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Abstract. The primary objective of this study is to extend the concept of strongly I-deferred Cesaro summa-
bility and u-deferred I-statistical convergence on amenable semigroups. Furthermore, under few condi-
tions, we also establish some inclusion-based results. After that, we introduce the p-deferred I*-statistical
convergent, p-deferred I-statistically pre-Cauchy, and p-deferred I*-statistically pre-Cauchy functions in

amenable semigroups and prove results based on connection among them. Certain counter-examples are
also presented to support our results.

1. Introduction

In the middle of the 20th century, Fast [8] and Steinhaus [23] individually worked on the concept of
statistical convergence of a sequence. As an extended work on statistical convergence, the ideal convergence
and statistical convergence via ideals came in theory. Using the concept of ideal defined on the set of natural
numbers N, I-convergence and I-statistical convergence of sequence was introduced by Kostyrko et al. [11]
and Savas and Das [21], respectively. After that, further study on convergence via ideals by different authors
came into literature, some references are [10, 19, 20], etc. Savas and Das [22] defined a new generalization
of I-statistical convergent sequence and called it as I-statistically pre-Cauchy sequence. Baliarsingh [2]
and Nayak et al. [15] defined notion of statistical deferred A—convergence for uncertain sequences and
fuzzy sequences, respectively. Recently inspired by [7], Khan et al. [9] defined the notion of p-deferred
I-statistically convergence for real sequences by using concept of p-deferred density defined on (IN, £, p),

where £ be the sigma-algebra of subsets of IN and i be the sigma finite measure on £ with p(IN)=co.
The natural density of A C IN is defined by

1y
d(A) = lim — Y xa@
a=1

provided that the limit exists, where x4 denotes the characteristic function of the set A.
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Definition 1.1. [21] Let I be a non-trivial admissible ideal defined on IN. A sequence y = (yx) is said to be
I-statistically convergent to L if for all €,6 > 0, the following set

[neN: ke N k<nly-Izel|20fel

We write it as I-st-lim y = L. Here |A| denotes the cardinality of set A.
Definition 1.2. [22] Let I be a non-trivial admissible ideal defined on IN. A sequence y = (yx) is said to be
I-statistically pre-Cauchy sequence if for all €,0 > 0, the following set
1
{n eIN: ﬁ|{(k,l) eNXIN:kI<n,|y—yl 26}( 26} el

Here |A| denotes the cardinality of set A.
Let p = (pu), 9 = (9») be any pair of increasing sequences of non-negative integers such that
Pn < gy and lim g, = co. (1)
Angew [1] gave a new generalization of Cesaro mean which is defined as for a real (or complex) sequence

(vx)

In
Z Y, n€N.
k=p,+1

D n =
(Dp.qy) pa—

and called it as deferred Cesaro mean of real (or complex) sequences (yx).

Definition 1.3. [9] Let I be a non-trivial admissible ideal defined on IN. A sequence y = (yx) is said to be strongly
I-deferred Cesaro summable to a number L € R if for all € > 0, the following set

In
Zlyk—LIZG}EI.
Pn

{n eIN:

n~— Pn

We write it as [DC! ] —limy = L.
Iz

Let X = N and X be a sigma-algebra of the subsets of X and u be a sigma finite measure on L such that
(X) = co. Measure of any subset A of X which is in X will be denoted by p(A) := ||A]l. Note that here ||A]l
denote the sigma finite measure of set A.

The u-deferred density of A C IN is defined by

DA) = tim MO L
. =lim ————
* e I ()

provided that the limit exists, where I’ (1) = [py, 4] N IN.

Definition 1.4. [9] Let I be a non-trivial admissible ideal defined on IN. A sequence y = (yx) is said to be u—deferred
I-statistically convergent to a number L € R if for all €,6 > 0O, the following set

Il{k € IN : |lyx — L| > € for some L € R} N I;/q(n)ll
Iz

{nelN: 25}6[.

We write it as [yDSiq] —lim y = L. Here ||A|| denotes the u-measure of set A.
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Lemma 1.5. [24] A matrix A = (aju)jneN i said to be regular iff the following conditions hold:
(a) There exists M > 0s.t. 3, |ajul <M, Vj €N,

(b) limjﬂoo Ajn = 0, VYneN,

() limj o0 Y.y ajy = 1.

In this paper, spaces of all bounded real functions and all real valued functions ¢ on H are denoted by
m(H) and w(H), respectively. Here H is a discrete countable amenable semigroup with identity and both
laws of cancellation (right and left) hold in H. With sup norm, m(H) is Banach space. A real linear functional
f onm(H) is called a mean on m(H) if

inf{(h) : h € H) < f(¢) < suplp(h) : h € HY, Ve € m(H).

It is obvious that f > 0 and f(e) = 1, here ¢ is unity element of H. If f(¢(Ih)) = f(¢p(h)), Vh, € H and
V¢ € m(H) then we say mean f is left invariant mean. If f(¢(hl)) = f(¢p(h)), Vh,I € Hand V¢ € m(H) then we
say mean f is right invariant mean. If 3 a right(left) invariant mean on m(H) then semigroup H is called as
right(left) amenable. If semigroup H is both right and left amenable then H is called amenable semigroup.
If for every invariant left mean and every invariant right mean f, f(¢) = ¢t then it is called as ¢ is almost
convergent to {. For more information, we refer to [5]. In [14], it has been proven that 3 a sequence {Tx} of
finite subsets of a discrete countable amenable group H such that {T;} have the following properties:

(W H=UZ T,

(2) Ty € Txs1, k€N,

(3) limy o 0T = 1, Vi € H.

Here |S| denotes the cardinality of set S.

Any {Ty} satisfying all three properties is known as Folner sequence for H. Folner seqeunce {Ty} =
{0,1,2,...,k — 1} gave rise to the classical Cesaro method of summability. The concept of summability
in amenable semigroups introduced in [3, 5, 6, 12, 13]. The behaviour of convergence of the function
defined on amenable semigroup depends upon the Folner sequence {T}}. In [4], Douglas extended the
notion of arithmetic mean to amenable semigroups and obtained a characterization for almost convergence
in amenable semigroups. The behaviour of convergence of the function defined on amenable semigroup
depends upon the Folner sequence {Tx}. In [16], Nuray introduced the notion of convergence and statistical
convergence in amenable semigroups. In [17], he also defined the notion of almost statistical convergence in
amenable semigroups. He [18] further introduced the concept of deferred Cesaro convergence and deferred
statistical convergence in amenable semigroups.

Definition 1.6. [16] Let H be a discrete countable amenable semigroup with identity and both laws of cancellation
(right and left) hold in H. If for any Folner sequence {Ty} for H,

1 _
I}Lrgom2|¢(h)—tl =0,

hETk
then we say ¢ € w(H) is strongly summable to t for {Ty}. Here |A| denotes the cardinality of set A.

Definition 1.7. [16] Let H be a discrete countable amenable semigroup with identity and both laws of cancellation
(right and left) hold in H. If for every € > 0 and for any Folner sequence {Ty} for H,

.1
fr— . - > =
Lim |Tk||{h €Ty :1p(h) -t =€l =0,
then we say ¢ € w(H) is statistically convergent to t for {T} and we write ¢p(h) — t(S). Here |A| denotes the
cardinality of set A.

This study aims to extend the notions of strongly [-deferred Cesaro summability and p-deferred
I-statistically convergence to functions defined on discrete countable amenable semigroups. In addi-
tion, this study also introduces the concept of p-deferred I-statistically pre-Cauchy condition on functions
defined on discrete countable amenable semigroups.
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2. Main results

Throughout the paper, we suppose H be a discrete countable amenable semigroup with identity and
both laws of cancellation (right and left) hold in H, (p, ) be a pair of sequences that satisfies (1) and I be a
non-trivial admissible ideal of IN. Note that from here onwards, ||A|| denotes the sigma finite measure (or
u-measure) of set A and |A| denotes the cardinality of set A.

Let X = H and .L be a sigma-algebra of the subsets of X and u be a sigma finite measure on .L such that
p(X) = co. u-measure of any subset A of X which is in £ will be denoted by u(A) := [|All. u-deferred density
of A C H for any Folner sequence {T}} is defined as

AN (ka)\TP(k))”
D(A) = lim ————— 3
#DUA) = 100 T, ¢

(k)” - <k)||

provided that the limit exists. If (px) = 0 and (gx) = k for all k € N then we have ,D(A) = limj_,« ”’L“‘%T”"”

and it is called as y-natural density of set A. Clearily, if sigma finite measure u is counting measure then
definitions of u-deferred density and u-natural density reduce to definitions of deferred density and natural
density, respectively.

Now by using the idea of ji-deferred density, we define our main definitions in upcoming subsections.

2.1. Strongly I-deferred Cesaro summablity and u-deferred I-statistically convergence

Definition 2.1. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If for every € > 0 and for any Folner sequence {Ty} for H,

1

{kelN: |¢(h)—t|26}el,

T,
(k) \T), (k)

Ty

wll = ITpq, heT,

then we say ¢ € w(H) is strongly I-deferred Cesaro summable to t for {Ti} and we write ¢p(h) — t(DC;IW).

Definition 2.2. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If for each € > 0 and for any Folner sequence {T} for H,

1

”TQ(k) || - ||Tp

{k eIN:
wll heT,

WM%JWZ%EL

w \Try
where 0 < n < oo, then we say ¢ € w(H) is strongly I-deferred Cesaro n-summable to t for {Ty}.

Definition 2.3. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right

and left) hold in H. If for any €,6 > 0 and for any Folner sequence {T}} for H,

lIth € Ty < Ip(h) — t = €}l
ITll

that is, p-natural density of subset {h € H : |p(h) — t| > €} of H is I-convergent to zero, then we say ¢ € w(H) is
I-statistically convergent to t for {Ti} and we write p(h) — £(,S").

{ke]N: 26}61,

Definition 2.4. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If for any €,0 > 0 and for any Folner sequence {T} for H,

”{h € Tq(k)\Tp(k) : |(P(h) - t| 2 e}”
ITq 11 = NIT,

{ke]N: 25}61,

(k)”

that is, u-deferred density of subset {h € H : |p(h) — t| > €} of H is I-convergent to zero, then we say ¢ € w(H) is
u-deferred I-statistically convergent to t for {Ti} and we write ¢(h) — t(“DSJIW).
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Theorem 2.5. If ¢ € w(H) is strongly I-deferred Cesaro summable to t, then ¢ € w(H) is y-deferred I-statistically
convergent to t. i.e., p(h) — t(DCfW) implies p(h) — t(HDSiq).

Proof. Let ¢ € w(H) is strongly deferred Cesaro summable to t, then Y6 > 0 and for any Folner sequence
{Ty} for H,

1

1 = T he€Tq4\ Ty

{k eN: o) — 1] 5} el @)

Now for any preassigned € > 0, 3 a positive real number r such that

o) —t = by —ti+ Y lp(n) —H
hETL,(k) \Tr,(k) heTq(k) \Tﬂm hETL,(k) \Tr,(k)
|p(h)—tl>e |p(h)—tl<e
> lp(h) — ¢
heT, ® \T,, ®
p(h)—tl=e

€
> ~lth € Ty \Ty,, < [9(h) — 1] 2 e}l

So we get the following inequality

1 1 €
lp(h) — t] > ———————=I{h € Ty, \Tp,, : lp(h) — t| > €}|l.
“T"(k)” h ”Tp(k)“ he€Tag \Thgy ”TWk)” - ”TP(k>” r ® ®
Hence, from (4)
1
keN: —— |{he T, \T,, : | h—t|26}||26}
(ke N I Too o <09
1 €

g{ke]N: - |gb(h)—t|26—}el.

|| ‘7(k)|| - ” p(k)” hETf](k)\Tp(k> r

Therefore, ¢ € w(H) is u-deferred I-statistically convergent to t. [
Remark 2.6. Converse part of Theorem 2.5 is not true in general.

Example 2.7. Let H = Z, (px, qx) is defined as in (1) and u is counting measure. Take the Folner sequence
{Tiy ={heZ:|h <k}

and function is

(P(h):{h’ lqu_\/q_kshsqk

0, otherwise .

Hence for any € > 0,

! VA
—————————|[{h € Ty \Tp,, : lp(h) — 0] > €}| £ —————.
T, T, g0 \Tpg * Q1) Tl =Tl

(k)” - (k)“

Thus for any 6 > 0, we have

1
keN: ———||{heT
{ ”Tq(k)H - ||Tp(k)” 1

VK

T, :lb()—0] > e zé}g{keﬂ\l:—zé}.
\ P |¢( ) | }H ||Tq(k)”_||Tp(k)||
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Since the set {k €eN: % > 6} is a finite set, hence belongs to I, therefore p(h) — O(HDS;IW).

But from following inequality

1 1 -
lp(h) =0l < T h
“Tq(k)” - ”Tp(k)“ heTq(k)\Tp(k) ||T£](k)” - ”Tp(k)H Qk_\@
~ 1 2q¢% — (9 — AK)
||Tq(k)” - ”Tp(k)H 2
1 298 —px
2q-p) 2
we have
1 1 22 —pr 1
{ke]N: |q5(h)—0|2—}g{kE]N:M2—}={c,c+1,c+2,...}
“Tq(k)H - ”Tp(k)” hETﬁ](k)\TP(k) 8 Qk - pk 2

for some c € N and so belongs to ¥ (I) as I is an admissible ideal. Hence ¢p(h) -+ O(DC}IW).

Theorem 2.8. If a bounded ¢(h) is u-deferred I-statistically convergent to t, then ¢ € w(H) is strongly I-deferred
Cesaro summable to t.

Proof. Let ¢ € w(H) be u-deferred I-statistically convergent to t. As ¢(h) is bounded then 3D > 0 such that
|p(h) —t| < D, Vh € H. For a given € > 0, J a positive real number r such that

! 1
T I = T, I ot -4 = —( lp(h) — ¢ + E (k) — t|)
||Tq(k)“ ||Tp(k)|| hET@(k)\TP(k) ||Tl](k)” ”Tp(k)“ hETq(k)\Tp<k) heTq(k>\Tp(k)
Ipt)=tiz p0)-tl<5
Dr c
< {h € Ty \Tp,, : lp(h) -t > €/2}]| + =.
Tl =TT " € Tow\Tr #1001 5
So we get
{keN-; Iqb(h)—t|>e}
gy 1= 1T he€Tq4\ Ty
1 €
C\keN: I € Tgg \ Ty, : | h—t|2€}||2_}€1'
{ Tyl =l € T\ T = 1001 D

Therefore, ¢ € w(H) is strongly deferred Cesaro summable to t. [J

o 1Ty I
Theorem 2.9. If lim infy [FN
®

I-statistically convergent to t.

# 1 and ¢ € w(H) is I-ystatistically convergent to t, then ¢ € w(H) is u-deferred

Tyl
Tag I

T
Proof. Let lim inf l\llT:i)\l\l =x(#¢ 1), y > 0 such that ::
(k)

“Tl/](k)” - ”Tp(k)“ > y
||TlJ(k)“ B X + y

> x + y for sufficiently large k. So we have

(5)

As ¢ € w(H) is I—ystatistically convergent to ¢, then Ve, 6 > 0,
1
|

kelN:
{ 1Tl

heTy: o) 1 = e 26} el
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Therefore Ve, 6 > 0,

ke Nl e Ty, 2600 — 11> €l 2 0} < 1.

1
T,

(k) ||

Since

(h € Ty \Tpy, : (1) — = €} € {h € Ty, < ld(h) —H] 2 €},

so we get
1 1
T, ||II{h €Ty o) -tz e}l = i ||II{h € Ty \Tpg, : lp(h) — £ = €l
(k) (k)
Tl = N1 Tp 1 lItR € Ty \Th, = Ip(h) — £ = el
||Tq<k)|| ”Tq(k>|| - ||Tp(k)”
> y ||{h € T[](k)\Tp(k) : |¢(h) - tl Z 6}“
- X+ ]/ ”Tq(k)” - ”Tp(k)“

Hence for any 6 > 0,

1

keN:
{ =T,

0 € Ty \Ty 60 = 1] el > o

IITQ()() || (k)”

1 oy
CikeN: h e Ty, h) -t >e 2—}6[.
(e N el € Ty g0 =tz el = 7

Hence ¢ € w(H) is p-deferred I-statistically convergent tot. [

Theorem 2.10. Iflim inf ”Tp“’” # land ¢ € w(H) is I-strongly summable to t, then ¢ € w(H) is strongly I-deferred

Cesaro summable to t.

I ,mu
ol =

IIT, p(k
ITq

Proof. Let lim infy =x(# 1), 3y > O such that > x + y for sufficiently large k. So we have

”T[](k)” - ||Tp(k)|| > ]/

T, T x4y

(6)

wll

As ¢ € w(H) is I-strongly summable to t, then for all € > 0,

1
{keN:m;Tk@(h)—ﬂZe}el.

Therefore for alle > 0,

{ke]N: ka(h)—tlze}el

”Tq(k) I heTyg

Since

Y let-t= Y lptn-t,

heTz,(k) heTz,(k) \T,,(k)
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therefore we get

1 1

— Y -t = — o) =4
|| I](k)” heT, || q(k)” heT, \T,
"0 (k) \ " Pk
_ Tyl =Ty | By, 190
Iyl T, 1 = 1T
y Deerg, BBt
Tox+y ||Tq(k)” - ”TP(k)”
Hence for any € > 0,
ke : 000 112 e}
T 1l = 1T heTa \Tpg,
€y
clkeN: | h—tlz—}EL
{ ] h; AORE oy
(k)

Hence ¢ € w(H) is strongly I-deferred Cesaro summable tot. [

Theorem 2.11. If {pw}, (9w}, {rw} and {sw} are sequences of non-negative integers such that {pg)} < {re} < {s@p) <
{Q(k)} Vk € N and

11m1nf ||TS(k)|| - ”Tr(k)“
ko Tl = NIT}

4
(k)” - (k)”

then
(a) p(h) — t(MDSf)/q) = ¢(h) — t(HDS£S),
() p(h) — t(DCirq) = ¢(h) — t(DCiS).

Proof. Let liminf, 6! _ 15 0) so th st 0 such that P!l
roof. Let liminfy [ x(> 0), so there exists y > 0 such tha P
k

(a) Let ¢p(h) — t(yDSiq), then for every €,6 > 0,

o T T > x + y for sufficiently large

1
ke N: ————|[{h € T, \Ty, :lp(h) -t =€ 25}61‘
{re N gl € Tao T 906 =12l

It is obvious that for any € > 0,
{h € Ts\Ty, 2 () =t > €} C {h € Ty \Tp,, : [Pp(h) —t| = €}.

So we have the following inequality

1
—”{h eT \T : | h) — tl > €}||
[Tl = 1T | s \Try * 19(0)
1T g, Il = 11T I 1
= 1 € Ty \ Ty, < 608) = 1= el
T sgoll = Ty 11 1T g Il = 11 Tpge 1l a0 \Tpgy + 1)
1 1

||{h € TQ(k)\Tp(k) : |¢(h) - tl Z 6}”

<
X+ y ”TL](k)H - ||Tp(k)”
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Hence for any preassigned 6 > 0,

1
ke N: ——————||{heT
{ ||TS(k)|I - ||Tr(k)” S(k)
1

||Tq<k)|| - “Tp(k)”

Therefore, ¢p(h) — t(yDS£S).
(b) Let ¢(h) — H(DC! ), then for every € > 0,

Ty, 519000 = 1) €l > o

c {ken: 0 € Ty \Ty 60 = 1 el > 6+ ) € 1

1
fken: Lo ¥ e -nzcler
oy 1 = 1T 1€Ta40 \ Ty
From the inequality
Y em-t< Y lpm -t
hETs(k) \T,(k) hETg(k) \TP(k)

we have the following inequality

L lp(h) -t < Tl = 1Ty | e 113, 1901 —
||T5(k)|| - ||T7'(k)” heTs(k)\Tr(k) - “TS(k)H - “Tr(k)” “Tl/](k)” - ”Tp(k)“
1 ZheTq(k)\Tp(k) [p(h) -t
x+ y ||Tq(k)|| - ”Tp(k)”

Hence for any given € > 0,

{keN:ﬁ y |¢(h)—t|2€}

® [ ® l heTo \Trg,

1

Tl = T pg heT o\ Ty

g{keN: |¢(h)—t|ze(x+y)}e1.

Therefore, p(h) — HDC!). O

Theorem 2.12. If {py}, (gm}, {re} and {sw) be sequences of non-negative integers such that {pg)} < {rg} < {s@) <
{qw), Yk € N and ¢ € w(H) is such that ¢(h) — t(#DSér) and ¢(h) — t(HDSfﬂ), then ¢(h) — t(HDS;q) and

() = HDCL ).
Proof. Let ¢(h) — t(,DS! ). For any € > 0,
1€ Ty \Tyy ¢ Ib(h) =t > €} = {h € Ty \Ty, : () — H = €} U {h € T, \T,,, : () — > €}

U th € Ty \Ts,, : [p(h) — t] > e}
We get the following inequality
{1 € Ty \Tpy, = 1p(h) — t| = €}l

||Tq(k)” - ||Tp(k)||
e Ty \Tyy < Ip0) — 2 €l I € Ty \Ty, 1900 — 2 €l
- ”Tr(k)” - “Tp(k)” ”TS(k)“ - ”Tr(k>||

I € Ty \Ts,, = lp(h) — £ = €}

qe)
T Il = 11T

wll
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Hence for any 6 > 0,

fken: m"{h € Ty \Tyy 600 — 11> elll 2 5}

c {ken: m”{h € Ty \ Ty, 1600 — > el > o
Ufken: o L LR R ERE o}
U {k eN: mu{h € Ty \Tsy, 1 () — 1] = €}l] > 5}.

Since the right handside set of above inclusion belongs to I, therefore ¢(h) — #( yDSiq).
From the equality

Yo let-ti= Y let-t+ Y, let-t+ Y. lpt)-t,

HeTg \ Ty HET, o \Tpg heTo\Tr, HETy \Teg

we have the following inequality

zheTm)\Tn(k) lp(h) — ¢ < ZheT"(k)\Tﬂ(k) () — + Zhen(k)\n("’ Al + ZheTq(k)\TS(k) .
L P T TP P R P ES N
Hence for any € > 0,
1

{kE]N:— |¢(h)_t|2€}

T |-=IT

T Il = 11 Tpg Il heTq) \Tpg

1
cleen iy T, wo-nzd
(T Il = 1T, I
Tk P hETr(k)\TP(k)

U{keN:ﬁ y Iqb(h)—tIZG}

(k)” - (k)” I ETs(k)\Tr(k)

1

u{ke]N: |¢(h)—t|2€}.

1T g Il = 1T

(k)” - (k)” I eTq(k)\Ts<k)

Since the right handside set of above inclusion belongs to I, therefore ¢(h) — t(DCi/q). O

2.2. u-deferred I'—statistically convergence
Definition 2.13. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If A a set M € ¥ (I), Ye > 0 and for any Folner sequence {Ty} for H,

. 1

lim ——|l{h € Ty : |p(h) —t| = €}|| = O,
k—eo || Tl

keM

then we say ¢ € w(H) is I'~ystatistically convergent to t for {Ty} and we write G(h) — #(,S").

Definition 2.14. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If A a set M € ¥ (I), Ve > 0 and for any Folner sequence {Ty} for H,

. 1
im 11 € Ty \Tpy, = l(H) =t = €}l = 0,
}221\310 ”Tq “Tp

(k)” - (k)”

then we say ¢ € w(H) is y-deferred I"~statistically convergent to t for {Ty} and we write p(h) — t(,DS" [pr, g]).-
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Theorem 2.15. If ¢(h) — H(,DS" [p, gi), then p(h) — t(HDS;q).

Proof. Leta 6 > 0 is given and ¢(h) — t(,DS" [px, qx]), then I a set M € F(I), Ye > 0 and for any Folner
sequence {Ty} for H,

1
I}l_r)g mﬂ{h € Ty \Tpy, : lp(h) —t| > €}ll =

Therefore dky € IN such that for k > ky, we have

1

||TL](k)” - ||Tp(k)||

l{h € Ty \Tpy, : lp(h) =t 2 €}l < 6
that is,

1
{k eIN: m”{h € Tl/](k)\TP(k) : |¢(h) -t > G}H > 6} C {1,2,3,...k0 - 1}
(k) (k)

Since I is an admissible ideal of IN, hence

1

”TQ(k) || - ”Tp(k)”

{k eN: i € Ty \Ty, : lo(H) — 2 €l > 5} el

Therefore, ¢p(h) — t(PDSi/q). O
Theorem 2.16. If I satisfy property (AP) then, p(h) — H(,DS! ) implies ¢() — (,DS" [pk, qil).

Proof. We can prove it by applying the same method which is adapted in Theorem 2.28, hence proof is
omitted. O

Theorem 2.17. If g = k Yk € N, then ¢p(h) — t(,DS" [pk, k1) if and only if p(h) — +(,S").

Proof. Let qgy = k Yk € N and ¢(h) — #(,DS" [p, k), then 3 a set M € F(I), Ye > 0 and for any Folner
sequence {Ty} for H,

1
%1_1)1; m”{h € Ti\Tp, = 1p(h) — t| = €}l = 0. 7)

Assuming pg = kW, pray = k@, pgey = k9,... . Hence we have
theTr:|lpth)—t =€} ={he T :|ph) —t| = e} U {h € Ti\Trw : [p(h) —t| > €}

{he T : () -t > e} = {h € Ty < [p(h) — H] > €} U {h € Ty \ Ty : (k) — £ > €}
{he T : () -t > e} = {h € Ty : [p(h) — H] > €} U {h € Tyo\Tho : (k) — £ > €}

The above process run on until we get a n € IN which is depends on k, therefore
{h € Tyo : |¢(h) —tlzel={heTim: |(]5(h) -tz e} Uil e Tim\Tio : |¢(h) —t >€}.

Here k" > 1 and k®*V = 0. Hence, it can be obtain that for every k,

n
||Tk(,)|| - ||Tk(i+1)|| “{h € Tk(i+1)\Tk(’) : |¢)(h) — > €}||
——|{heTy:|pth)—t =€}l = . )
I € Ticx o) —tl = elll =} Tl Tl = Ty

||T || ®)
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Now consider matrix (ax;) which is defined as

Ty I=NITy i I .
20l e ”k<+1) , 0 <i<n
Ayi = k

0, otherwise

here k© = k.
From (8), it is obvious that the sequence

{mu {1 € Tis 1900 — 1 2 el

is the (ax;) transformation of the sequence

(I T o 19001 2l
Tl = Tl -

Since k@ > ki*D) 0 < i < n and k™D = 0. For fixed j, w is either zero or a fraction value in which the
value of numerater is less than or eqaul to j and value of the denominator is k. So clearly, this transformation
satisfies all the three properties (from Lemma 1.5), hence (ay;) is a regular matrix. From (7), since for M € 7 (1),
the sequence

{||{h € T \Tyo : [p(h) —t| > €}||}
ITxoll = | Tion || '

is convergent to zero, so we have

1
hm— {(heTy:|ph)—t =€}l =
g T 60— 2l =

Conversely, Let ¢(h) — t(,S"), then Ja set M € F(I), Ye > 0 and for any Folner sequence {T}} for H,

11m “;—”H {heTi:|ph)—t =€}l =0. )

Since

{h € TI\Tp,, : |p(h) —t| > €} S{h € Ty : [p(h) —t| > €},
we have the following inequality

Il € Ti\Tp,, « 1p(h) =t = e}ll < [I{h € Ty = [p(h) — £] = €}l.
Hence

1
Tl = 11T,

ol

”Tﬁ(k)” )
Tkl = 1T p 1/ 11 Tl

Ith € Ti\Ty, < 1p(h) — t = e}l < (1 + {h € Tic : Ip(h) — £ = e}l.

. Tyl .
Since {m is bounded and from (9) we have
P67 keN

1
I V€ T\ ko0 =2l =0
(

Hence ¢(h) — t(,DS" [p, k]). O
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2.3. u-deferred I-statistically pre-Cauchy condition

Definition 2.18. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If for any €,0 > 0 and for any Folner sequence {T} for H,

1
1Tl

{k EN: ——|((h]) € Tex Tp : () — d(D)] = el > 6} el

then we say ¢ € w(H) is I-ystatistically pre-Cauchy function for {Ty}.

Definition 2.19. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If for any €,0 > 0 and for any Folner sequence {T} for H,

1
(”qu “ - ”Tp(k)”)z

then we say ¢ € w(H) is y-deferred I-statistically pre-Cauchy function for {Ty}.

{k eN: 11, 1) € (T \Tp,)? < 10(H) — (D] = €}l = 5} el,

Theorem 2.20. If ¢ € w(H) is u-deferred I-statistically convergent for any {Ty}, then ¢ € w(H) is u-deferred
I-statistically pre-Cauchy function for the same Folner sequence.

Proof. Suppose ¢(h) — t(DSiyq) for any sequence {Ty}, then Ye,6 > 0,

1 €
M= {k eIN: m”{h S Tq(k)\Tp(k) : |(P(h) - tl > E}“ > 6} el
So Vk € M¢,
L e T, \Ty o) — > Yl <6
T =TT 1 € Tao\ g 100 =112 5
i.e.,
1 IWhe T, \T,, :| (h)—t|<€}||>l—6 Yk € M°
T =TT € T\ <16 2 ' :

Let N = {lt € Ty \Tp,, : () — t < §), then for 1 € N, we get

lp(h) — DI < lp(h) =t +Ip(h) -t < 5 + 5 =€.

N ™
N ™

Consequently
N XN C{(h,1) € (Tg\Tp,)* : Ip(h) — ()] < €}.

Hence we have the following inequality

[ INII? ] < {(h, 1) € (Tg \Tp,,)? : lp(h) — p(D)] < €}I|.

(1T 1 = 1Ty 1D (Tl = Ty 1D
Therefore,
(1) € (Tg \ Ty : Iqb(h); POl > [ - 2] > (1-0)°
(“T%—)H — “TP(k)”) (”Tq(k,H - ”Tp(k)“)

ie.,

(T, 1) € (Tg \Tp)* < () — ()] > e}l
(1T g4 I = Ty 1D

<1-(1-95)>
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Now for a preassigned & > 0, we take 6 > 0 such that & > 1 — (1 — 6)?, hence

102, 1) € Ty \ T 2 - lp() = p(D] = el

< ¢, Vke M.
(”Tq(k)H - ||T;7(k)”)2

Consequently,

II{(hI l) € (TQ(k)\TP(k))2 : |¢)(h) - ¢(l)| 2 €}|| ,
k : .
fren (T |~ 1Ty I >ofcm

Since M € I, we have

00, 1) € Ty \Ty Y < 1) — SO = el
k : .
feen (o |~ T P >0} el

Therefore, ¢ € w(H) is u-deferred I-statistically pre-Cauchy. O
Remark 2.21. Converse of Theorem 2.20 is not true in general.

Example 2.22. Let H = Z and (py, qx) is defined as in (1). Take the Folner sequence
{Tiy =theZ:|h <k}

and for s € N, h € Z such that (s — 1)! < |h| < s!, set p(h) = Y7, % and for h = 0, ¢(h) = 0.

Clearly, ¢ is not u-deferred I-statistically convergent.

But ¢ is u-deferred I-statistically pre-Cauchy. For a given € > 0 and choose s € N such that % <e.

Now note that if s! < g —pr < (s+ 1) and (s —1)! < ||, | < gk — px, then |p(h) — P()] < % < €. Hence for
s! < g — pr £ (s + 1)}, we have the following inequality

11, 1) € (Tg \Tp))* : 1p(h) = (DI < e}l o H@—p) -6 - DI
(”Tq(k)H - ||T}7(k)”)2 B 4(‘71{ - pk)2

[1_ (s—l)!]2

s!

2
-]
s
So forany 6 > 0

”{(h/ l) € (Tq(k)\Tp(k))z : |¢(h) - (P(l)l < 6}”
k :
fren ’ T 1 =TTy D

v

-1

zé}g{sen\]:‘[l—ﬂz—l'zé}.

In the above inclusion equation, the right-hand side set is finite so it belongs to I. Consequently,

5D € Ty VT, £ 1609 — 90 <l
(T Il = 1Ty 2 1‘ zof €l

{kelN:’

Hence function ¢ is u-deferred I-statistically pre-Cauchy.
Theorem 2.23. Let ¢ € w(H) be bounded function. ¢ € w(H) is u-deferred I-statistically pre-Cauchy if and only if

I-tim——— Y ot — ()l =0. (10)

— 2
¢ (”Tq(k)H ”Tp(k)”) h1€Tg4) \ Ty,
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Proof. Let (10) holds, then for any given € > 0 and k € IN, we have the following inequality

1 B 11, ) € (Tg \ Ty, < 1@ () = p(D)] 2 €}l
T =Tl A, 0= 001z¢ (T | =TT D2 )

I €T3 \ Ty

Hence for any 6 > 0,

08D € (T \ Ty : 1608 — 90 el
{ren: (Tl — T D2 >0}

1

cleens 1
(”Tq(k)H - “Tp(k)”)z e T
A€T ) \Th

60 = 90 > de.

Since (10) holds therefore in the above inclusion equation the right-hand side set belongs to I. Hence

”{(h/ l) € (Tq(k)\Tp<k))2 : |¢(h) - (P(l)l = €}||
k :
{een Ty T2

Therefore, ¢ € w(H) is u-deferred I-statistically pre-Cauchy.

For the converse part, suppose ¢ € w(H) is p-deferred [-statistically pre-Cauchy. Since ¢ € w(H) is bounded
function then 4D > 0 such that |¢(h)| < D, Vh € H. For any given € > 0 and for each k € IN, the following
inequality holds

26}61.

1
(”Tq(k)” - ||T}7(k)||)2

(2, 1) € (Tgp\Tp,,)? * () — ()] > E}II)

(11)
(HTL](k)” - ”Tp(k) ||)2

Y, ot -0 < 5 +20(

h,leT, ® \T,, ®

Since ¢ € w(H) is u-deferred I-statistically pre-Cauchy so for any 6 > 0,

“{(h/ Z) € (Tq(k)\Tp(k))z : |¢(h) - ¢(l)| 2 %}”
M={keN: o€l
fre Tyl = T2 25} e
ie.,
II{(h, 1) € (Tq<k)\Tp(k))2 ph) — o)) = §}|I <5, Ve M.

(HTq(k)” - ”Tp(k) ||)2
So from equation(11), we get

1

— 2
(”Tq(k) I HTp(k) 1 hI€T g4 \ gy

lb(h) — o) < g +2D6.

For a preassigned 6’ > 0, choose €,6 > 0 such that § +2D6 < ¢’. So we have

1
S — b — G <&, Yk € M-,
(”Tq(k)” - ||Tp(k)“)2 h,]ET%TP(k)
That is,
1
keN: ——mmm— lp(h) — IIZ(S,}CM‘
{ (T4 11 = 1T pye 11)? hle 2 re

Tq(k) \Ty, (k)
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Since M € I, the following set
1

keN: 0
{ (||Tq<k)|| - ||Tp(k)||)2

Y oo =5 }el

€Ty \Tpg
Hence (10) holds. O

Theorem 2.24. Let ¢ € w(H) be u-deferred I-statistically pre-Cauchy function for any Folner sequence {Ty}. If
AM c H such that ||M|| = co and ¢ is p-deferred I-statistically convergent to t with respect to M and
1

0 <I-liminf —————||{h € T,,\T,

the M| < oo,
k HTﬂ(k)“ - ”Tlﬂ(k)”

(]

then ¢ € w(H) is u-deferred I-statistically convergent to t.

Proof. Since ¢ is py-deferred I-statistically convergent to t with respect to M then for all € > 0, dky € IN such
that

lp(h) —tl <€, Vm>koand h e M\T,,.
Suppose P = {h: m > kg and h € M\T,,} and P(e) = {h : |p(h) — t| > €}, so we get the following inequality
(2, 1) € (Tg\Tp)* * Ip() — ()] > e}l o MheP:he Ty \Tpo bl It € Tao \Tpq, < Io) — H 2 e}l
(1Tl = 11Ty 1D B Tl = I Tp Il 1T g4 Il = T I
Since ¢ € w(H) is p-deferred I-statistically pre-Cauchy function so for any 6 > 0,

(T, 1) € (Tg\Tpyp)* * () — ()] 2 e}l
(T4, Il = 1T g, I1)* > 6} el

Qz{kE]N:

ie.,

(R, 1) € Ty \Tp)? = () = p(D)] = €}l
(”Tq(k)H - ||T}7(k)”)2
1 € Ty \Ty,, - h € M|l = a >0, then

<o, Yke Q-

Let I — liminf, L
* T =TT,

1
1t € Tg \ T,

k)

A:{ke]N: :heM}||<g}eI.

T Il = 1T

®) ” - (k) ”
ie.,

1
[{h € Ty \T)

(]

a
cheM|| = =, Yk e AC.
Ty 1= 11T, 2

Hence for all k € AU Q° = (AU Q)-,
I € Ty \Ty 190D =t 2 €lll 26
T g0 11 = Ty I
For a preassigned ¢’ > 0, choose 6 > 0 such that % < ¢’. So we have for all k € (A U Q)-,
It € Ty \Ty,, : () — 12 €l
g0l = 11T

(k) ”

’

(k)” - (k)”

Therefore, we conclude that

{k eN: I € Tgo \Tp,, : Ip(h) =t 2 €}l
' 1= 1T,

26’}C(AUQ)€I.

(k)” - (k)”

Hence ¢ € w(H) is p-deferred I-statistically convergent tot. [
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2.4. u-deferred I"-statistically pre-Cauchy condition

Definition 2.25. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If Aa set M € ¥ (I), Ve > 0 and for any Folner sequence {Ty} for H,

{(r, 1) € T X T : () = p(D] 2 €}l = 0,

lim ——
—00 2
o Tl
then we say ¢ € w(H) is I'-ystatistically pre-Cauchy function for {Ty}.

Definition 2.26. Let H be a discrete countable amenable semigroup with identity and both laws of cancellation (right
and left) hold in H. If Aa set M € ¥ (I), Ve > 0 and for any Folner sequence {Ty} for H,

1
lim ———————||{(h, 1) € (To, \ Ty )* : (1) — ()| > €}l = 0,
I;(%I;% (”Tq(A)H _ ”Tp(k)”)zn{( ) € ( qU\ p()) |¢( ) (P( )l > e}”

then we say ¢ € w(H) is p-deferred I*-statistically pre-Cauchy function for {Ty}.

Theorem 2.27. If ¢ € w(H) is p-deferred I'-statistically pre-Cauchy function, then ¢ € w(H) is u-deferred I-
statistically pre-Cauchy function.

Proof. We can prove it by applying the same method which is adapted in Theorem 2.15, hence proof is
omitted. O

Theorem 2.28. If I satisfy property (AP) and ¢ € w(H) is p-deferred I-statistically pre-Cauchy function, then
¢ € w(H) is u-deferred I"-statistically pre-Cauchy function.

Proof. Let I satisfy property (AP) and ¢ € w(H) is u-deferred I-statistically pre-Cauchy function, then we
have for any €,6 > 0 and for any Folner sequence {T}} for H,

{k EN: (1) € (Ty\ Ty : k() — S| = e}l > 6} el

(”Tq(k) “ - ”Tp(k)”)z
Now for a € IN, we define

1 < 1
a + 1 (”Tq(k)” - ||Tp(k)”)2

Now it is clear that {Py, P, ...} is a countable family of mutually disjoint sets belonging to I and therefore by
the condition (AP) there is a countable family of sets {Q1, Q>, ...} in I such that P;AQ; is a finite set for each
i€ Nand Q = U Q;. Since Q € I so by definition of associate filter # () there is set M € ¥ (I) such that
M=N\Q.

Now let 7 > 0 and choose a natural number b such that < 7, then we have the following inclusion

Ptl = {k € N : “{(hl l) € (TQ(k)\TP(k))z : |(¢)(h) - ¢(l)| Z €}” S %}

1

(||Tq<k) || - ||Tp(k)||)2
1

(HTq(k)” - ”Tp(k) ||)2

Since P;AQ); is a finite set for eachi=1,2,..,b+ 1, da kg € IN such that

{k eN: ({7, 1) € (Tgo \Tpy)* : lp(h) — p(D)] > €}l > 17}

clken: 08, € (Ty \ Ty < 1908 = G0 2 el = | € U

UHQ) Nk e Ntk > ko) = (V1P N {k e N : k > ko).

If k > ko and k € M, then k ¢ Q. Consequently, k ¢ U"*'Q; and therefore k ¢ U P;. Hence Yk > ko and
k € M, we have
1

m”{(h/ D) € (Tg \Tpe,)* 2 1p(h) — (D] = €}l < 1.
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Therefore, we conclude that

O

lim 1

——— |l{(h,]) € (T, \Tp,,)* : l(h) — (! =0.
S Tl = T 101 € T\ Ty 1060 = 901 €l =0

Conclusion

In this research work we introduced and studied some new notions in amenable semigroups, that is,
we presented strongly I-deferred Cesaro summability and pi-deferred I[-statistical convergence on amenable
semigroups. Also we explore relationships between them. After that we presented p-deferred I"-statistical
convergent, p-deferred I-statistically pre-Cauchy, and p-deferred I*-statistically pre-Cauchy functions in
amenable semigroups and proved results based on connections among them. The results obtained in this
paper are more unified and generalized and also yields novel tools to arrange and solve some problem of
sequence convergence in numerous fields of science and engineering.
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