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Abstract. Let G be a finitely generated Fuchsian group of the second kind without any parabolic element
and f bea univalentanalytic function in the unit disk ID compatible with G. In this paper, we study the higher

order Schwarzian derivatives: 0,.1(f) = 0,(f)—(n—-1) ’% -0,4(f), n = 3, where 03(f) stands for the Schwarzian
n=1 n=1

derivatives of f,and S,(f) = (f')'2 D*(f")" "2 , n > 2. For p > 0, we show that if [o,,(f)(2)IP(1 — |zI?)P""~D-1dxdy
(resp. IS, (f)(@)IP(1 — |zI*)P"Ldxdy) satisfies the Carleson condition on the infinite boundary of the Dirichlet
fundamental domain ¥ of G, then |o,,(f)(z)IP (1-|zI*)P* D dxdy (resp. |S.(f)(z)lP(1—|z[*)P"~dxdy) is a Carleson
measure in ID. Similarly, for p > 0 and a bounded analytic function f in the unit disk ID compatible with
G, we prove that if |f'(z)lP(1 — |zI*)P"'dxdy satisfies the Carleson condition on the infinite boundary of the
Dirichlet fundamental domain ¥ of G, then |f’(z)[P(1 — |zI*)P~'dxdy is a Carleson measure in ID.

1. Introduction

Let D = {z : |z| < 1} be the unit disk in the complex plane and 5 = {z : |z| = 1} be the unit circle. We
denote by ID = {z : |z| < 1} the closed unit disk.

We say that a positive measure A on a simply connected domain € is a Carleson measure if there exists

a C > 0 (independent of r) such that for all 0 < r < diameter(dQ) and z € dQ, A(Q N B(z,1)) < Cr, where
B(z, r) stands for the disk with center z and radius r. The Carleson norm ||Al|q of A is then defined by

Wil = sup { X PE1)

12€dQ,0<r< diameter(Q)} < oo,

We denote by CM(Q) the set of all Carleson measures on (2. When Q = ID, CM(Q) corresponds to CM(ID).

A Fuchsian group G is of the first kind if its limit set is §, otherwise it is of the second kind. For a
Fuchsian group G, it is cocompact if ID/G is compact and is convex cocompact if G is finitely generated
without parabolic elements. All cocompact groups are the first kind and convex cocompact groups minus
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cocompact groups are the second kind. A finitely generated Fuchsian group G is called to be of divergence
type if

Y=g = or Y exp(=p(0, g(0)) = e,
9€G 9eG

where p(-,-) is the hyperbolic distance, and to be of convergence type otherwise. All finitely generated
Fuchsian groups of the second kind are of convergence type. For more details on Fuchsian group and
finitely Fuchsian group, one refer to see [5,9].

It is well known that the Schwarzian derivative of a locally univalent analytic function in ID plays a
key role in the theory of univalent functions and Teichmiiller spaces (see [143] 13} (14, [17]). Recall that the
Schwarzian derivative of a locally univalent analytic function f in ID is defined as

5 = (N = 5(N, Y,

where Ny = (log ')’ denotes the pre-Schwarzian derivatives of f. If f is univalentin ID, then |S(f)|(1—|z[*)* <
6 for all z € ID (see [13]).

Following [[16], Schippers defined the higher order Schwarzian derivatives of a locally univalent analytic
function f in D as

Un+1(f) = 0:’1(f) - (7’1 - 1)Nf : an(f)/n 2 3/

where 03(f) = S(f). It's easy to show that a,(f o T) = g,,(f) o T - (T")""! for all M&bius transformations T. In
addition, Schippers [16| Theorem 2] proved that

lon(H@IA = 12" < 6-4"3(n - 2)!

for all univalent analytic functions f in ID. Like Schwarzian derivatives of univalent analytic functions in D,
higher order Schwarzian derivatives of them also paly an important role in Teichmdiller spaces [7,[10}[18}19].

Let G be a finitely generated Fuchsian group of the second kind without any parabolic element. Let # be
the Dirichlet fundamental domain of G centered at z = 0 and ¥ (c0) be the boundary at infinity of #. We say
that a locally univalent analytic function f compatible with G if and only if f o A = f forany A € G. If py is
bounded measurable on D satisfying |||l < 1 and u(z) = u(g(2))g'(2)/¢ (z) for all g € G, then p is said to be
G-compatible Beltrami coefficients. Recently, Huo [11]] considered a Beltrami coefficient i in ID compatible
with G and showed that if |u|*/(1—|z|*)dxdy satisfies the Carleson condition on ¥ (c0), then |u|*/(1—|z[*)dxdy is
a Carleson measure in D. Itis noticed that [N (z)[*(1—|z*)dxdy, |S(f)(2)I*(1 - |zI?)*dxdy and |ul*/ (1 - |zI*)dxdy
play a crucial role in the theory of BMO-Teichmiiller space [4}/8[17], where u denotes the Beltrami coefficient
in ID. Due to the importance of higher order Schwarzian derivatives o,(f) in Teichmiiller spaces, by the
basic properties of 0,,(f) and the result by Huo [11], one may naturally ask whether it is right for the higher
order Schwarzian derivative o,(f) of a G-compatible locally univalent analytic function f or not. In fact,
we obtain the following result.

In the following, we always suppose that p > 0 and x4 is the characteristic function of the set A.

Theorem 1.1. Suppose that f is a univalent analytic function in ID compatible with G. If there exists a C (> 0) such
that, for any & € F (o) (i.e. & is in the free edges of ) and 0 < r < 2,
[ on@ra-epyei @iy < i,
B(&,n)

then |o,(f)(Z)IP(1 — |z*)P=D-1dxdy € CM(D).

Apart from o,(f), there are some other kinds of higher order Schwarzian derivatives of alocally univalent
function f in D (see [6,[12]). In [6], Bertilsson considered a general differential operators of univalent analytic
functions f in ID as follows:

Su(f) = (F) T D) T, n> 1.
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It is easy to see that Sy(f) = —%S(f) and S,(f o 7) = (Sx(f)) o T - (7')" for all Mobius transformations 7.
Bertilsson [6| Theorem 2] proved that if f is univalent analytic in ID, then

1S:(A@)IA =1z < -+ 1)m+3)---Bn-3), n>1.

Based on the above properties of S,(f), we consider and obtain the following result.

Theorem 1.2. Suppose that f is a univalent analytic function in ID compatible with G. If there exists a C (> 0) such
that, for any & € F(00) and 0 <r <2,

f f 1Sa(N)@P (1 = 12" x ¢ (2)dxdy < Cr, n > 2,
B(E)

then |S,(f)(z)IP(1 — |zI*)P"~'dxdy € CM(DD).

For univalent analytic functions f in ID, it is failed that if substituting N for S(f) or 0,(f) in Theorem
1.1. It is natural to raise that whether we can further find another quantity instead of o, (f) to get a similar
result to Theorem 1.1. In the following theorem, we present an affirmative answer to this question.

Theorem 1.3. Suppose that f is a bounded analytic function in ID compatible with G. If there exists a C (> 0) such
that, for any £ € F(c0) and 0 <r <2,

ff If' @F (1 - 2PV~ x#(2)dxdy < Cr,
B(&,r)

then |f' ()P (1 — |zI*)P~ dxdy € CM(D).

The paper is organized as follows: In Section 2, we give the proofs of Theorems 1.1 and 1.2. In Section
3, we shall prove Theorem 1.3.

2. Carleson measures induced by two kinds of higher order Schwarzian derivatives of univalent analytic
functions in D

In this section, we prove Theorem 1.1 and Theorem 1.2. By some lemmas, we first prove Theorem 1.1.

Lemma 2.1. Suppose that f is a univalent analytic function in D. If |o,(f)(2)[P (1 - |z?)P""D-1dxdy € CM(ID), then
there exists C (> 0) such that, for any & € Dand0<r<2,

f f on(AEP( = PO Ndxdy < Cr, n 23,
B(&,)ND

where C depends only on the Carleson norm of lo,(f)(@)FF (1 — |2V dxdy and ZE[6 - 4"3(n — 2)!T7.

Proof. Let r € (0,2). Firstly, if £ € 5, the result is obvious. Next we suppose that £ € ID. To complete the
proof, we divide it into two cases.
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Case 1. If the Euclidean distance d(&,$) > 2r (this case only happens when 0 < r < 1), by [16, Theorem
2], we have

ff lon(@P (A = 2D dxdy = ff o (NP (1 = 2P D dxdy
B(£,)ND B()

n3 1P
ff [6-4 n22)]ddy
B(E1) 1|z

164" - ) mr?
- 1-11-rP
_[6-4"3(n-2)Pnr
B 2—7

S§[6 4" 3(n = 2)! P

Case 2. d(&,5) < 2r. Choosing a i € § such that d(n, &) < 2r. It follows that B(&, r) € B(n, 4r) and
[ epera-yemaday < [ jopepa -y
B(&,nND B(n,4r)NID
<4Cqr,

where C; is the Carleson norm of the measure |0, (f)(z)IP (1 — IZIZ)”(”_l)_ldxdy.
By setting C = max{3[6 - 4"3(n — 2)!]P 71, 4C1}, we complete the proof. []

Lemma 2.2. Let G be a convergence-type Fuchsian group and f be a bounded analytic function in ID compatible
with G. If there exists 0 < t < 1 such that the support set of o,(f)x# is contained in the ball B(0,t), then
lo. (AP (1 - |z)2)=D-1dxdy € CM(ID), where n > 3.

Proof. Suppose that B(0, t) contains the support set of 5,,(f)(z) x#. A sequence z; is an interpolating sequence
of D, if An > 0, p(zj,z) = n for j # k, }.(1 - Izjlz)(‘izi € CM(D), where 0, represents the Dirac mass at z. In
[11], Huo showed that {g(0)},cc is an interpolating sequence in ID. Then for any & € $and 0 < r < 2, by [16)
Theorem 2], we have

M = ff |Gn(f)(z)|P(1 _ |Z|2)p(n_l)_1dxdy
DNB(&,r)
ﬂ lon ()@ (1 - |z| )p(n 1)- 1dxdy
g(B(O,£)NB(E,r)

ff o (H@PA = 2Py pdxdy
9(B01)

[6-4"3(n = 217
—————————XBEndxdy.
fj‘(B(O f) (1-1zP) Bentey

It is easy to show that the hyperbolic radius t, of the Euclidean disk B(0, ) equals to In 1*. Therefore,
for any g € G, we deduce that g(B(0, t)) is a hyperbohc disk with center g(0) and hyperbolic radlus t,. From
[5], we obtain that the Euclidean disk B(g(0), R,) (R; < C3(1 — [g(0)[)) contains g(B(0, t)), where C3 depends

g€G

g9€G

geG
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on f. Consequently,

[6 - 4"3(n - 2)1P R

M<
- _ _ 2
9(0)eB(&,7) 1= =Ryl
[6-4"3(n - 2)!IP'nR,
9(0)EB(E,7) 2-Ry
<Cy Y. (=19 = Cor,
9(0)eB(E )

where Cy depends on C3, C4, and the Carleson norm of ) gEG(l =19(0)Ndg0). O

Recalling that a Jordan curve y is a chord-arc curve, for any &1, &, € y, if there is a C > 0 such that
length(y¢, ¢,) < Cd(&1, &2), where yg, , is the shorter arc of y with endpoints &1, &,.
Zinsmeister [20] showed the following result.

Lemma 2.3. [20] If Q) is a chord-arc domain, then the following conditions are equivalent:
1. dv is a Carleson measure for Q).
2. ForO0<p<ooand f € H/(Q) = {f : f is analytic on Q and fao |fIPds < oo},

fLIfI”deCfaQIfl”ds,

where the positive constant C only depends on the Carleson norm of dv.

Proof of Theorem 1.1. Let f be a univalent analytic function compatible with G. The intersection of the closure
of ¥ with § contains finitely many intervals called to be free edges of ¥, and we denote them by I, I, - - -I,,.
Suppose that g;1, gi2 are the endpoints of I; (1 < i < n). Noting that g;; and g;» do not belong to the limit
set. Both sides of g;; (j = 1 or 2) are free sides of Dirichlet fundamental domains with different centers.

According to the statement of the theorem, there is a C > 0 such that for any 1 < i < n, choosing a ball
B; such that B; N'§ containing no limit points of G and I; C B; N § and for arbitrary & € I;, v € (0, 2),

ff lon(HE@P A = 2P D xp apdxdy < Cr.
B(E,1)ND

It is noticed that ¥, := F - U1 (Bi N F) is compact, where F stands for the closure of F.

In view of Lemma 2.1, |o,,(f)()F(1 — |z]?)P""~D-1dxdy is a Carleson measure on B; N F. For convenience,
we divide 0,(f) into two parts. Let 0,(f) = Xgec 0u(F)Xg7) + Lgec 0n(f)X ), Where B = UL,(Bi N F). By
Lemma 2.2, we deduce that | ¥ jcc 0(f) Xy (1 = 22" "D~ 1dxdy is a Carleson measure on ID. Without loss
of generality, we may assume 0,,(f) = YXjec 0n(f)Xg(B)-

Next we show that |0, (f)(z)IP(1 — |z]?)P"~D-1dxdy is also a Carleson measure. Let an arbitrary point & € §
and 0 < r < 2. To do so, we shall prove

f f 0w (AP — 2P dxdy < Lr,
B(,)ND

where L > 0 is independent of £ and 7.

We first consider that there is a g € G such that g(B({,7r) N ID) ¢ ¥. Using Lemma 2.1, we find
that |o,(f)@)FF(1 - [z)P" D dxdy is a Carleson measure on g(B(£,7) N D). Noting that g is a Mobius
transformation, it follows that g(B(&, 7) N D) is a chord-arc domain. According to Lemma 2.3 and

9’ @I(1 — 1z = 1~ |g(z)P for allg € G,
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a short calculations lead to

ff low(A@)P (1 = w1 dudo
B(&,r)ND

= ff l0w(f) 0 T @P (A~ g7 @YD (g™ () Pdxdy
g(B(&,r)ND)

- f f l0w(f) 0 T @P(L [P gy (2P dxdy
g(B(&,r)ND)

_ f f l0u(f 0 T )P = PP (Y @ldxdy
g(B(&,r)ND)

_ f f on(FP(L = 2RV (g7 (2)ldxcdy,
g(B(&,r)ND)

<G, f 07 (@)lds
dg(B(&,r)ND)

= Cof ds < ZHCOT,
Jd(B(&,r)ND)

where Cy depends on the Carleson norm.

5302

For any 1 <7 < n, by the fact that B; N § contains no limit points of G and there are finite g1, - -, g, € G
such that (B; N A) ¢ 7" gj(F), we yield that |o,(f(2))F (1 - z/2yP"~D~1dxdy is a Carleson measure on B; N ID.
Denote by G* the set of all g € G such that g(B) N B(&, 1) # 0. To complete the proof, we consider three cases

as follows.

Case 1: For g € G*, there exists 1 <i <n, g(B;NF) C B(,r). Then

f f on(F@)P(L — [PV dudo
g(BinF)

< f f on(F@)P (L — [PV dudo
g(BiND)

- ffg 0u(f) 9 (1 = g @ Py

- f f l0w(£) © gRP (L — 2P0y )P dxdy
B;nD

- f f l0n(f 0 g@)P(L — 2PV~ @) ldxdy
B;ND

. f f ou(FEP(L — YD (Dldxdy
B;nD

s@f 19/ 2)lds
J(B:ND)

= Cif ds < nCilength(g(B; N JD)),
dg(B;NID)

where C; depends only on the Carleson norm of |a,(f(2))P(1 — |z]*)""" P~ dxdy on B; N D.

(by Lemma 2.3)
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Case 2: For g € G*, there exists 1 <i <n, g(B;) N B(&, 1) # 0 and g(I;) € B(§,7) N 5. Then

f f o (f(@))PA = w1 dudo
g(BiNF)NB(E,r)

: ff lon ()P = [Py D" dudo
J(BND)NB(E 1)
<nCilength(B; N'S).

Case 3: For g € G, there exists 1 < i < n, g(B;)) N B(&,r) # 0 and g(I;) N B(&,r) NS # 0. Notice that
g(BiNID) N B(E, ) is a triangle with three circle-arc and the angle corresponding to the side g(B; N'S) N B(&, r)
is larger than some constant, it follows that

length(d(g(B; N D) N B(¢, 1)) < Cilength(g(B; N'S) N B(&, 1)),

where C! only depends on the Carleson norm of |o,,(f)I"(1 - |z|2)7’("‘1)‘1dxdy on B; N D and the angle between
dB; and S.

Similar to Case 1, we deduce
f f o (f@)P(1 = [wPyY" D dudo < nC/length(g(B; N $) N B(E, 7).
g(BiNFINB(E,r)

The limit points of G do not belong to the arc B; N $ (1 < i < n). For any g1 and g, belong to G, if
71(B;) N B(&,r) # 0 and g2(B;) N B(&,r) # 0, we can obtain that g1(B; N $) and g2(B; N'$) do not overlap.
Consequently

f f o (fF@)P(1 = [PV dudy < nC* Z length(g(B) N B(£,7) N'S)
B(&,r)ND

geG*
< nC'length(B(&, 1) NS) < 2m2C'r,

where C* denotes the maximum value of all constants in the above proof and B = |J}'(B; N D). The proof is
completed. [

Employing the methods in the proofs of Lemma 2.1 and Lemma 2.2, we can easily prove the following
lemmas, here we omit their details.

Lemma 2.4. Suppose that f is a univalent analytic function in D. If |S,(f)(2)IP(1 — |zI*)P""dxdy € CM(DD), then
there exists a C (> 0) such that, forany E € Dand 0 <r <2,

f f S (AP = 2P dxdy < Cr, n > 2,
B(E,)ND

where the constant C depends only on the Carleson norm of |S,(f)@)F (1 — |z*)""dxdy and [(n — 1)(n + 1)(n + 3) -
-+ (3n - 3)J.

Lemma 2.5. Let G be a convergence-type Fuchsian group and f be a bounded analytic function in ID compatible
with G. If there exists 0 < t < 1 such that the support set of S,(f)x# is contained in the ball B(0,t), then
1S:(A@)F (1 = |z*)P"tdxdy € CM(D), where n > 2.

Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, employing the method in the proof of Theorem
1.1, we can prove Theorem 1.2, here we omit its details. [J
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3. Carleson measures induced by derivatives of bounded analytic functions in ID

To prove Theorem 1.3, we need the following lemmas. It is noticed that for a bounded analytic function
f in D, by [15, Chapter 4], we know that sup, , |f'(z)|(1 — |z]*) < 0, z € D. Combining the methods in the
proofs of Lemma 2.1 and Lemma 2.2, we can easily prove the following lemmas, here we omit their details.

Lemma 3.1. Suppose that f is a bounded analytic function in D. If |f'(z)lP(1 — |z*)P"Ldxdy € CM(D), then there
exists a C (> 0) such that, for any & € Dand0<r<2,

[ irara-epyrady <c,
B(&,)ND
where the constant C depends only on the Carleson norm of |f' ()l (1 — |z|*)P~'dxdy and [sup,.p |f(2)I(1 - ).

Lemma 3.2. Let G be a convergence-type Fuchsian group and f be a bounded analytic function in ID compatible with
G. If there exists 0 < t < 1 such that the support set of f'x is contained in B(0,t), then |f' (z)P(1 — |z*)P"'dxdy €
CM(D).

Proof of Theorem 1.3. Let f be a bounded analytic function compatible with G. The intersection of the closure
of ¥ with 5 contains finitely many intervals which are called free edges of ¥, denoted by I, I, - - -I,.
Suppose that g;1, i are the endpoints of I;, 1 <i < n. Itis noticed that g;; and g;» do not belong to the limit
set. Moreover, both sides of g, (j = 1 or 2) are free sides of Dirichlet fundamental domains with different
centers.

According to the statement of the theorem, there is a C (> 0) such that for any 1 < i < n, choosing a ball
B; such that B; N'§ containing no limit points of G and I; C B; N § and for arbitrary & € I;, v € (0, 2),

ff If'@P (1 = 127~ xp,pdxdy < Cr.
B(&,nND

Furthermore, the set ;. := ¥ — UL, (B; N F) is compact, where F denotes the closure of ¥ .

Inview of Lemma 3.1, |f’(z)[P(1—-|z[*)P~'dxdy is a Carleson measure on B;NF . Suppose that & is an arbitrary
pointon $ and 0 < r < 2. We divide f into two parts f/, f; as follows: f| =Y. cc f' Xy, f3 = Lgec f' X (),
where B = JL;(B;NF). By Lemma 3.2, we know that the measure | f1 (2)I*(1-|z|*)dxdy is a Carleson measure
on D.

Next, we show that |f;(z)lP(1 — |z|?)P~1dxdy is also a Carleson measure. We first consider the case that
there exists a g € G such that g(B(&,r) N ID) C F. Using Lemma 3.1, we know that |f;(2)F’(1 — [zI*)"'dxdy is
a Carleson measure on the domain g(B(&, ) N D). Noting that g is a Mobus transformation, it follows that
g(B(&,7) N D) is a chord-arc domain. By Lemma 2.3 and [(g7!)'(z)I(1 = |z]*) = 1 — |7} (z)]* for all g7! € G, we

have
f f L @P (1~ [Py dudo
B(&,r)ND

_ f f A P - 5 @PY (g @)Pdxdy
g(B(&,r)NID)

= f f 5@ @A = 2Py ™) @F dxdy
g(B(&,r)ND)

_ f f HEPA - PP @)ldxdy
g(B(&,r)ND)

<G f g7y (2)lds
dg(B(&,r)ND)

= Co f ds
Jd(B(&,r)ND)

< 2nCyr,
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where Cy depends on the Carleson norm.

For any 1 < i < n, since B; N dD contains no limit points of G and there are finitely many g1, - -, g
belonging to G such that (B; N A) c UY g;(F), we yield that | £ (z)"(1 — |zI*)P~'dxdy is a Carleson measure on
BiND. Let G* be the set of all the elements g in G such that g(B) N B(&, ) # 0. To complete the proof, we
consider three cases as follows.

Case 1: For g € G*, there exists 1 <i <n, g(B;NF) C B(&,r). Then

ff I @)1 = [P~ dudo < ff A@)PA - [Py dudo
g(BinF) #(BAD)

- f f BE@PA - 22y g @ldxdy
B,ND

<G f |9’ (2)lds (by Lemma 2.3)
d(B;ND)

= C; f ds < nCilength(g(B; N'S)),
dg(BinD)

where C; depends only on the Carleson norm of |f; (z)['(1 — |zI*)’'dxdy on B; N D.
The proofs of Case 2 and Case 3 are similar to the corresponding proofs in Theorem 1.1, here we omit
the details. The proof is completed. [
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