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Generating Functions of Binary Products of (p, 9)-Fibonacci-Like
Numbers with Odd and Even Certain Numbers and Polynomials

Nabiha Saba? Ali Boussayoud?®

*LMAM Laboratory and Department of Mathematics, Mohamed Seddik Ben Yahia University, Jijel, Algeria

Abstract. In this paper, we study the symmetric and the generating functions for odd and even terms
of the second-order linear recurrence sequences. we introduce a operator in order to derive a new family
of generating functions of odd and even terms of Mersenne numbers, Mersenne Lucas numbers, (p, q)-
Fibonacci-like numbers, k-Pell polynomials and k-Pell Lucas polynomials. By making use of the operator

defined in this paper, we give some new generating functions of the products of (p,q)-Fibonacci-like
numbers with odd and even terms of certain numbers and polynomials.

1. Introduction

The incomplete numbers and polynomials and their generalizations have been studied in various
research. For example, Djordjevi¢ and Srivastava in [6], studied the generalizations of the incomplete
Fibonacci and Lucas polynomials. The same authors in [7] calculated the generating functions of the
incomplete generalized Jacobsthal and generalized Jacobsthal Lucas numbers. Srivastava et al. in [8]
defined the incomplete g-Fibonacci and g-Lucas polynomials and they presented some interesting properties
of them.

Djordjevi¢ and Srivastava in [5] introduced and investigated some properties and relations involving
two sequences of the numbers {C,3(a,b,1) = C,3} and {C,4(a,b,¢,17) = Cya}. In 2020, the authors in [10]
defined a new class of g-starlike functions by applying the g-derivative operator. In the next year Frontczak
etal. in [19] investigated two special families of series involving the reciprocal central binomial coefficients
and Lucas numbers. Also, Raina and Srivastava introduced the explicit hypergeometric representations,
generating functions and summation formulas of a new class of numbers associated with the familiar Lucas
numbers in [20].

Recently, there are many recursive sequences that have been discussed in the literature. The well-known
example of these sequences is Fibonacci-like sequence [4]. For n > 2, the Fibonacci-like sequence is defined
by:

Sn = Sn—l + Sn—Z/

with Sy = S; = 2. The associated initial conditions Sy and S; are the sum of the Fibonacci and Lucas
sequences respectively, i.e. So = Fg+ Lo = 2and S; = F; +L; = 2. The authors in [21] defined the generalized
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Fibonacci-like sequence namely k-Fibonacci-like sequence and derived its identities like Catalan’s, Cassini’s
and d’Ocagnes identities. Also they established some of the interesting properties of them. For k > 1 and
n > 2, the k-Fibonacci-like sequence is defined by:

Sk,n = kSk,n—l + Sk,n—Zr

with Sxo = 2 and Sx; = 2k. Another generalization of Fibonacci-like sequence called (p, q)-Fibonacci-like
sequence {Sp,q,n}neN which is given by: For p, g positive real numbers and n > 2,

Span = PSpagn-1+ qSpgn-2,

with 5,0 = 2and S,;1 = 2p (see [3]). It observe that for p = k and g = 1, the k-Fibonacci-like sequence is
obtained.

In [12], the authors defined and studied the Mersenne Lucas numbers. They gave Binet’s formula,
generating function and symmetric function of Mersenne Lucas numbers. By using the Binet’s formula they
obtained some well-known identities such as Catalan’s identity, Cassini’s identity and d’Ocagne’s identity.
The Mersenne Lucas numbers of order n denoted by {m,},cn are a numbers of the form m,, = 2" + 1, where
n is a nonnegative numbers. This identity is called as the Binet’s formula for Mersenne Lucas numbers and
it comes from the fact that the Mersenne Lucas numbers can also be defined recursively by:

My = 2m, — 1, (1.1)

with the initial conditions my = 2 and m; = 3. Since this recurrence is inhomogeneous, substituting n by
n + 1, we obtain:

Myp2 = 2Myy1 — 1, (12)

subtracting (1.1) to (1.2), we have that 1,42 = 3,41 —2m,, other form for the recurrence relation of Mersenne
Lucas numbers, with initial conditions my = 2 and m; = 3 (see [12]). The Mersenne numbers denoted by
{M,},en are defined by the same manner but with the initial terms My = 0 and M; = 1 (see [18]). The
explicit formulas of Mersenne and Mersenne Lucas numbers are given in [13] as follows:

L5 ] . L3] .
. — _1 . . . n n— .
M,= Y | "7 )3“21121 dmy =) (1) ( -/ )3”2121.
j:O( )( i and m FO( )n—] j

The k-Pell polynomials {Py, (x)},cn and k-Pell Lucas polynomials {Qx . (X)},cn [17] are defined by the
same second-order homogeneous linear recurrence relation but with different initial terms as:

Prnaa (x) = 2xPy i1 (x) + kP (), Pro(x) =0, Pra(x) =1,
Q2 (X) = 2XQp 1 (X) + kQpyr (x), Qro () =2, Qg1 (x) = 2x.

The Binet’s formulas which are also called closed forms of k-Pell and k-Pell Lucas polynomials are given
by:

e — et
1 2

Pk,n (x) = s
€1 — €6

Qien (x) = €] + 3,

withe; = x+ Vx2 +kand e; = x — Vx2 + k. The generating and symmetric functions of Py, (x) and Qy, (x)
are given by (see [16]):

o } . .
nzzapk,n (x)z" = Tz — 72’ With P (x) = Sy (e1 + [-e2]), (1.3)
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Y Qo 2" = 2 EE with Qo () = 2561 + [-e2]) ~ 265, 1 (e1 + [~ea)), (14)
n=0

Next, we give some new properties of k-Pell and k-Pell Lucas polynomials.
Corollary 1.1. By the Egs. (1.3) and (1.4), we get:
Qk,n (x) = 2Py i1 (x) - 2xPyp ().

Theorem 1.2. The new explicit formulas for k-Pell and k-Pell Lucas polynomials are given respectively by:

L] . L] .
Peu()= Y ( n-j-1 )(295)"‘21"1 K and Qg (x) = HL_]( nJ )(zx)Hf K.

=0 J =0 /
Proof. It can be proved easily by using induction method. O

This study proposes to present new class of generating functions for odd and even some special numbers
and polynomials by using the symmetric functions. The structure of this paper is arranged in the following
way:

e In Section 2: We present some preliminary facts and results on the symmetric functions.

e In Section 3: We introduce and prove new theorem on generating functions and we present some
special cases of them.

e In Section 4: By making use the symmetric functions, we derive some new generating functions of
odd and even terms of (p, g)-Fibonacci-like numbers, Mersenne and Mersenne Lucas numbers, k-Pell
and k-Pell Lucas polynomials.

e In Section 5: We investigate the new generating functions of the products of (p, )-Fibonacci-like num-
bers with odd and even Mersenne and Mersenne Lucas numbers, k-Pell and k-Pell Lucas polynomials
by using the theorem given in the Section 3.

Notation: In the rest of this paper, the (p, g)-Fibonacci-like numbers and k-Fibonacci-like numbers will
be denoted by [, ,, and I, instead of S, and Sy, respectively, because the symmetric function denoted
by S, (A).

2. Preliminary results on symmetric functions
In this section, we present some backgrounds and results about the symmetric functions.

Definition 2.1. [1] Let A and E be any two alphabets. We define S,(A — E) by the following form:

[I1l-e) &
e€E _ _ n
[11;[4(1——612) = nzz‘a Sn(A E)Z , (21)

with the condition S,(A —E) =0 for n < 0.

Equation (2.1) can be rewritten in the following form:

i Si(A-E)Z" = [i S,,(A)z"] X [i Sn(—E)z”] ,
n=0 n=0 n=0

where

SyW(A-E)= Z Su_j(=E)S/(A).
j=0
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Definition 2.2. [9] Given a function f on R", the divided difference operator is defined as follows:

f(ell 6 G, e‘rl) - f(ell crr ,6i-1,€i41,6i, 6142, 0 re‘rl)

€ — €iy1

aﬁic’m (f ) =

Definition 2.3. [14] Let n be positive integer and E = {ey, e} are set of given variables. Then, the n™ symmetric
function S,(e1 + e2) is defined by:

n+l _ eg+1
Su(E) = Suler +e2) = =
€1 —e

with
So(E) = Soe1 +e2) =1, S1(E) = Si(e1 + €2) = e1 + €2, S2(E) = Sa(er +e2) = & +erex + €3, ...
Proposition 2.4. For n € N, the following identities are verified:
p+ PP +4q p- VP +4q
2 2

M, = S,_1(e1 + [—e2]) and m,, = 25, (e; + [—e2]) — 35,1 (e1 + [—e2]), withe; =2 and e; = 1.

Lgn =25, (e1 + [—e2]), withey = and e; =

Definition 2.5. [2] Given an alphabet E = {eq, e5}, the symmetrizing operator 5;32 is defined by:

Oler(F) =

j _
e fler) Eif(ez), forall j € Ny := N U{0}} = {0,1,2,3,-}. (2.2)

e1 — ¢
Remark 2.6. If j = 0, the operator (2.2) gives us:

8. (n=L0@ 5 h.

61— €

3. New theorem on generating function and some special cases

In this section, by using the symmetrizing operator 6£1 ¢, We prove the main theorem of the paper, which
combines all previously known results in a unified way, treating them as special cases (see [11, 15]).

Theorem 3.1. Given two alphabets A = {a1,a,} and E = {ey, ez}, then we have:

J 2n er)l

S, (—A) €% ~%4 21

e1—e

ins

Y 80 (A) Sonejr (B)2" = 31
n=0

( io: S, (=A) ef”z”) ( f S, (=A) e%”z”).
n=0 n=0

Proof. By applying the operator 6{;182 to the series f (e1z) = Y, S, (A)€2"z", the left-hand side of the formula
n=0

(3.1) can be written as:

e{ Y Su(A)edz" - eé EO S (A)e3'z"

n=0

5, f (12) =

€1 — €
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=Y 50 (A) Saurja (B) 2"
n=0
By applying the operator 63132 to the series f (e1z) = 2—2 the right-hand side of the formula (3.1) can
Sn( A)L’ nyn

be expressed as:

9
, T Su—A)Ez Y Su(—A)ian
n=0 n=0
6£162f (€1Z) =

e

€1 — 62

n (=A)e)"z" —e ZS (=A)e'z"

S, (=A) e%”z") ( Y S, (=A) eg"z”)
=0

Jon_ ]Zn
€ %% n

Y Su(=A)

n=0

(f S (=A) e%"Z") ( Y Sy (=A) 65”2”)
n=0 n=0

16
e1—e

Therefore:
Z S ( A) 161_226’211 "
Z Sn (A) 52n+] 1 (E)Z - =0 I .
(Z S, (—A)ez"z”) ( Y S, (=A) e%”z")
n=0 n=0

Thus, this completes the proof. [

e For A = {ay,a2}, E = {e1,e2}, j =0, j = 1and j = 2 in the previous theorem we deduce the following
lemmas.

Lemma 3.2. Given two alphabets A = {a1, a2} and E = {ey, ey}, then we have:

- (@ +m) (e +e)z—ma (e +e) (e + o) —2e1e5) 22
Y 84 (A)San (B)2" = — — (32)
n=0 ( Z Sn (_A) einzn) ( Z Sn (_A) 63"2")
n=0 n=0
Lemma 3.3. Given two alphabets A = {ay1, a2} and E = {eq, ez}, then we have:
il 1+ ejer (a1 + ap) z — erepa1an ((el + ez)2 - elez) 72
Y S0 (4) S (B)2" = - - (33)
n=0 ( Z Sn (_A) e%nzn) ( Z Sn (_A) 63"2”)
n=0 n=0
Lemma 3.4. Given two alphabets A = {a1, a2} and E = {eq, ez}, then we have:
e1 + ey — aare2e? (e1 + er) 22
Z Su (A) Sour (E) 2" = - (34)

(z S, (—A) e%”z”)(f S, (—A) e%"z”)'
n=0

e ForA={1,0},E ={ey,ez}, j =0, j=1and j = 2 in the Theorem 3.1 we deduce the following lemmas.
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Lemma 3.5. Given an alphabet E = {e1, ez}, then we have:

Y s @z = —GTEE 65)
p—r (1 - e%z) (1 —e )
Lemma 3.6. Given an alphabet E = {e1, ep}, then we have:
— 1
Y (B2 = —ASE 66)
o (1 - e%z) (1 - e%z)

Lemma 3.7. Given an alphabet E = {e1, ep}, then we have:

e1+ e

;52n+1 (E)z" = (1 5

- elz) (1 - e%z)' el

4. Generating functions of even and odd certain numbers and polynomials

In this part, we now derive the new generating functions for odd and even terms of (p, q)-Fibonacci-like
numbers, Mersenne numbers, Mersenne Lucas numbers, k-Pell polynomials and k-Pell Lucas polynomials.

e For E = {¢;, —ey} in the Lemma 3.5, Lemma 3.6 and Lemma 3.7 we deduce the following relationships:

Y o (o1 + [-ea) 2" = G- - )
| 1- ((61 —e) + Zelez) z + ejerz?
(o] 1 _
Y. Saufer + [~ea) 2" = — : (42)
— 1- ((81 —e)) + 26162) z + ejesz?
Z Son+1 (€1 + [—e2]) 2" = 51 e . (4.3)
s 1- ((e1 —e)) + Zelez) z+ 2elz?
This part consists of three cases.
Case 1. The substitution of { Ele_ izq: Pin (4.2) and (4.3), we obtain:
162 =
- 1-gz
Sy (01 + [~e2]) 2" = ) 44
nZ::‘) an (e + [—e2]) z (2 +20)25 2 (44)
i Sons1 (1 + [—e2]) 2" = > P S (4.5)
e 1-(p*+29)z+ 4%

respectively, and we have the following proposition.

Proposition 4.1. For n € IN, the new generating functions of even and odd (p,q)-Fibonacci-like numbers are
respectively given by:

) DT (4.6)

e 1-(p2+29)z +q*22

= 2

Z lp q 2n+1zn = P . (47)
A 1-(p?+29)z+q?°2?

=0

=
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Proof. we have:
lp,q,n = 2511 (61 + [_32]) .

Then, by using the Egs. (4.4) and (4.5), we get:

- - 2-2qz
lp,q,ZnZn =2 Son (81 + [_62]) 2" = .
; ;6 1—-(p?+29)z+q%22
And
2p

Z Lgomz" = ZZ Sons1 (€1 + [—e2]) 2" =

T 1 (2 22"
e ! 1-(p*+29)z+q%z
Hence, we obtain the desired result. [

Corollary 4.2. Taking p = k and q = 1 in the Eqgs. (4.6) and (4.7), we get the new generating functions of even and
odd k-Fibonacci-like numbers, respectively as follows:

2-2
Zlk,ZnZn = 1_ (k2 +2)Z " R
— Z+2z
il e 2k
o RIS T T 2 1 2)z + 22

Remark 4.3. Put k = 1 in the Corollary 4.2, we get the new generating functions of even and odd Fibonacci-like
numbers.

Case 2. The substitution of { 2 e; e:2 k= 2 in (4.1), (4.2) and (4.3), we obtain:
gser (e1 +[-e])2" = 17 (2x22ji)z yEY (4.8)
§SZn @+l = o (49)
gszm @+ l-al 2 = o ixk)z o (4.10)

respectively, and we have the following proposition and theorem.

Proposition 4.4. For n € IN, the new generating functions of even and odd k-Pell polynomials are respectively given

by:
- " 2xz
;) Pean (2" = T3 oy 2 v e’ (11)
with P2u(x) = Sau-1(e1 + [—e2]).
- 1—kz
n _
; Prann 02 = Tz v e ®12

with Pou41(x) = San(er + [—e2]).
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Theorem 4.5. For n € IN, the new generating functions of even and odd k-Pell Lucas polynomials are respectively
given by:

2-2 (Zx + k)
Z Qe 2" = T3 o Tz 22 (413
2x + 2kxz

Z Qeant ()2 (414)

T 1- 2(2x2 + k) z + k222
Proof. By [16] we have:

Qrn (x) =25, (e1 + [—e2]) = 2x5,-1 (1 + [—e2]) .
Then, from the Egs. (4.8), (4.9) and (4.10), we obtain:

Y Qean (2" =) (280 (61 + [-ea]) = 2xS,1 (e + [-e2])) 2"
n=0 n=0

Z o (61 + [—e2]) 2" —ZXZSZn 1(e1 + [-e]) 2"

n=0 n=0
2(1-kz) 4x%z
T1-2Q2+hz+k2 1-2022 +k)z+ k2
2-2(22% +k)z
- 1-20@2x2 +k)z+ k222"
And

(o)

Z Qrons (0) 2" = Z (252441 (e1 + [—e2]) — 2xS2, (e1 + [—e2])) 2"
n=0

n=0

(o8]

=2 Z Sons1 (e1 + [—e2]) 2" — 2x Z Son (€1 + [—e2]) 2"

=0 =0
4x 2x (1 —kz)
T1222+Kz+ k2 1-2022 +k)z+ k2
2x + 2kxz

T1202+kz+ 2
Which completes the proof. O

Remark 4.6. Put k = 1 in the Eqs. (4.11) — (4.14), we get the new generating functions of even and odd Pell and
Pell Lucas polynomials.

Case 3. The substitution of { eres iz __23 in (4.1), (4.2) and (4.3), we obtain:
- 3z
e - N — 4.1
ész 1(e1 +[—e2]) z 5142 (4.15)
- . 1+2z
Z Son(e1 + [-e2]) 2" = T-5. 1422 (4.16)
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3

- > 417
1 -5z + 422 ( )

Z Sons1 (€1 + [—e2]) 2"
n=0

respectively, and we have the following proposition and theorem.
Proposition 4.7. Forn € IN, the new generating functions of even and odd Mersenne numbers are respectively given

by:

- 3z
s , 41
;)2'12 P T 1 54422 (418)

with My, = Sop_1(e1 + [—e2]).

1+2z
M 419
Z 22 = o (4.19)

with Moy = Sou(er + [—e2]).

Theorem 4.8. For n € IN, the new generating functions of even and odd Mersenne Lucas numbers are respectively

given by:

. 2-5z
Z mznz” = m (420)
n=0

. 3-62
X = 42
n=0

Proof. We have:
my, =25, (e1 + [—e2]) = 35,1 (e1 + [—e2]), (see [12]).
Then, from the Egs. (4.15), (4.16) and (4.17), we obtain:

Yzt = ) (25 (o1 + [~e2]) = 35201 (o1 + [-e2])) 2"
n=0 n=0

=2) Suler+[-e2)2" =3 ) Suma(er + [-e2]) 2"
n=0 n=0

2(1+22) 9z

T 1-5z+422 1-5z+4z22
_ 2-5z

T 1-5z+422

And

Z Mops12" = Z (252041 (e1 + [—e2]) = 3524 (1 + [—e2])) 2"
n=0 n=0

=2 ZS Sons1 (1 + [~e2]) 2" = 3 Z{‘; Sou (e1 + [e2]) 2"

B 6 B 3(1+2z)  3-6z
T 1-5z4422 1-5z+44z2 1-5z+422
Which completes the proof. O
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5. Generating functions of the products of (p, q)-Fibonacci-like numbers with even and odd Mersenne
numbers and k-Pell polynomials

We now consider the Lemma 3.2, Lemma 3.3 and Lemma 3.4 in order to derive a new generating
functions of binary products of (p, g)-Fibonacci-like numbers with even and odd Mersenne and Mersenne
Lucas numbers, k-Pell and k-Pell Lucas polynomials.

We consider the following sets:

A= {611,—612} and E = {61,—62} .
By changing a, to (—a;) and e; to (—e) in the Egs. (3.2), (3.3) and (3.4), it becomes:

2

i S, (01 + [oaa]) San s (01 + [es]) 2 (a1 — @) (e1 — €2) 2+ maz (e — e2) ((e1 — ea)” + 2e12) z 51
n +[— n— +1- = ’ .
— . f2l) oz e 2z (1 - meiz)(1 — mez)(1 + azeiz)(1 + are3z) )

i 5. ¢ (—s]) San cea]) 2" 1 —ejex (a1 — ap) z — e1epa1a; ((e1 —e)* + elez)zz 652)
(@ +[— 2 (er + [ = .
e o fal)oafer b= (1 - medz)(1 — medz)(1 + azedz)(1 + arelz)
. e1 = ex + ma (e1e2)” (1 — €2) 22
Sn (a1 + [-a2]) San +[-e]) 2" = , 5.3
nzz(‘) (@1 +[=02]) Sz (1 + [m2]) 2 (1 - me2)(1 — me32)(1 + axedz)(1 + aze52) (5:3)
respectively, and we have three cases.
Case 1. Let us now consider the following conditions for Egs. (5.2) and (5.3):
{111—112:].9 and{el—ezzp )
maz =4q eiex =g
Then it yields:
s 1-pgz = (p* +9) 2
Su (a1 + [—a2]) Sau (e1 + [-e2]) 2" = . (54)
”Z:(; L=p (P +2q)z —q(p* +3p>q + 29%) 2% + pg® (P> + 2q) 2° + 4°2*
. p+pez
Sn (a1 + [-a2]) Sons1 (&1 + [—e2]) 2" = . (5.5)
WZg 1=p (P> +29)z —q(p* +3p*q + 29%) 22 + pg® (p* + 29) 2° + 4°2*

Thus, we have the following proposition.

Proposition 5.1. For n € IN, the new generating functions of the products of (p,q)-Fibonacci-like numbers with
even and odd (p, q)-Fibonacci-like numbers Uy gnlpgon and L, g nly 6 2n41) are respectively given by:

D ) 4 - 4pgz — 4q? (p2 +q)22
PR (P 4 20) 2 — 4 (7 + 3p2 + 2) 2+ pqd (PP 4 20) 2 + o2 (50

gk

=
Il
o

4p + 4pgPz*
1-p (P +29)z - q(p* +3p2q + 29%) 22 + pg® (p* + 29) 2 + q°z*

(5.7)

gk

lp,q,nlp,q,2n+1zn =

1]
f==}

n

Proof. We have:

lp,q,n =25, (611 + [_QZ]) .
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Then, using the Egs. (5.4) and (5.5), we get:

Z lpqn qunZ = 42 Sn(ar + [-a2])San(er + [—e2])z"
n=0 n=0
4 - 4pgz — Ag? (pz + q) z2
S 1-p(p? +29)z - q(p* +3p2q + 247) 22 + g (p? +29) 2 + g0zt
And

lp,q,nlp,q,2n+lzn = 42 Sn(al + [_a21)52n+1(61 + [_32])'2”
n=0

1=

=
Il
o

B 4p + 4pg®z*
C1-p(P®+29)z— q(p* +3p%q + 247) 22 + pg® (P> + 29) 2 + q°z*
Asrequired. O

4887

Corollary 5.2. Putting p = k and q = 1 in the Egs. (5.6) and (5.7) gives the following new generating functions:

i 4-dkz—4(k?+1)2
;lk,nlk,an T1—k(R2+2)z— (K +32+2) 2 + k(K2 +2) 28 + 2+

Zl | . 4k + 4kz?
kntk2n+12 = 777 k(2 +2)z— (K +3k2 +2)22 + k (k2 +2) 23 + 24

Remark 5.3. Put k = 1 in the Corollary 5.2, yields the new generating functions of the products of Fibonacci-like

numbers with even and odd Fibonacci-like numbers.

Case 2. Let us now consider the following conditions for Egs. (5.1) — (5.3):

ap—a;=p and ep—e =3
a1ay = q e1ep=-2
Then it yields:

3pz + 1542°

Z Sy (a1 + [-a2]) Son—1 (61 + [—e2]) 2" =
n=0

1+ 2pz + 14g2>
1—5pz — (17q — 4p?) 22 + 20pqz3 + 1642z

Z Sy (a1 + [—a2]) Son (61 + [—e2]) 2" =

n=0

3+12
Y S0 a1 + [0a]) S o1 + [ 2 = * g

1—5pz — (17 — 4p?) 22 + 20pqz® + 16g%z*

n=0
Thus, we have the following proposition and theorem.

1—5pz — (17q — 4p?) 22 + 20pqz® + 164%z*

(5.8)

(5.9

(5.10)

Proposition 5.4. For n € N, the new generating functions of the products of (p, q)-Fibonacci-like numbers with

even and odd Mersenne numbers (1, 5,Ma, and 1y 4 ,Mo,41) are respectively given by:

6pz + 302>
1-5pz — (17q — 4p?) 22 + 20pqz3 + 164224

lp q, nM2,z" =

2 + 4pz + 28g2*
1-5pz — (17q — 4p?) 22 + 20pqz3 + 164%z*

Seiinel

lp q, n]\/IZn+1Z

=
1l
fe=}

(5.11)

(5.12)
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Proof. We have:
lp,q,n =25, ((11 + [_52]) and M, = 5,1 (61 + [_62]) .
Then, using the Egs. (5.8) and (5.9), we get:
Z IpgnMonz" =2 Z Sn(a1 + [—a2])San-1(e1 + [—e2])z"
n=0 n=0

B 6pz + 30922
"~ 1-5pz — (179 — 4p2) 22 + 20pqz3 + 1642z*°
And

lpgnMopi1z" =2 Z Sn(ar + [-a2])Szn(er + [—e2])z"
n=0

gk

=
Il
o

B 2 + 4pz + 2842*
1 -5pz— (179 — 4p?) 22 + 20pgz3 + 164224
Which completes the proof. [J

Theorem 5.5. For n € N, the new generating functions of the products of (p, q)-Fibonacci-like numbers with even

and odd Mersenne Lucas numbers (I g oy, and I, ; ;1o,41) are respectively given by:
4 - 10pz — 3442°

1 —5pz — (17q — 4p?) 2% + 20pqz® + 1642z*

Ly gnmanz" = (5.13)

l . 6 — 12pz — 3642> (5.14)
panian 2 = 37 5pz — (17q — 4p?) 2% + 20pqz® + 164%z* '

e i

Il
fe=}

n

Proof. We have:
lp,q,n = 2511 (ﬂl + [_QZ]) and my = zsn(el + [_62]) - ?’Sn—l(el + [_62])'

Using the relationships (5.8), (5.9) and (5.10), we obtain:

Z Lpqnmonz" = Z 25,(a1 + [—a2]) (2S24(e1 + [—e2]) = 3Sau-1(e1 + [—e2])) 2"

n=0 n=0
=4) " Sular + [-mDSauler + [-e)2" =6 ) Sul@r + [-aD)Szr1(er + [—ea])2"
n=0 n=0

4(1+2pz + 14922 - 6 (3pz + 152%)
1-5pz — (179 — 4p?) 22 + 20pqz® + 164°2z*
B 4 - 10pz — 34q2°
1—5pz — (17 — 4p?) 22 + 20pqz® + 16g%z*
And

Z Ipqnionaz" = Z 25,(ar + [-a2]) 2S2n41(e1 + [—e2]) — 3San(er + [—e2])) 2"
n=0 n=0
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4(3+1292%) - 6(1 + 2pz + 1492%)
1-5pz — (17q — 4p?) 22 + 20pqz® + 16422*
B 6 — 12pz — 3642>
1—=5pz — (17 — 4p?) 22 + 20pgz3 + 1642z*
So, the proof is completed. O

4889

Corollary 5.6. Puttingp = kand g = 1 in the Egs. (5.11) — (5.14) gives the following new generating functions:

il Mg 6kz + 302

LTS T Bk — (17 - 4K2) 22 + 20kz® + 1624
il N 2 + 4kz + 282°

Ly TR T Bz — (17 — 4k2) 22 + 20k23 + 162*
il o 4 — 10kz — 3422

L TR ] bk — (17 — 4K2) 22 + 20kz® + 1624

il g 6 — 12kz — 362>
Ly TR T Bz — (17 — 4k2) 22 + 2023 + 1624

Remark 5.7. Put k = 1 in the Corollary 5.6, yields the new generating functions of the products of Fibonacci-like

numbers with even and odd Mersenne and Mersenne Lucas numbers.

Case 3. Let us now consider the following conditions for Egs. (5.1) — (5.3):

{al—azzp and{el_ez:zx

aap =q e1er =k

Then it yields:

Z Su (a1 + [-a2]) Son-1 (e1 + [—e2]) 2"
n=0

2pxz + 4gx (Zx2 + k) z2

T1- 2p (2x% + k) z — (16gx* + 16gkx? + k2 (29 — p?)) 22 + 2pgk? (2x2 + k) 28 + g2k*z*

Y Su (@ +[=a2]) S (61 + [—ea]) 2"
n=0

1 - pkz — gk (4x2 + k) z2

T1- 2p (2x2 + k) z — (16gx* + 16gkx? + k2 (29 — p?)) 2% + 2pgk? (2x2 + k) 23 + g2k4z*

Z Sy (a1 + [—a2]) Sone (61 + [—e2]) 2"
n=0

2x + 2qk*xz*

T 1- 2p (2x2 + k) z — (16gx* + 16gkx? + k2 (29 — p?)) 22 + 2pgk? (2x2 + k) 28 + g2k4z*

Thus, we have the following proposition and theorem.

(5.15)

(5.16)

(5.17)
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Proposition 5.8. For n € IN, the new generating functions of the products of (p,q)-Fibonacci-like numbers with
even and odd k-Pell polynomials (1,4, P2, (x) and 1, 4, Px 2041 (X)) are respectively given by:

4pxz + 8qx (2x2 + k) z?
lpanPron (¥) 2" = 2 4 2112 2Y) 2 2 (022 5 g ©O19)
1-2p(2x% + k) z — (16gx* + 16gkx? + k? (2 — p?)) 22 + 2pgk? (2x? + k) 23 + g%k*z

gk

=
]
o

2 — 2pkz — 2qk (4x2 + k) z?
Ly,a.nPron "= .
panPhani (4)2 1-2p(2x% + k) z — (16qx* + 16gkx? + k2 (29 — p?)) 22 + 2pqk? (2x2 + k) 23 + q?k*z*
(5.19)

gk

=
1l
fe=}

Proof. We have:
lp,q,n =25, (1 + [-a2]) and Pk,n (x) = Sp-1(e1 + [_62])-
Then, using the Egs. (5.15) and (5.16), we get:

Y banPran (02" =2 Su(ar + [~a2D)San1(er + [-e2])2"

=0 n=0

=

4pxz + 8qx (29(2 + k) 22
T 1-2p(2x2 + k) z — (16gx* + 16gkx2 + k2 (29 — p2)) 22 + 2pqk? (222 + k) 23 + g?k4z4
And

LygnPrans1 () 2" =2 Z Sn(ar + [a2])San(er + [—e2])z"

n=0

gk

1l
fe=}

2 - 2pkz — 2qk (4){2 + k) z?
T 1-2p (2% + k) z — (16gx* + 16gkx2 + k2 (29 — p2)) 22 + 2pqk? (222 + k) 23 + g2k4z4
Which completes the proof. [

Theorem 5.9. For n € IN, the new generating functions of the products of (p, q)-Fibonacci-like numbers with even
and odd k-Pell Lucas polynomials (1 3,,Qx2n (x) and L, 5., Qk 2041 (x)) are respectively given by:

4-4p (23(2 + k) z—4q <8x4 + 8kx? + k2)z2

Zp,q,an,Zn (0)z" = . (5.20)
;) 1-2p(2x% + k) z — (16gx* + 16gkx? + k2 (29 — p?)) 22 + 2pqk? (2x2 + k) 23 + g2k*z*

i | ) 4x + 4pkxz + 4gkx (4x2 + 3k) z?
o panQeans ()" = 1—2p(2x% + k) z — (16gx* + 16gkx? + k2 (29 — p?)) 22 + 2pgk? (2x2 + k) 23 + q2k4z*”
(5.21)
Proof. We have:
lpgn =25, (a1 + [-a2]) and Q. (x) = 25,(e1 + [—e2]) — 2xS,-1(e1 + [—e2]).
Using the relationships (5.15), (5.16) and (5.17), we obtain:

Lp,anQron (x) 2" = Z 25,(a1 + [—a2]) 2Sau(er + [—e2]) — 2xSou-1(e1 + [—e2])) 2"
n=0

gk

1l
f==}

n
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= 420 Su(ar + [—a2])San(er + [—e2])z" — 4x Zzé Sn(ar + [a2])S2n-1(e1 + [—e2])z"

4 (1 — kpz — gk (4x2 + k) zz) —4x (prz + 4gx (2x2 + k) zz)
T 1-2p (2% + k) z — (1694 + 16gkx2 + K2 (29 — p2)) 22 + 2pqk? (2x2 + k) 23 + k4=

4 - 4p (2 + k) z - 49 (8x* + 8kx? + k2) 22
T 1-2p (2% + k) z — (16gx* + 16gkx2 + k2 (29 — p2)) 22 + 2pqk? (2x2 + k) 23 + g2k4z4
And

Z LpanQk2ns1 (x) 2" = Z 25, (a1 + [—az2]) (2S2u+1(e1 + [—e2]) — 2xSan(er + [—e2])) 2"

n=0 n=0
= 42 Su(ar + [-a2])Sons1(e1 + [—e2])z" — 4x Z Su(ar + [=a2])Sau(er + [—e2])z"
n=0 n=0

4 (2x + 2qk2xzz) —4x (1 —kpz — gk <4x2 + k) 22)
T 1-2p (2% + k) z — (169 + 16gkx2 + k2 (29 — p2)) 22 + 2pqk? (2x2 + k) 23 + k424

4x + Apkxz + 4qkx (49(2 + 3k) z?
T 1-2p(2x2 + k) z — (16gx* + 16gkx2 + k2 (29 — p2)) 22 + 2pqk? (222 + k) 23 + g?k4z4

So, the proof is completed. O

Corollary 5.10. Taking p = kand q = 1 in Egs. (5.18) — (5.21) gives the following new generating functions:

- 4kxz + 8x (2x2 + k) z2
LnPron ()2 = :
;) b ) 2 = T (16 + 16k T R R) 2 + 20 22 + 2 + A

i l ) 2 — 2k%z — 2k (4x2 + k) z2
Py - :
; i )2 = e (e + 16k + R 2= F)) 2 + 20 22+ I 2 4

o 4 - 4k(22% + k) z - 4(8x* + 8kx? + 2) 22
z "= :
; bnQran ()2 = e T 2~ (et 4 16k 1 R @ - ) 2 + 2R @2 + 0 2 +

0 4x + 4k*xz + 4kx (4x2 + Bk) z?
)1 "= :
L, Qi 02 = 4 B2 — (Tt + 16k + 2 (2 — ) 22 4 20 (2 + ) 2 + Kizd

Remark 5.11. Put k = 1 in the Egs. (5.18) — (5.21) and Corollary 5.10, yields the new generating functions of
the products of (p,q)-Fibonacci-like numbers and Fibonacci-like numbers with even and odd Pell and Pell Lucas
polynomials.

6. Conclusion

In this paper, by making use of Eq. (3.1), we have derived some new generating functions of odd and
even (p, q)-Fibonacci-like numbers, Mersenne numbers, Mersenne Lucas numbers, k-Pell polynomials and
k-Pell Lucas polynomials, and the products of (p,q)-Fibonacci-like numbers with odd and even certain
numbers and polynomials. The derived theorems and propositions are based on symmetric functions and
products of these numbers and polynomials.
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