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Characterizations of Double Hausdorff Matrices and Best
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in Generalized Holder Space
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Abstract. In the present paper, we obtain characterization results of double Hausdorff matrices and apply
these results to obtain error estimation of the function f(x, y), conjugate to a function f(x, y) (periodic with
period 27 in both x and ) in generalized Holder space by double Hausdorff means of its double conjugate
Fourier series. Some important corollaries are also obtained from our main result.

1. Introduction

Error estimation of a function of one dimensional variable in Lipschitz, Besov, Holder, generalized
Holder spaces has been studied by [1], [2], [3], [4], [15], [11], [13], [14], [16], [20], [21] etc. using different
single and product summability means of Fourier series and conjugate Fourier series. The degree of ap-
proximation of a function of one dimensional variable in weighted Lipschitz class using characterizations
of Hausdorff matrices of Fourier series, has been studied by [6].

Different double summability means of double Fourier series and double conjugate Fourier series have
been investigated by the researchers [14], [17] and [24].

Error estimation of a function of two dimensional variable in Lipschitz spaces has been studied by [9] and
[22] using double Norlund means and double matrix means respectively of Fourier series.

Error estimation of a function of two dimensional variable in Holder spaces has been studied by [12] and
[23] using double Karamata means and double matrix means respectively of double Fourier series. The
error estimation of a function of n-dimensional variable in Hélder space has also been studied by [23] using
double matrix means of multiple Fourier series.

The double Hausdorff matrices of double sequences was firstly studied by [8]. Later, [19] and [10] have
also studied double Hausdorff matrices of double sequences.

The concept of row monotonicity and row positivity of the matrices is very useful in different mathematical
problems, e.g., in finding the solution of partial differential equations using finite difference method (See
[18]).

The concept of row monotonicity and row positivity of summability matrices is also very useful in the error
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estimation of a function in function spaces.

In this paper, we use double Hausdorff matrices and obtain their characterization results corresponding
to row monotonicity and row positivity. Further, by using these characterizations of double Hausdorff
matrices, we obtain best approximation of conjugate of a function f(x,y) in generalized Holder spaces

(H®*);r > 1) of double conjugate Fourier series.

The organization of the paper is as follows: In section 1, we give definitions and notations related to
the present work of the paper. In section 2, we obtain characterizations of double Hausdorff matrices cor-
responding to row monotonicity and row positivity. In section 3, we propose our Theorem 3.1 in order to
obtain the best approximation of conjugate of a function f(x, ) of two dimensional variable in generalized
Holder spaces (HEr > 1) using characterizations of double Hausdorff matrices of double conjugate
Fourier series. In section 4, we prove five lemmas which are used in proving our Theorem 3.1. In section 5,
we establish Theorem 3.1. In section 6, four corollaries are deduced from the Theorem 3.1 and in section 7,
we verify Theorem 3.1 for different values of d,,, d,,, d;, m through the way of an example and observe that
the Theorem 3.1 provides the best approximation of the conjugate function f(x, y).

Let f(x) be a 2n-periodic Lebesgue integral function of x over the interval (-7, ). The Fourier series
of function f(x) is given by

(ay, cos mx + by, sinmx). (1)

1

f@~ 3+
2 1

3
1l

The conjugate series of (1) is given by

Z(um sinmx — b, cos mx) )

m=1

and it is said to be conjugate Fourier series. It is well known that the corresponding conjugate function of
(2) is defined as
1 (" fx+1) = f(x— l)dl

n 0 2tan(é)

fly=~

Let f(x,y) be a function of (x,vy), 2n-periodic in both the variables x and y, Lebesgue integrable and
summable in the square Q* := Q(-7, 7i; -7, 71). The double Fourier series of a function f(x, y) is given by

(o] o0
flx,y) ~ Z Z Al Qnm cOS 11X COS MY + By i SIN 11X COS MY + Yy COS NX SIN 1Y + Oy 1y SIN 11X SIN Y]

n=0 m=0
= Z Z /\n,mAn,m (x/ }/)/ (3)

n=0 m=0

where
$ n=m=0,
Aum =43 n>0,m=0andn=0,m>0,
1 n>0m>0,

and the coefficients ay, y, Bum, Vnm and Oy are given by

O = % f f(x, y) cos nx cos mydxdy,
QZ
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Bum = % f f f(x,y) sinnx cos mydxdy,
QZ
1 .
Yum = —3 fff(x, Y) cos nx sin mydxdy,
Q2

Onm = % f f f(x, y) sin nx sin mydxdy
QZ

forn=0,1,2,---and m=0,1,2,--- .
One can associate three conjugate series to the double Fourier series (3) in the following ways:

1

Anml=PBnm COS HX COS MY + Ay yy SIN NX COS MY — Oy yy COS NX SIN MY + Y 1y SIN 11X SIN THY]; 4)

3
I
o

Anml=Ynm COS X COS MY — Oy y SIN X COS MY + Oy y COS NX SIN MY + Py 1y SIN X SIN THY]; (5)

AnmlOnm COS X COS MY — Yy 1y SIN X COS MY — Py 1y COS NX SIN MY + Ay SIN X SINTHY]; (6)

DM 1D 1D
[ 10

=
I
—_
3
1l
—_

where A,y =1, Apo = Ao = % forn,m>1and Agp = }1.
The conjugate functions f(l)(x, Y), f(z) (x,y) and f(S) (x, y) corresponding to (4), (5) and (6) are given by

1 (™ fix+s,y)— f(x—s,9)

[(1) = ——
Sy =~ | 2tan(3) ds, )
T f,y+1D)— f(x,y—1
oy = -+ [ LEYED S0, ®)
T Jo 2tan(y)
T +s,y+D)—fix=s,y+D)—fx+s,y-D+ f(x—s,y—-1
ﬂ%m:%fffwsy)ﬂxw )~ flxtsy-D+fe-sy-D o
2 Jo Jo 2tan(5)2 tan(%)
respectively.
In this paper, we shall consider the symmetric square partial sums of series (6).
If H is a double Hausdorff matrix then
o [OONTA  p =0 g =01, w0
P 0, p>n,q>m,

where {u,,} is any real or complex sequences and for any sequence (i, ,, the operator A is defined by

AAp,g = tpg = Hp+1g = tpgel T Hprigel

n-p m—q
n—p A m— n—p\(m-4g
ANy, g = z 2 (_1)p+q( s )( I ):ul’+s/1+l-

s=0 =0

and

The necessary and sufficient condition for double Hausdorff matrix (H) to be conservative is the existence
of a mass function x(s,) € BV[0,1] x [0, 1] such that

1 1
»[jwMQM<w
0 0
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1 1
Unm = f f s"1"dx(s, ).
0o Jo

Without loss of generality, we may assume that x(0,0) = 0. If in addition, we have x(1,1) = 1, and the
continuity conditions

and

X(s,+0) = x(s,0),  x(s,+0) = llin01 X(s, 1),
X(+0,1) = x(0,), x(+0,1) = ling x(s,1)

are also satisfied, so that pgo = 1.
We say that p,,, is a regular moment constant ([8, 19]).
Now, we can re-write (10) as

ayemy (1L n— m—
7 — (P)(Q)J(; j(; Sp(1 _S) qu(l _l) qu(srl)/ P = 0/ 11”# = 0/ 1,7”’1, (11)
0, p>n,q>m.

Let Yoo Xm0 bum be a double conjugate Fourier series with §,,,, = Z;‘l:o Yo bjx as its (n, m)" partial sums.

The double Hausdorff means £, is given by

n m

H .
tn,m = Z hn,j;m,ksj,k-
j=0 k=0
Ifff1 — casn,m — oo, then the double conjugate Fourier series Y,;"o Y _o bu,m with the sequence of (1, m)™
partial sums (s,,) is said to be summable to some finit number ¢ by the H method.

Remark 1.1. A double Hausdorff matrix method reduces to
(i) double Cesaro means (C, A, o) if mass function x(s,1) = Ao fos fol(l — )11 = 1) dsdl

0, ifse[0,a]landle[0,D]

(ii) double Euler’s means (E, py, pm) if mass function x(s,l) = { 1, ifsclallandleb1] ’

where a = fpn,pn >0andb = ﬁ,pm > 0.
Note 1.
(i) Puting A = 0 = 1in Remark 1.1 (i), (C, A, 0) means reduces to (C, 1, 1) means,
(ii) Puting p, =1,VYn, and p,, = 1, Vm, in Remark 1.1 (ii), (E, ps, pm) reduces to (E, 1, 1) means.

The Holder class for f(x, y) continuous function periodic in both the variables with period 27, is defined
as

Hup = {f :1f @ 35,0l = (e +5,y +1) = f(x, y)l < Ca(lsl® + 11P)]

forsome0 < a, < 1and forall x, y,s, [, where C; is a positive constant may depend on f, butnoton x, y,s, I.
This class of functions is also called Lipschitz class and denoted by Lip(«, ). It can be easily varified that
Ha,p) is a Banach space with the norm || - [|(4,) defined by

I£ll, 5 = l7llc + sup A*fx, 35,
x#s,y#l

where
lf(x+s,y+1)— flx,y)l
[x — sl + |y —1|f

AP f(x,y;s,]) = (x#s,y#]).
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By convention A% f(x, y;s,1) = 0 and

Ifllc = sup IfGxy)l
(xy)eQ?

The space of the functions L'[[0, 27t] X [0, 2rt]] is given by

27 27
L'[0,2n] X [0,27]] = {f :[[0,2n] x [0,27]] D RX R : f f [f(x, y)'dxdy < co, 7 > 1}.
0 Jo

The norm || - ||, is defined by

= L 6 Rl st} retn,eo

€SS SUP,. e10,27] r=o00

Let &1, &y ¢ [-7t, m; —1, 1] = R X R be an arbitrary function. The class of function Hﬁgl’&) is defined by

(&182) _ r . ”f(x +s,y+1) - flx, y)“r
H, = {f e L'[[0,2n] x [0, 27]] : siél,l};o NP0 ,

where &; and &, are the moduli of continuity that is & and &, are positive non-decreasing continuous
function with the properties:

slir(r)l &1(s) = &1(0) = 0; 11351 &) = &(0)=0

and
E1(s1 +52) < &1(51) + &1(s2); Ea(ly + 1) < &a(lh) + Ea(l).
We define
Hf“(éq /£2) ”f” + S ”f(x"‘sll/"'l)_f(x/]/)”r
1 0 &1(s) + &2(D) '
Clearly, ||{/*"**) is a norm on H"*).

It can be varified that the completeness of the space L'[[0, 2r] X [0,27t]] implies the completeness of the

space HE ),
We also define

(o) Ifx+s,y+D) - flx, ),
1111 ||f||+s§ P P B

Let (n (s)) and ( ) both be positive, non-decreasing. Then

(m.12) &1(2m) &»(2m) (E162)
A < max(1, 28T, S20T e <

Thus,
HS) ¢ g c 1110, 27] x [0, 27]].

Note 2. If &(s) = |s|*, &(I) = |I|f and r — oo, then Hﬁ‘E“‘EZ) class reduces to H, g calss.

The degree of approximation of a function f : R X R — R by a trigonometric polynomial t,,, of de-
gree (1, m)"" under norm || - || is defined by

tum = flloo = suplltnm — fO, Y} : x, y € R
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and the degree of approximation E, ,,(f) of a function f € L,[[0,27] X [0, 2r]] is given by

En,m(f) = min ”tn,m - f”r

If E, m(f) = 0as n,m — oo, then E, ,,(f) is said to be the best approximation of f.
We write

\I/(s,l):gb(x,s;y,l):31[f(x+s,y+l)—f(x+s,y—l)—f(x—s,y+l)+f(x—s,y—l)];

Xy
‘I/(x,y)zfo fo [ (u, v)|dudv;

_ 1 w cos(p + 3)s & cos(q + 1)1
Kom(s, 1) = — hyp———s7— by g————. 12
(s, 1) 4712;:0: (D) ; ey (12)

2. Characterizations of double Hausdorff matrices

By simple computation, (11) gives o0 = 1 forn =0,m = 0 and for n > 0, m > 0, we have

1l
B 5 oo foo(L = D" (A =) x(Dx(s)dlds, p=0,q=0;
1
(p—.3<p,2_,,+1> {fszo s1(1 — )" P L (ns - P)X(S)dS})
Ho g = (m {fzio 1711 = =Y (ml — q)x(l)dl}), O<p<nand0<g<m; (13)
1 1
(1 - ﬁ fs:O s”‘l)((s)ds)(l - m fl:O lm‘l)((l)dl), p=n,q=m;
0, p>n,qg>m;

where B(n, m) denotes the beta function.
Now, we establish the following characterization results of Hausdorff matrix H = 1, . 4.

Theorem 2.1. If H = (hy,p,m,) be a double Hausdorff matrix (11) and x(s, 1) is strictly increasing function, then the
matrix hypg > 0for0<p <n; n=0,1,2,--- and0 <qg<m; m=0,1,2,---.

Proof. We can see that hog0 = 1 for n,m = 0. So that, we deal for n > 1. Since x(s,l) is strictly increasing and
Xx(0,0) =0, x(1,1) = 1, we find that 0 < x(s,I) <1 fors,l € (0,1). Thus, forp,q =0,

= 1 ' ! m-1 n-1
hn,O;m,O = WBO,TI) js‘zo fl;o(l - l) (1 - S) )((l))((s)dlds >0

as
(1 =D"x() >0 for 1€(0,1)and (1 —s)"'x(s) >0 for s € (0,1).

For p = nand q = m, we have

_ 1 ! m—1 1 ! n—1
hn,,,;m,m—(l— ST flz 0z X(l)dl)~(1— O f K )((s)ds)

> (1 - L fl lm‘ldl) . (1 - L f1 s"‘lds)
B(m,1) Ji—o B(n,1) Jsoo ’
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where "1 x(I) > 0 for 1 € (0,1) and s"x(s) > 0 for s € (0, 1).

1 1 1 1
hn,n;m,m = [1 - (m—1)1.0! a] ) [1 - (n—=1)L.0! E]
m! n!

Thus,
By pmq > 0.
For0<p <nand0 < q < m, we have
L _ 1
A pqBlp,n—p+1)-Blg,m—q+1)
1l
{f f TN = sy PN (1 = 1Y (s — p)(mil - q))((s))((l)dsdl}. (14)
=0 JI=0
We denote
17711 = 1y~ (ml - q)
M, () = 15
O B+ )
and
sP1(1 —s)" P (ns —
Nop(s) = (1—s)"P"(ns —p) (16)

p-Blpn—p+1)

We check that (15) and (16) become zero only at | = 1 and s = £ respectively within (0,1). Also, we note that
M () <0 forl e (O,%); Nyp(s) <0 fors € (0, )and M q(1) > Oforl e (L,1); Nyp(s) > 0 fors € (%'1)' From
(14)-(16), we have

m’

1 1
g = f f Mong(0) - Nup(s)x(Dx(s)dlds
s=0 JI=0

Now,

1 r 1
hn,p;m,q = f_o Nn,p(s) ~fl‘—0 Mm,q(l))((l)dl] X(S)ds

- f _10 N y(s) { fl 0 ¥ f 1}Mm,q<l>x<l>dl
_ f _10 Ny (s) fl_ : My, (Dx(Ddl + f Mo OO
f My4(Ddl
{ f: M g(Ddl + f: ; Mm,q(l)dl}
f M (Ddl - ) fl 0 Miyq(D)dl

E 1
f Mg (Ddl| x(s)ds - f Mg ()l = 0
1=0 1=0

Xx(s)ds

Xx(s)ds

x(s)ds

L [
> [ N [ Mo -x(2
5=0 m

. )
= [ N | [ Musxom-x (1)
q )

)

x(s)ds

x(s)ds

=f1N | [ My O + (1
= np L m,g\L)X X "

1=0
1 r % q
= I_O NH,P(S) Lfl_o Mm,q(l))((l)dl -X (a
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U { o-x(Z)meoa)-[ [ p N O
- [ [ fo-x(2) Mm,q(l)dl] . [ | fo-x(B)) Nn,p(s)ds] -0

Thus,

By pmq > 0.

O

Theorem 2.2. Let H = (hy,p,m,4) be a double Hausdorff matrix (11). Then
(i) if x(I) and x(s) are convex, then for all m and n,

hn,O;m,O < hn,l;m,l <--- < hn,p;m,q < hn,p+1;m,q+1 <. < hn,nfl;m,m—l < hn,n;m,m-

(ii) if x(I) and x(s) are concave, then for all m and n,

hn,O;m,O > hn,l;m,l > 2 hn,p;m,q > hn,p+1;m,q+1 > 2 hn,nfl;m,m—l > hn,n;m,m-

Proof. (i) For n,m =1, using the convexity of x(I) and x(s), we have x(I) < I for I € (0,1) and x(s) < s fors € (0,1)
respectively. Now, we proceed with the following:

1 1
hl,l;l,l - hl,O;l,O = {1 - B(T}, 1) j(: San(S)dS} . {1 _ B(Wll, 1) ](; lml)((l)dl}
1 1
By 00 s

1 L 1 o
- {1 - B(Ll)fo : 1"(5)”15} | {1 - B(Ll)fo . 1X(l)dl}

1 1
_m fo fo (1=D"1 (1 =9 xx(s)dlds

:{1 fl (s)ds} { f (l)dl} ff x(Dx(s)dlds

“1- f X6)ds - f Xyl + f f X()x(E)dlds - f f X()x(E)dlds
- f X()ds - f Xyl

1- fo 1 sds — | ldl

\%

Il
;_\
NIH
l\)|’A

Il
o

Now, foranyn = 2,3, -+, we need to show that hy o.mo < Ny 1m1 and By n—1.mm-1 < Ry pmm. S0, we proceed with the
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following:

S W{ f (1= 1" 2l - 1)X(l)dl} { f (1= 5" (s - 1)X(S)d5}
- B BT f ) f] (== Ol
= | fo 1 fo (1 1720 2 (o~ (s — 1) — (1~ (1 — ) x(l)x(s)dlds]
- | | 1 | 1<1—1)'"-2<1—s)*l-2{<mn—1>sl+<1—m>l+<1—n)s}x(l)x(s)dlds]

It can be observe that [(mn — 1)sl + (1 — m)l + (1 — n)s] becomes zero only at s = 5 andl = =5. It can also be ob-

+1
served that [(mn — 1)s] + (1 = m)l + (1 - n)s] < Ofors € (0, :2; )and1 € (0, ;27). Also, [(mn—l)sl+(1 m)l + (1 = n)s] >
Oforse<m+1, )andle(m+l,1).

Thus,

7 m+1

hnlml nOmO

— mn { f f f ] fl_ } z)m—2(1_s)"—z[(mn_1)sz+(1 —m)l+(1—n)S]X(l)x(S)dldS

_ f ol — sy 2[ f T 2{(mn — sl + (1 -m)l +(1 —n)s}x(l)dl]x(s)ds
s 1=0

=0

1 1
+ f i n(l - s)”_Z[I m(l - l)m_z{(mn -Dsl+A-m)l+1- n)s})((l)dl])((s)ds 17)

TS| m+1

By the convexity of x(s) and x(I), we have

n+1s [ 2\ 2 (n+ls (2 ) 2
x6) < TX(?) se(0iq) x> T"(n v 1)' ()

and

(l)<(m+1)lX( 2 )l (0 Ll) (l)_(m+1)l)(( 2 );le( 2 /1)‘

+1 m+1 m+1
Using above, (17) becomes

hn,l;m,l - hn,O;m,O

1 1
> f_z n(l - S)n_z[fl_z m(1 — l)m_z{((mn -Ds+Q-m)l+(1- n)s}

n+1 m+1

'(m;__l)lx(m+ l)dl](nzl)sx(n-zl-l)ds

=0

Thus,
hn,l;m,l > hn,O;m,O-
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Further,

1 ! m—1 1 ! n—-1
hn,n;m,m - hn,n—l;m,m—l = (1 - B(m, 1) j;:ol X(l)dl) . (1 - B(Tl, 1) ‘fs;o 5 X(S)dS

1
! [f s"2(1 —5)°(ns —n + 1))((s)ds]

 n-1)Bn-1,2)|Jep

1 L
(m—1)B(m - 1,2) UZOI 2= D°(ml —m + 1)x(l)dl]

1 1
— _ m—1 _ n—1
- (1 m fl K X(l)dl).(l n f K )((s)ds)
1 1
—nm [{js:o s"2(ns —n + 1))((s)ds} . {fl_o "=2(ml — m + 1))((l)dl}]
1 1
— _ m—1 _ n—1
- (1 m fl_ K X(l)dl).(l n fs K )((s)ds)

1 1
_”mU f {S"_zlm_z‘”s‘“1><ml—m+1>}x<l>dlx<s>ds]
s=0 JI=0

It can be observed that {s"‘zl’”‘2(ns —n+1)(ml-—m+ 1)} becomes zero only at | = ’”T_l and s = =L in (0,1).

It can also be observed that {s"‘zlm‘z(ns —n+1)(ml-—m+ 1)} < 0 for s € (O,”—‘l) nd | € (0,’”—‘1). Also,

{s”‘zl”"z(ns —n+1)(ml—m+ 1)} >0 fors € (”n;l, 1) and | € ("17‘1, 1). '
Thus,

hn,n;m,m - hn,n—l;m,m—l

e 1 e 1
= (1 - m{ +f }Z’”‘l)((l)dl] . [1 -n {f +f }s"‘l)((s)ds]
=0 w=l s=0 ul

m=1

% e 1 1
_ nm[{f + f f }Sn—2_lm—2 -(ns—=n+1)(ml-—m+ 1)X(l)x(s)dlds] (18)
s=0 1=0 S:% lz%

By the convexity of x(s) and x(I), we have

i oo )

and

OES —m(1—x(m—_1))1—_l, le (0,7),-

m 2

1 mfis (L s ()
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Using above, (18) becomes

1

R mm = P p=1;mm—1 = (1 - mj; -t {1 —-m (1 - )((mT_l)) 17_1}011)
=0
(imn [ fmnfi-x(0) 52
1 = 1
-~ nm[js;o s"2(ns —n + 1){[120 "2(ml —m + 1)
: {1 - m(l - X(’"T_l)) 17_1}011}.{1 - n(l - x(" . 1))%}@]

=0

Thus,

hn,n;m,m > hn,n—l;m,m—l .

Lastly, we need to prove that hyps1mge1 = hupmg forn=2,3,---;m=2,3,---and 0 <p<n-1,0<qg<m-1.
Now, we proceed with the following:

hn,p+1;m,q+1 - hn,ﬁ;mrq

1 1
T+ DB+ Ln-p) U A9 s —p - 1)x(s)ds]

1
g+ 1.B(g+1,m—q)

1
TR |, s o

1
ﬁ%?EEBUQH“W“ﬂwﬂqu

et - o I(ns —p—1)(ml—q—-1)
— pllqll_ anl_lmqZ 5
L L raserrasy (G D0+ D0 7T 8G s Tr=7
(=91 =Dns —p)(ml —q)
pqB(p,n—p+1).Blgm—-q+1)

~ 1 1 sp—llq—l(l _ S)n—p—Z(l _ l)m—q—2
- fs_o f;o[{ (p+D(g+1)(n—p)m—-q)Bp+1,n-p).Blg+1,m - q)}

- {Sl(ns —p=1D(ml—q=1)n=p)(m—q) = (1 =) = D(ns = p)(ml = g)(p + 1)(q + 1)}] - x(Dx(s)dlds

1
[ f 19(1 = 1y" 7 2(ml — q — 1);((1)[11]
1

=0

} x()x(Ddsdl

1 1

= j; j; Pm,q(l) . Rn,p(S)X(l)X(S)dldS (19)
forp=1,2,---,n=2,9g=1,2,--- ,m—2andn,m=3,4,--
where

3 1711 = [ym-1-2 )

Pog(l) = YT T — {m(m + 1P = 2m(q + 1)1 + q(q + 1)} (20)
and

Ry p(s) = S -9 {n(n +1)s? = 2n(p + 1)s + p(p + 1)} . (21)

(p+1)(n—-p)Bp+1,n-p)
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Py4(1) has following two zeros in (0,1) :

q+1_\/m(m—q)(q+) nd 1, = q+1+\/m(m—q)(q+1)

Al:m+1 m(m + 1) m+1 m(m + 1)

Ry, p(8) has following two zeros in (0,1):

p+1 n(n—p)(p+1)and _p+1+\/n(n—p)(p+1)

n+1 nn+1) 2T n+1 nn+1)

It is observed that 0 < A1 < Ay < 1. Also, Py 4(I) < 0 for I € (A1, Az) and Py, 4(I) > 0in € ((0, A1) U (A2, 1)).
Similarly, it is observed that 0 < w1 < wa < 1. Also, Ry, 5(s) < 0 for (w1, w2) and R, ,(s) > 0 in (0, w1) U (w2, 1).
Now, we define the conditions on x(I) and x(s) which make the root of the corresponding matrix monotonic up to
diagonal elements.

By convexity of x(I) and x(s), we have

X(A2) = x(A1)

w1 =

x> 1) - LIy, € (0,A1) U (A2, 1)
and
x() < ) - 2Ly, e ().
Also,
X 2 xtan) - LX), s€ 001U (@)
and

) - X(wz)—X(wl)(
Wy — W1

x(s) < x(w1 s —wr), s € (w1, w2).

Using positivity of Py,q(l) and R, ,(s) in (0, A1) U (A2, 1) and (0, w1) U (w2, 1) respectively and negativity of Py ,(I)
and Ry, p(s) in (A1, A2) and (w1, w2) respectively, (19) becomes

hn p+Lmg+l — hnpm q

A
{f f f jS‘a)l f}lz ‘L‘ mz} m,q l) Rn p(S)X(l)X(S)dldS
([ o ([ - ]
2 1 1
( f Rn,p(S)X(S)dS) + ( f_ mq(l)){(l)dl) ( f n,p(S)X(l)X(S)dS)
e 10— t0
> fo fo [Pm,q(l) "Ry p(5) - {)(()\ ) — 1 s AV - /\1)}

: {X(wl) - M(l - a)l)}}dlds

Wy — w1
=0

Thus,
hn,p+1;m,q+l = hn,p;m,q-
In this way, first part of the theorem is proved.

Second part of the theorem, i.e., for concave x(s) and x(I), can be proved just by inverting the inequalities used for
convex x(s) and x(I) in the first part of the proof. O
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3. Best approximation of a conjugate function using characterizations of double Hausdorff matrices

Theorem 3.1. Let f(x,vy) be a function, conjugate to a function f(x,y) periodic with period 2 in both x and y,
Lebesgue integrable on Q(—m, 7t; —1t, 7). Then, the error estimation of f(x,y) in the space HY;r>1) using double
Hausdorff matrix (H) wherein mass function x(s, 1) is strictly increasing and convex or concave, of its double conjugate
Fourier series, is given by

I, (e v) = fl Il

= O[(m) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)
&1(8) + &a(l)
+ 2(1’[ + 1)(m + 1)dn,m) . (j;l mH m (Szlz)dld )] (22)

where dym = Nypomm If X(S,1) is convex and dy . = hyomo if X(s,1) is concave; dy, = My if x(s) is convex and
A = hip if x(s) is concave; and dy, = hy, ,, if £(I) is converx and d,, = hy if (1) is concave.

4. Lemmas

n+1 - m+1

Lemma 4.1. K, ,(s,]) = O(é) for 0<s< -1 and 0<I<

Proof. For0<s< —=, 0<]< — m+1, sin(3) 2 2, sin(%) > % and |cosns| < 1.

+1'

) 1 cos(p + 1)s = cos(q + 2)l
|Kn,m(5' l)l T4 pz: P sm( ) Z‘h sm( )
1 | | cos(p + 2)s| 2 | cos(q + 2)l|
=— hy,
72 ; P |sm( )l Z:j |sin(1)]

2 n
T
4m2s] Z np Z s
p=0 q=0
We have ZZ:O hyp =1and Z;”:O hg =115, p.3971, then

-of3)

IR s, 1)

O

Lemma 4.2. If H is a double Hausdorff matrix with strictly increasing and convex or concave x(s,1) then

- dy 1 1
Kn,m(s,l)—O(E) for0<s< ] andm+1 <l<m,

where dy, = Ry if x(1) is convex and dy, = hy, o if x(1) is concave.
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Proof. For0 <s < -5, sin(3) > =, | cos(ns)| < landfor L= <1<, sin(%) > %, |sin(ml)| < 1, |sin(m+1)]] < 1.

n+1 m+1
Ry l)|—L Z”:h cos(p+ s Zm:h cos(q+2)l
n,m\>, 4772 = n,p sm( ) s sm( )
1|y, cos(p+ E)S " N (1
_R;hw sin(3)  2sin’ % Z ZCOS(q+§)l-sm 5
1 |v |cos(p + 3)s| 1 m 1 I
iz h s i hn 2cos(q+ )l sin
412 ; P |Sln(§)| |281r12(%)| ; Z 2
1 7y &
<— . = e
S 4n? s :0 Pop - o2 ZO‘ mq - 1sin(q + 1)1 sm(ql)}'
< & B sin(m + 1)1 — Z (hmq Py - 1) sin( ql)‘
q=1
= 8512( Z ! )
q=1
s
< @(l’l — Mg 4 Mo — hwo + gy — s + Bp — -+ = By + By 1)
i
< —
- 8512hm’0
s
< —F0m
T 8sl?

. d
|Kn,m(sl l)l =0 (#) .
O

Lemma 4.3. If H is a double Hausdorff matrix with strictly increasing and convex or concave x(s, 1) then

~ d, 1
Kym(s, 1) = O(@) for —

<s<mand0 <1< ! ,
m+1
where d,, = hy,, if x(s) is convex and d,, = hy if x(s) is concave.

Proof. For i3 <s <, sin(3) > £, |sin(n+1)s| < 1, |sin(ps)| < Landfor0 <1< 5 sm( ) 2 , |cos(ml)| < 1.

m+1 4

R !
|I<n,m(s, l)| = ﬁ cos(p + 3 2 n qcos(q +3)

ry " sm( ) sm( )
_L;Zh 2c0s( + )s sm( ) ih cos(q + 3)
 4m? 2 sin’( " P =0 " sin(l) sm( )
1 1 - |cos(q+ Rl
S—— n 2cos( + )s sm( ) Iy,
472 2 sind(3 4 P qZ |sin(1)]
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1

2 n
T
< =) Hnp - {sin(p + 1)s — sin(ps)}| -
4n?  2s? pz_;d

n

TC . 1

< PET) Ry sin(n + 1)s — ; (”ln,p - hn,pfl) sin(ps)
. n

< @(hn,n - pZ_:‘ (h"/P - h"'p_1>)

< %(hn,n - hn,l + hn,O - hn,Z + hn,l - hn,S + hn,z - h”'" + hn,n—l)
s

< —h,

= g2 ™
TC

< —_—

8521 A

_ d,
)]
|

Lemma 4.4. If H is a double Hausdorff matrix with strictly increasing and convex or concave x(s,1) then

% dym 1 1
K =0 —=— _ < <
n,m(sll) (Szlz) fOT 1 <s < mand 1 <l<m,

where dy m = My pmm if X(5) is convex and d, = Ny om0 if X(1) is concave.

Proof For — n+1 <s<m, sin(§) > 2, |cos(ns)| < 1, |sin(n + 1)s| < 1, |sin(ps)| < 1 and for —L S <Il<m, sm( ) >

n, [sin(gl)] <1, |sin(m + 1)I| <

s
71

_ 1
K, (s, )| = — -
| ol )| 4 sin(3) sin(4)

2 cos(p+3)s & cos(q + 1)1
Z hn,p.— . Z hm,q—
p=0 q=0

m i1 I
h, ,2 sin S- sm( ) 251n( )l sm(—)]
4772[251n2( )Z ’ ( ) 2sin® é Z 2
1 m
Sia 252 zhnp sin(p + 1)s — sin(p)s}| - ; malsin(g + 1) — sin(q)!}
-
< 6222 o sin(n + 1)s — ;(hn,, — Ny p-1) sin(ps)
Hysm sin(m + 1)1 — Z(hm,q — Hyyg-1) sin(gl)
q=1
= 165212( Z(h”l’ nfpl))-(hm,m - ;(hm,q - hm,ql))
2
S 165212 (hn,n - hn,l + hn,O - h”,z + hl’l,l - h”,B + h”,z —_— e — hn,n + hn,n—l)

: (hm,m - hm,l + hm,O - hm,Z + hm,l - hm,3 + hm,2 -t hm,m + hm,m—l)
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7_[2
< @ (hn,O)-(hm,O)

2

< 165—212hn,0;m,0

712

<
~ 165212

% d}’l m
|KW@JH=O(§ﬁ)

dn,m

O

Lemma 4.5. Let f(x,y) € HE)(r > 1). Thenfor0 <s<mand0<I<m,

(@) IpCs;- DIl = O{&a(s) + L20D)

O(&1(s) + &2(D)),
O(&1(Jul) + &2(1D);

(iii) For positive, non-decreasing m1,12,5 < |ul,I < |v|, we obtain

(”) ”ll)( +u,5,-+70, l) - 17[)(, S l)”r = {

0 i &1(s)+& () ,
v ssan- st = o PRI

m(s)+n2(l)

Proof. (i)

[Y(x,s;y,D)| = }Ll[f(x+s,y+l)—f(x+s,y—l)—f(x—s,y+l)+f(x—s,y—l)]l

< }Ilf(x+s,y+l)—f(x+s,y—Z)—f(x—s,y+l)+f(x+s,y+l)+2f(x,y)—2f(x,y)|

< }L[If(x+s,y+l)—f(x,y)|+|f(x+s,y—l)—f(x,y)|
+fc=s,y+ D)= f Yl +1f(x—sy—1) - fx, )]
[wC, s D), < }L[Ilf(x +5,y+ D)= f Pl + Ilfx +5,y = 1) — £, )l

+Hfx=s,y+ D= fe - +If(x=s,y=1) - fx, Yll]
= Of&1(s) + &2(D} + Of&a(s) + &2(D} + OfEa(s) + E2(D} + Of&a(s) + E2(D)

= 0{&(s) + &20D}-

¢ s:-0l
@) [Y(x +u, s,y +0,1) = P(x, 57y, 1)
= }I[I{f(x+u+s,y+v+l)—f(x+u+s,y+v—l)—f(x+u—s,y+v+l)
+faeru—sy+o-Dl={fx+s,y+) - flx+sy-D—flx=sy+D+ flx—sy-D
< }I[If(x+u+s,y+v+l)—f(x+s,y+l)|+|f(x+u+s,y+v—l)—f(x+s,y—l)|
+Hfxe+u-sy+v+) - flx—sy+D+|fx+u-sy+v-1—flx—sy-DIl

5018
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Applying generalized Minkowski’s inequality, we have

|V

< }L[Ilf(-+u+s,-+v+l)—f(-+s,-+l)||r+||f(-+u+s,-+v—l)—f(-+s,-—l)||,
+fC+u—=s,-+o+D)—f(—s-+DIl +If(- +u—s,-+v-0)—f(-s,-=Dl]
= [Of&1(s) + &2 (D)} + Of&1(s) + &a(D)} + Of&1(s) + Ea(D} + Of&a(s) + E2(D}]

= O{&1(s) + &0}

||¢l(- +u,s;-+0,0)=P(,s;-, 1)

Also,

||¢(- +u,s-+0,0)-y(s;, 1) |r

< jI[IIf(-+s+u,~+l+v)—f(-+u,-+v)||r+||f(-+s+u,-+l—v)—f(~+u,~—v)||,

+f(+s—u -+1+0)— f(-—u, -+, +If(- +s—u,-+1-v) = f(- —u,- = 0)||,]
= [Of&1(jul) + &0} + O{&1(ul) + Sa(lol)} + Of&1(lul) + E2(1vD} + Of&1(Jul) + E2(1o)}]
= Of&1(lul) + &a(lvD)}-

(iii) Since 1 and n are positive and non-decreasing, s < |ul,l < [v|, then using Lemma 4.5(ii), we get
[+ 8-+ 0,) = (.5, D||, = Ol&1(s) + &)

: O[(m(s) +m)- (S5 80 ‘SZ(Z’)].

m(s) +na(l)

&1(8)+&(0)
m(s)+n2(l)

&1()+&2() &1 +& ()

Since mE)+n0) = n@+n@)*

we get

is positive and non-decreasing, s > |ul,1 > |v|, then Thus, using Lemma 4.5(ii),

||¢(- +u,s-+0,0)=-9(,s;- 1)

|r = O[&1([ul) + E2(l0))]

= O[Wl(lul) + ma(lo1)) - (M)}

m(s) +n2(0)

5. Proof of the Theorem 3.1

Proof. The (p, q)™ partial sums §,4(x, y) of the series (6) is given by

cos(p + 3)s cos(q + 3)

- _ 1 TC Us 1
Snﬁny)—fu;wzzgzlghﬂ U(x,sy,1) 2sin3) 2sin(l) dsdl

s m +l +ll
:Jijﬁjﬁwxs%nmwjzﬁm“qz)ﬁﬂ 23)
42 Jo  Jo /

sin(3) sin(3)
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The fﬁm (x, y) is double Hausdorff matrix mean of S, ,,(x, y) and taking in view (23), we write

By = Fy) = )Y T {Spax, ) = fx, )

p=0 g=0

2 cos(p + 3)s  cos(q + 3)I
- f f lib(x S Y, l) Z Z hn ;P 2 Sll’l(%) : > Sln(%) dsdl

p=0 =0

- fo fo 005,53 y, DR (s, Ddsdl.

Let
Lum(x, y) = B (x, ) = f(x, )

= f f 11b(xr S Y, Z)Kn,m(s, l)del
0 0

Then,

Lom(x + 1,y +0) = Lu(x, y) = f f Wx+u,sy+0,1) — ¥, s;y,1) Ky (s, Ddsdl.
o Jo
Using generalized Minkowski’s inequality [7], we have
||l~n,m(~ +u,-+0) -1, .
7T TC
< [ Wm0 = Dl Rt i

AL Lo

m+1
Koy (s, Ddsdl
=A+B+C+D. (24)

Using Lemmas 4.1 and 4.5(iii), we get
= f’”l fm ”lp( +u,s,-+0, l) - lp(/ S l)”r Kn,m(sf l)del
_ w (e &1(s) + &a(l)
=o| [ [ i+ etomy {15 23). (2 ]
w1 (& (55) + &0) } % L,
= O| m(lul) + na(lol) S
m 2 {fo [Th (H1 + nz(l)] s ]
1
1

_ (n+1)+52 L1 o
-0 lOg(TlJ"l) (171 |u|)+n2(|v|))[r]1(ni1)+772( 1) \f()

(25)

= O|log(n + 1) - log(m + 1) - (1 (lul) + na2(l0])) - [
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Using Lemmas 4.2 and 4.5(iii), we get
A
= f f ”1,[’( +u,s;,-+0, l) - L)l}(/ S, l)”r Kn,m(sz l)del

- &i(s) + &(0)) dm
=0 f f (m(ul) + 772(|U|))(n ©) +U2(l)) led dl]

)
= O{dylog(n + 1) - (mu(ul) + (o) f (M)

M) + ()
Using Lemmas 4.3 and 4.5(iii), we get

- f f G+ 1,54 0,0) = 5 Dlly Ko, Detsdl

_ E1(5) + &)\ dn
=0 f f (1 (Jul) + n2( Ivl))(17 @+ ) ) s2ld dl]

él(s) é2(711+1 1 f’"lﬂ
- old, e )
(171(|M|)+'72(|U|))f (m(s)+’72(m+1 ) = 0

&1(s) + &G ]
mes) + mE)

92}

= O|dy,log(m + 1) - (n1(lul) + n2( Ivl))f [

Using Lemmas 4.4 and 4.5(iii), we get

D= f f WY +u,s;-+0,0) =P, 85, DIl Kum(s, Ddsdl

)+ &)
(f f (m(Jul) + U2(|U|))(m) 5212 = ds dl)

_o( wn () + n2(101) f f (iigiijg)) sz%d dl

Combining (24)-(28), we have

||l~n,m(x +u, y + Z)) - in,m(x/ y)”r

&) + &0
= O\ dp - (m(lul) + n2(I0]) {f (niinll) i njzl;] ' llzdl}jo‘
Al n+1

|
—ds]
S

1 dl].

1
le]
1 ds] .

}

=0 [log(n +1) -log(m + 1) - (m1(lul) + n2(|2])) - [

l
+0|dyylog(1-+ 1) (m () + (o)) f (M) !

M) + n2()

m S) + 772(m+1

[
+ O [ dym (1 (lul) + 12( |v|))f f (iig I iil)) zilzd dl)

+O|dylog(m +1) - (m(jul) +le(|vl))f [ﬂ) —ds]

51(n+1 52(11111)]]

(n+1 772( m+1

»

52

5021

(26)

(27)

(28)

(29)
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Thus,

“Tn,m(x +1u, y + U) - in,m(x/ ]/)”r
su
womo mu) + 1200

= O(log(n +1) - log(m +1)- (&(M + &G ]]

Th(n+1)+n2(m+1
&) + &MY 1
o log(n”)f (ni( 1)+n§(l)] l‘zdl]
+0|d, logm+1)f [iigiiimﬂ ) %ds]
m+1
&1(s) + &) 1
ol ’”f f (771(5)+772(l)) 2p d’] (30)

Now, we have

[ 0, = || ) = )

- (f fnlwa,s;y,n
o A T Y R )

Using Lemmas 4.1 to 4.4 and 4.5(i), we have
||l~n,m( 7

=0 [ fo fo (&1(s) + &a(D) adsdz] + o( f f (&1(5) + &2(D) Ealsalz]
+0 f fol (&1(s) + &2(1) %dsdl]+0( f f (&1(s) + &2(D) ;l;"dsdz]

Y {fo & (i 2+Ez(l) }foﬂlds . {Lél( l)2+52(z> }f;%ds]

+1

n & 1 L T 7T
. { [ 1<s>+§z(m+1) ds} [ dl]m( o f (£165) + &) dsdl)
1 s o I Tl d 212

= 0(1og(n + 1) Togtm + D{& () + &2(—= )} + O 10g(n+1)f ﬂ ]

o|d, logm+1)f gl—éz(’"“)d +o(d,,mf Md dl], (31)

s2 1
+1 m+1

|, Ko s, Z)dsdl)

K,

+0

+0

Now, we have

.

:”7 (_x )” + su ”an,m(-x'Fu/]/"'U)_Tn,m(x/y)Hr
r TS I o i) + 7210

(32)
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Using (30) and (31) in (32), we get
o

- O(log(n + 1) log(m + 1){51 (n 1 l)+ 52(m

™ &1(8) + &2 (ﬁ)
+0 dnlog(m+1)~f1 ————ds

wi)}) o 1°g<n+1>f ﬂ ]

+o(dn,m f - —‘Sl(s);fz(l)dsdz]

52

n+1 m+1

nl(n+1 772(111+1 nl(n+1) + 772(1)
+
+Odlogm+1)f 52(m+1 2)d +0|dy, f M(n)ddl (33)
)+ M2(5ag) \s 1 11(s) + m2() \sl
Since &1(s) + & (1) = fﬁg;:iig; and 1(s) + n2() < (M () + M2(0)) 28128, 0<s<m 0<I<m, weget
)
W)
1)+ & et & (54) + &0
= O|log(n + 1) log(m + 1) (f) ’ (’"l O|dy log(n + 1)f f(zr) + &0 1 ( )dl
m(54) + m (m) i m () + ) V!
m E1(s) + &2 (g
v ofatoguey [ 2O +1)(lz)ﬂls +O(dn,mf awral( L, dl] (34)
)+ (5h) 9 1 Jom(s) + () \s?
Since &£1(s) + £2(I) and 11(s) + 12(]) are moduli of continuity, % is positive and non-decreasing and

& (n+1)+52(l) (ﬂ}rl)+éz (ﬁ) "1
dnl 1 _ dll>d,l 1 —dl
[ %“+)flmgﬂpwwﬂ )]> °g”*%41)+muayflz
&1 (,,—) +& (ﬁ) .

H
2(m () + m2 (751))

4T+&m (WHENMJ+&0%H}

ola1 1 dll=0|d,1 1
oglrn + )fl m (L) + mo M ) ] [ g m (i) + 2 (74)

m+1

>dylog(n+1)

Then,

(35)

&1(s)+&a(D)
M (s)+n2(l)

[d log(m +1) f 806+ () 1)ds]2[dn log(m +1) &1 (5) + & (zn) [ lds]

2 1 2
1771(5)"'172 m+1 § ) g S

Since &£1(s) + £2(I) and 11(s) + 12(I) are moduli of continuity, is positive and non-decreasing and

m (n-}—l) + 2 <m+1
&1 (1) + &)

> |d,log(m +1)
2

Then,
0]

=0|d, log(m + 1)

7 1
d, log(m + 1) f M(l)d (36)
m+1

e m) + 2 (557) V5
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Since &£1(s) + £2(I) and 11(s) + 12(]) are moduli of continuity, ‘f}i 8:28 is positive and non-decreasing and
T E1(s) + &()) &1 (ﬁ) +& (ﬁ) noemq
dnm —l( 212)61 dl ; - dum z_lzdel
O+ m0 s () () e s
&1 () + &2t
> 1(zi) + & () dyom(n + 1) + 1)

Then,

El(m)+52 (ﬁ) 1 T &) + &)
m(54) + m(525) ) O[(ﬂ +1)(m + 1) fll () + m2() (szlz)d dl) (37)
Combining (34)-(37), we get

|(f1)
r

||in,m('/ )

O|dylog(n+1)

&
=0 [log(n + 1) log(m + 1)

() (e () +€z(ﬁ)}J

m (n+1) T (Wl+1)
B ARSIORX SO,
' O(d””” f ENSETRG (@)ds‘ﬂ]

n+1)
2

0|, log(m + 1=
m () + 2 (7)
(m 1)

dmlog(n +1) +

O[(log(n +1)-log(m+1)+

)+ &2 m+1) T Els) + &) (1
[ +o[d,,,m f Ecriie (= ) st

n+1 +n2 m+ 1)
(m 1) (n+1)
2

d, log(m + 1))

O[(log(n +1).log(m+1) + dmlog(n +1) +

" &) + (D)
( (n+ 1)(m + 1) 1 m(s) + (D) (szlz)dld ]]
51(5) + 52(1)
¥ o(d,,,m f L OO (g )t ]

)(log(n +1)-log(m+1) +

d, log(m + 1))

(m+1) n+1)
2 2

dmlog(n+1) +

1
= O[(m dy, log(m + 1))

B ARSIORXSON!
n dn,m] : [ f OO (@)dsdl]

= o[(m) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)

!
+2(n + 1)(m + 1)dn/m) . (f % (Szlz)dld )]
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= O[(m) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)

l

This proves the theorem. [

6. Corollaries

Corollary 6.1. Following Note 1 (i), we obtain

B, ) - fx, y)“i’” = o[(#) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1)

m+1)

T [
+ (n+ 1)d, log(m + 1) + 2(n + 1)(m + 1)dn,m) . (f —7718 I f]zgl; (s2lz)dld )]

n+l

s)+&(D) -

where £1(s) + Ea(1) and 1n1(s) + n2(1) denote the moduli of continuity such that 51(5)“7 0

is positive and non-decreasing.

Corollary 6.2. Following Note 1 (ii), we obtain

[EEx, ) - fix, y)”(”) |(—(n — 1)2” m 1)) (2 log(n + 1) -log(m + 1) + (m + 1)d,, log(n + 1)

T (1 + D)y log(m + 1) + 201 + 1)(m + 1)dn,m) : ( f % (S2 l2)dld )]

n+l m+1

5)+&() -
mE)+m()

where £1(s) + Ex() and 11(s) + 1n2(1) denote the moduli of continuity such that ”( is positive and non-decreasing.

Corollary 6.3. Let fe Hap)r; 7 2 1 and suppose £1(s) + &x(1) = (s])*, mi(s) + ma(l) = (shf,0 < B<a<l,then

2,5 9 = foe )|

O[(Z log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,, log(m + 1)
+2(n + 1)(m + 1)dn,m)(n + 1)P%(m + 1)5‘“], if 0<B<a<l,

o[(m) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,, log(m + 1)

+2(n+1)(m + 1)dn,m)log(n + 1)r - log(m + 1)71], if p=0,a=1.
Proof. Putting &1(s) + &x(1) = (s)*, mi(s) + na(l) = (s1)f, 0 < B < @ < 1, in Theorem 3.1.

. 9) - fee )| = 0

1
0| () (o8t 1 - tomtn+ 0+ - 1,

T

log(n + 1) + (n + 1)d, log(m + 1) + 2(n + 1)(m + Dd"r’”)(f]n f1

n+l m+1

s“’ﬁ‘zl“‘ﬁ‘zdlds)],
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- ”Elij,m(x, ]/) —f(x, y)HS])

O[(Z log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)

+2(n + 1)(m + 1)d,, m)f f ga—p-2. l“—ﬁ‘zdlds], if0<B<ax<l,

n+l ¥ om+l

O[(m) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,,

log(m + 1) +2(n + 1)(m + 1)dnm)f [ slldlds] if p=0,a=1,

m+1

”tn m(x y) _]F(x/ ]/)”iq)

0] (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,, log(m + 1)

+2(n + 1)(m + 1)dn,m)(n + 1)F%(m + 1), if0<p<a<l,

6] (m) (2 log(n + 1) log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,

log(m + 1) +2(n + 1)(m + 1)d,,,m){log(n + 1)7t} - {log(m + 1)71}], iff=0,a=1,

O

(sh”

Corollary 6.4. Let f € Hyap);7 21, a,b € Rand suppose £1(s) + Ex(1) = o Dr-(og T

ms) + () = ﬁand0sﬁ<asl, 0<s,l <m, then

||Ej,m(xr 1/) - f(x/ ]/)”in)
O[(Z log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)
+2(n+ 1)(m + l)dn,m){log(n +1) - log(m + 1)}b‘“], if a=p,a-b>-1,

O[(Z log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d,, log(m + 1)

+2(n + 1)(m + l)dn,m){log(n +1) - log(m + 1)}], if a=B,a-b=-

: _ (s)° _ (s1)f :
Proof. Putting &1(s) + &2(l) = (og I-Gog T m(s) + n2(l) = (Tog (o5 17 and0<f<a<1 0<sl<min
Theorem 3.1.

. 9) - fee )| = 0

1
(m) (2 log(n + 1) log(m + 1) + (m + 1)d,, log(n + 1)

b-a

b—a 1
+ (n+1)d, log(m + 1) + 2(n + 1)(m + 1)d, m)(f f (s)*=F= 2(log ) (log 7) dlds)],

m+1
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= |t ) - )"

O[(Z log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1) + 2(n + 1)

b—a b-a

(m + l)dn,m)( s (sl)a—ﬁ-z(log §) : (log %) dlds)], ifa=ga-b>-1,

n+l ¥ m+1

o[((ﬂ)lﬁ) (2 log(n + 1) - log(m + 1) + (m + 1)d,, Jog(n + 1) + (n + 1)d, log(m + 1)

+2(n + 1)(m + 1)dn,m)( s a(log 1(log %)dlds)], ifa=pa-b=-1.

1
m+1

o ) - e |

(@) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)

+2(n + 1)(m + 1)dn,m){1og(n +1) - log(m + 1)}b—ﬂ], if a=pa-b>-1,

(@) (2 log(n + 1) - log(m + 1) + (m + 1)d,, log(n + 1) + (n + 1)d, log(m + 1)

+2(n + 1)(m + 1)dn,m){1og(n +1) - log(m + 1)}], if a=p a-b=-1.
O

7. Verification

Let us consider % =522,
7.1. Forn=m = 3, d3 = h3/3 = 04, d3,3 = h3,3;3,3 = 016, (22) giVQS E1,1 ~ 4.0612673289.
7.2. Forn =m =4,d, = hy4 = 0.3333333333,d33 = h3333 = 0.1111111111, (22) gives E;» ~ 3.0675023513.
73. Forn = m = 10, le = th,lO = 016666667, le,lO = h10,10;10,10 = 000277777778, (22) giVQS E3]3 ~
0.9775587569.
74. Forn=m = 100, d100 = l’lmo,mo = 0.0196078431,&1100,100 = h100,100;100,100
= (0.0003844675, (22) gives E44 ~ 0.022894417.
7.5. Forn =m = 1000, leOO = ]’11000,1()0() = 0.001996008, dl()OO,lOOO = h1000,1000;1000,1000 = 0.000003984, (22) gives
Es5 ~ 0.0003738504.
From the above verification, we observed that error estimate (E, ;) approaches to zero as n,m approach
infinity. Thus, Theorem 3.1 provide the best approximation of the function f(x, y).
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