 5
Thus, (15) reduces to
y x
Z <Az
5 _A5

ie,toy < Ax. If wetake A = % < 1, then in all cases the contractive condition (15) holds true. Hence, 7" is
an orbitally R-contractive mapping.
Therefore, all the conditions of Corollary 3.1 are fulfilled and x = 0 is the unique fixed point of T in

O(XO; T)

Example 3.7. Consider the set X = [0, +00) with the usual metric d. Define a w-distance w: X X X — [0, o)
by w(x,y) = x* + y* for all x, y € X and the binary relation R by

(x,y) R & x,y>00r(x,y) € {(0,0),(0,;)}u{(0 )in 22}

! 72n+1
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Consider the self-mapping 7 on X given by

v
Tx=<L7"
2

x—7,

x€[0,1]

x> 1.

Take xo = 1. It is simple to show that
O(xo; T) C {% ke NU {0}} and O(x:7) = O(x; 7) U {0},

and that (X, w) is 7 -orbitally complete at xo.
Then R is 7 -orbitally closed, and R is 7 -orbitally transitive (which is not 7 -closed and transitive —
similarly as in Example 1.8). Also (X, w) is 7 -orbitally R-complete at x.

Take x, y € O(xp; 7) with (x,y) € R, and so 0 < x, y < 1. Consider two cases:
Case 1. If x = 0 and y = 1/7%*1, k € N, then (15) reduces to

1 1 1
78k+6 s /\(74k+2 + 78k+6 )’

and is fulfilled, e.g., for A = 1/7. If y =0and x = 1/ 7%+1 k € N or x = 0, then (15) holds trivially.
Case 2. Letx,y € {1/7° |k e N U {0}} with 0 < y < x < 1. Then

Sl W S
77

w(Tx,Ty) = w( TR

and

4 %
M(x, y) = max {xz + 2, %+ E,yz + E}

Case 2a. Let y > x?/7. Then x? + y? > x? + (x*/49) and M(x,y) = x> + y>. Therefore, the condition (15)
reduces to

4
SN

49 49
Case 2b. If y < x?/7, then x? + y? < x? + (x*/49) and M(x, y) = x* + (x*/49). Therefore, (15) reduces to

4 4
x—+z</\(x2+x—),

49 49 — 49

ACE + 7).

It can be easily checked that the above cases hold true for A = 4/7.
Thus 7 is orbitally R-contractive mapping.
Finally, we will show that the condition (v’) of Theorem 2.6 holds true. Indeed, for any #n € IN we have

1 1
7 7(7)
and for arbitrary n € IN we get
. 1 1 1 1 1
1nf{w(7—m,%)+w(7—m, W) | me N} = ﬁ > 0.

Therefore, all the conditions of Theorem 2.6 (with the condition (13) of Theorem 2.7) are satisfied (with
0(&,0) = AL - &) and x = 0 is the unique fixed point of 7~ in O(xo; 7).
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4. Application to nonlinear matrix equations

Denote by s(Uf) any singular value of a matrix U, and its trace norm by s*(U) = ||U||. For C,D € H(n),
C > D (resp. C > D) will mean that the matrix C — D is positive semi-definite (resp. positive definite).

Theorem 4.1. Consider the equation
k
U=Q+ Z ANUA, (18)
i=1

where Q € P(n), A; € M(n), i =1,...,k, and the operator ii: P(n) — P(n) is continuous in the trace norm. Let, for
some M, Ny € R, and for any U € P(n) with ||U|| < M, s(k(U)) < N1 hold for all singular values of i(U). Assume
that:

(D [IQl < M — NNin, where Yy ||| \All = N;
(1D for any ‘W € P(n) with |W| < M, 2?21 FAW)A; = O holds;
(1D for any ‘W € P(n) with [[W|| < M, W < Q+ Ly AH(W)A; holds.
(IV) there exists A € (0,1), such that for any s(Q),
2NN; +25(Q) < AY(U,V) (19)

holds for all U,V € P(n) with ||U||, VI <M, U <V and
Yo AWUVA; # Ly AR(V)A;, where

(20)

[ @01+ VLS )]+ 5 @+ T AR
V) = max {|s+(v>| 1@+ Ty ANVIA) } |

Then the NME (18) has a unique solution Ue P(n) with II;L\III < M. Further, the solution can be obtained as the
limit of the iterative sequence {U,}, where for j > 0,

k
(Ll]'+1 =Q+ Z ﬂ:h(ﬂ])fﬂl (21)
=1

and Uy is an arbitrary element of P(n) satisfying [|Uo|| < M.

Proof. Denote A :={U € P(n) : ||U|| < M}, being a closed subset of P(11). According to (II), any solution of
(18) in A has to be positive definite. We have, for any U € A,

k k
IQ+ Y ARTOA < IQl + 1Y A)A

i=1 i=1
k
<lQl+ Z IANIANR(TON = 1| QIl + NIIA(TII- (22)
i=1

Since all singular values of U satisfy s(fi(U)) < Ny, it follows that ||Z(U/)|| < Nin. Thus, (22) implies

k
IQ + Z ANUA < |Qll + NNy < M — NNyn + NNyn = M.
i=1

Define now an operator J : A — A by

k
JU) =Q+ Z ARUNA;, forall U € A.

i=1
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Also, define a binary relation

R={(U, V)eAXA: ULV}

It is clear that finding positive definite solution(s) of the equation (18) is equivalent to finding fixed point(s)
of J. Notice that J is well defined, R-continuous and R is J-closed. Since

k
Y AN (IO)A; - 0,
i=1
for some K € A, we have (K, 3(K)) € R and hence A(T;R) # 0.
Now, let (U, V) e R ={(U, V) e R: J(U) # I(V)}. Then we have

k k
IS+ ISV = 1Q + Y| ARTAI +11Q+ Y AH(V)A|
i=1 i=1
k k
<20@Ql+11Y ARUAN +11Y, ARVA
i=1 i=1

k
<2l@l+ Y [IAAUAN + |AHV)A]

i=1
k

< 2IQ1+ Y IAINIAN [IET + W]
i=1

< 2IQlI+ N(IR(TOHI + [~V
< 2||Q|| + N(Nli’l + Nln)
=2||Q|| + 2NNin.

Thus, for any U, V € A with U <V, we have
13O+ I3Vl < 2/1QII + 2NNy 7. (23)
For some fixed U,V € A with U <V, from (19) and (20), we have

[s*(TO] + |s*(V)I,
2NN +25(Q) < Amax {[s*(U)| + sH(@Q + LI AU)A)|
Is* (V)] + I5*(@Q + Lisy AT(V)A)|

_ 12+ VI U+ 11Q + Ly AR A
= Amax A .
VI +11Q + Xy FR(V)A

The above relation holds for every singular value of Q, so adding up, we obtain
2NNin + 2|1Ql1 < Amax{lIU|| + [VIL U + IS@ONIVIE+ IS
Therefore, from (23) we get
IS@OI+ 1T < Amax{|U] + IVI, U+ IBE@OILIVIE+ ISV (24)
Letw: A X A — R, be defined by
w(U, V) = Ul + |V for all U,V € A.
Then (A, ||.l, w) is a complete relational metric space with the above w-distance. It follows from (24) that

w(IU), J(V)) < Amaxiw(U, V), wU, S(U)), w(V, (V) (25)
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Taking 0 : Ry xRy - Ras 6(§,0) = AC—Eforall &, C € Ry, (25) can be rewritten as
O(w(I(U), 3(V)), max{w(U, V), w(U, I(U)), w(V, I(V))}) = 0.

Now, all the hypotheses of Theorem 2.5 are satisfied, and therefore there exists X € P(n) such that J(X) = X.
Hence, the matrix equation (18) has a solution in $(11). Furthermore, due to the existence of the least upper
bound and the greatest lower bound for each pair U,V € I(P(n)), we have Y(U,V; Rlg@pm)) # 0 for all
U,V € J(P(n)). Hence, using Theorem 2.7, J has a unique fixed point, and hence we conclude that the
matrix equation (18) has a unique solution in P(n). O

5. Numerical experiments

In this section, we consider some numerical results. All experiments were run on a macOS Mojave
version 10.14.6 CPU @1.6 GHz intel core i5 8GB with MATLAB R2020b as the programming language
(Online). The number of necessary iterations is denoted by Iter. No., initial matrix is denoted by Int. Mat.,
Dimension is denoted by Dim., Minimum eigenvalue of a matrix is denoted by Min(Eng) and the trace
norm of the residual is denoted by Res (Res(X) = ||X,+1 — Xulltr). We have assigned tol = 10719 in all studies.

Three examples of key variables, as well as tables and graphs displaying various input-data, such as
solutions, iteration number, error, CPU time, computing time, are shown here. We use line graphs, bar
graphs, and surface plotting to obtain a clearer understanding.

Example 5.1. Consider matrices Ay, Az, Q € C¥3 given as

[0.036664411116369  0.089269870544203 0.066952402908152]

Ay =10.057387773921273  0.135498910647450 0.071734717401591
10.153034063790062  0.133904805816304 0.103616814024521 |
[0.105210918855667 0.017535153142611 0.086081660881910]

Ar =10.074922927063884 0.133904805816304 0.151439958958915
10.103616814024521  0.065358298077005 0.036664411116369 |
[ 1.0609 —0.0011 0.0017

Q=1-0.0011 1.0572 -0.0014].
| 0.0017 -0.0014 1.1389
To see the convergence of the sequence {U,} defined in (21), we start with three different initializations:
[0.0014 0.0019 0.0025 1 00
Uy = (0.0019 0.0027 0.0034], Vo=10 1 0},
[0.0025 0.0034 0.0052 0 01
1.1255 —-0.0023  0.0037
Wy =(-0.0023 1.1177 -0.0030],
0.0037 -0.0030 1.2970
where Uy, Vo, Wy € P(3).
Table 1
Int. Mat. | i(U) | A | Dim. | Iter No. CPU Error Min(Eig)
Uy Uu* 1083 3 26 0.012246 | 0.7923 x 1071 [ 1.0745
Vo Uu* 1083 3 25 0.012068 | 0.9888 x 1071 [ 1.0745
Wy Uu* 1083 3 25 0.012444 | 0.5412x 1071 [ 1.0745

We get the positive definite solution

&

1.1634 0.0968 0.0911

X =10.0968 1.1799 0.0983].

0.0911 0.0983 1.2328
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Convergence behaviours, log plot
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Fig.1: Iteration vs Error graph

Surface of the psd solution

Fig.2 : Solution’s surface plot

Example 5.2. Consider the following matrices Ay, Az, Q € C¥4:

[0.0024 + 0.0194i  0.0022 — 0.0067i 0.0046 — 0.0037i 0.0058 + 0.0157i
Ay = 0.0084 — 0.0062: 0.0023 + 0.0022i 0.0064 + 0.0032i 0.0043 — 0.0087i
1710.0086 — 0.0030i 0.0054 + 0.0165i 0.0092 + 0.0187i 0.0088 + 0.0108i |’
[0.0096 — 0.0093i  0.0076 + 0.0064i 0.0016 — 0.0063: 0.0039 + 0.0194i
[ 0.0194 + 0.0020i —0.0067 + 0.0019; —0.0037 + 0.00137  0.0157 + 0.0087i ]
A = —-0.0062 + 0.0035;  0.0022 + 0.0045;  0.0032 + 0.0080;  —0.0087 + 0.0069i
27 1-0.0030 + 0.0022i  0.0165 +0.0068  0.0187 +0.0008;  0.0108 + 0.0051i |”
| —0.0093 + 0.0000;  0.0064 + 0.0047i —0.0063 + 0.0012i  0.0194 + 0.0062i |
[ 1.0008 + 0.0000i —0.0002 — 0.0002; —0.0000 + 0.0001:  0.0002 + 0.0001: ]
Q- —0.0002 + 0.0002i  1.0003 + 0.0000;  0.0001 + 0.0003;  —0.0000 + 0.0001:
~1-0.0000 — 0.0001;  0.0001 —0.0003;  1.0008 + 0.0000i  0.0003 — 0.0000i
| 0.0002 - 0.0001i —0.0000 —0.0001 0.0003 + 0.0000i  1.0006 + 0.0000i |

4825
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[ 0.0748 + 0.0000i —0.0204 + 0.0238; 0.0055 + 0.0058; 0.0175 + 0.0117:
U = —0.0204 — 0.0238;  0.0265 — 0.0000:  0.0203 — 0.0266: 0.0009 — 0.0052i
0~ 1 0.0055 — 0.0058i 0.0203 + 0.0266:  0.1011 + 0.0000: 0.0399 + 0.01017|”
| 0.0175 - 0.0117i 0.0009 + 0.0052i  0.0399 — 0.0101: 0.0711 — 0.0000:1
1 0 0O
01 0 0
Vo=lo 0 1 of
0 0 0 1
1.0015 + 0.0000i —0.0004 — 0.0004i —0.0000 + 0.0001: 0.0003 + 0.0002i
—0.0004 + 0.0004: 1.0005 + 0.0000: 0.0002 + 0.0007:  —0.0001 + 0.0002i
—0.0000 — 0.0001;  0.0002 — 0.0007;  1.0017 + 0.0000;  0.0006 — 0.0001: |’
0.0003 — 0.0002i —0.0001 — 0.0002 0.0006 + 0.0001;  1.0012 + 0.0000:
where Uy, Vo, Wy € P(n). We obtain
Table 2
Int. Mat. | i(U) | A | Dim. | Iter No. CrPU Error Min(Eig)
Uy (e 0.9 4 6 0.008690 | 0.2387 x 10~ 1.0004
Vo (e 0.9 4 5 0.008575 | 0.3721 x 10711 1.0004
W, U 0.9 4 5 0.008223 | 0.1050 x 10~ 1.0004

The PDS is given by

—0.0005 — 0.0000:  0.0000 + 0.0001; 0.0007 + 0.0003:
1.0012 + 0.0000;  0.0008 + 0.0002i 0.0005 + 0.0001i
0.0008 — 0.0002:  1.0019 + 0.0000; 0.0005 + 0.0000i "
0.0005 - 0.0001;  0.0005 - 0.0000; 1.0026 — 0.0000i

1.0021 + 0.0000:
—0.0005 + 0.0000i
0.0000 — 0.0001:
0.0007 — 0.0003:

X =

Convergence behaviours, log plot
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Fig.3 : Iteration vs Error graph

Example 5.3. In this example, we consider matrices with randomly generated coefficients by

= (1/2") X rand(n); A, = (1/2") X rand(n);

4826
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where Ay, Ay € C"™". For n = 4, we obtain

[0.0108 0.0038 0.0411 0.0010]
T = 0.0244 0.0250 0.0392 0.0615
1710.0520 0.0329 0.0182 0.0104|

10.0502 0.0260 0.0270 0.0066]

[0.0233 0.0595 0.0168 0.0261]
_10.0124 0.0575 0.0264 0.0614

0.0306 0.0033 0.0342 0.0188|"
10.0212 0.0461 0.0589 0.0438]

[1.0073 0.0048 0.0066 0.0035]
0.0048 1.0045 0.0040 0.0019
0.0066 0.0040 1.0068 0.0043]

10.0035 0.0019 0.0043 1.0036]

We use the initial values

0.1818
0.2030
0.1447
0.1757

1.0147 0.0096
0.0096 1.0090
0.0133 0.0081
0.0070 0.0039

0.2030
0.6543
0.3450
0.3344

0.0133
0.0081
1.0137
0.0086

0.1447
0.3450
0.4227
0.4028

0.0070
0.0039
0.0086|"
1.0073

0.1757
0.3344
0.4028|’
0.3972

Uy = 1075 x Vo =

[N e}
O = OO
—_ o OO

1
0
0
0
Wy =

where Uy, Vo, Wy € P(n).
Table 3

Int. Mat.

(U)

Dim.

Iter No.

CrPu

Error

Min(Eig)

Uo

7/[2

0.95

10

0.008158

0.0933 x 10~1°

1.0013

Vo

1/[2

0.95

9

0.0080555

0.1341x 10710

1.0013

Wo

(LIZ

0.95

S

8

0.008241

0.8007 x 10~1°

1.0013

The PDS is

0.0094
0.0120
0.0132
1.0151

1.0161
0.0123
0.0141
0.0094

0.0123
1.0168
0.0127
0.0120

0.0141
0.0127
1.0176
0.0132

X =
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Convergence behaviours, log plot
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Fig.4 : Iteration vs Error graph

Surface of the psd solution
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Fig.5 : Solution’s surface plot
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Fig.6 : Dimension vs CPU time
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