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Strongly Semi-Continuous Functions and 6-Stratifiable Spaces
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Abstract. In [6], a sufficient condition for a space to be d-stratifiable was presented and it was asked whether
the condition is necessary. Jin et al [4] gave a negative answer to the question by showing that a space
with the condition is zero-dimensional. In this paper, we show that a space with the condition is precisely
an almost discrete space. Moreover, we introduce the notions of strongly lower (upper) semi-continuous
functions, with which the characterizations of o-stratifiable spaces are presented.

1. Introduction and preliminaries

Throughout, a space always means a topological space. For a space X, denote by 7 and 7° the topology
of X and the family of all closed subsets of X respectively. For a subset A of a space X, we write A (intA)
for the closure (interior) of A in X. Also, we use x, to denote the characteristic function of A. The set of all
positive integers (real numbers) is denoted by IN (IR).

A real-valued function f on a space X is called lower (upper) semi-continuous [2] if for any real number
r,theset{f >r} ={xe X: f(x) >r}({f <r} = {x € X: f(x) < r})is open. We write L(X) (LU(X)) for the set of all
lower (upper) semi-continuous functions on X and L*(X) = {f e L(X) : f > 0}, U"(X) = {f € U(X) : f > 0}.
C(X) is the set of all continuous functions on X and C*(X) = {f € C(X) : f = 0}.

A subset D of a space X is called a regular Gs-set [7] if there exists a sequence {U, : n € IN} of open
subsets of X such that D = (,en Un = Nyew Un- The collection of all regular Gs-sets of X is denoted by
RG(X).

A space X is called 6-normal [7] if every pair of disjoint closed sets, one of which is a regular G;s-set
can be separated by open sets. X is called weakly 6-normal [5] if every pair of disjoint regular Gs-sets
can be separated by open sets. In [3], the notions of Imon spaces and méén spaces were introduced as
the monotone versions of 6-normal spaces and weakly 0-normal spaces respectively. In the same paper,
the notions of -stratifiable spaces and 6-semi-stratifiable were also introduced as the generalizations of
stratifiable spaces and semi-stratifiable spaces respectively.

For a space X, consider the following condition.

(#) There is an order-preserving map ¢ : U*(X) — L*(X) such that ¢(h) < h for each h € U*(X) and
0 < ¢p(h)(x) < h(x) whenever h(x) > 0.

In [6], it was shown that if X satisfies (*), then X is O-stratifiable. It was also asked whether the converse
is true. That is, does a 0-stratifiable space satisfy (*)? Jin et al [4] showed that if X satisfies (*), then X is
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zero-dimensional. Since R is o-stratifiable but not zero-dimensional, the answer to the above question is
negative. Now, the following two questions arise naturally.

Question 1.1. What space does condition (+) characterize?
Question 1.2. How to characterize d-stratifiable spaces with real-valued functions?

In this paper, we shall answer Question 1.1 by showing that a space satisfying (*) is precisely an almost
discrete space. To answer Question 1.2, we introduce the notions of strongly lower (upper) semi-continuous
functions, with which the characterizations of 6-stratifiable spaces are obtained.

Definition 1.3. A space X is called almost discrete if every open subset of X is closed. That is, T = 7°.

Notice that a space is discrete if and only if it is Ty and almost discrete. Indeed, necessity is clear.

Suppose that X is Ty and almost discrete. Let x € X and y ¢ {x}. Then x ¢ {y} or y ¢ {x}. If x ¢ {y} then

{y} N {x} = 0 and {y} is an open neighborhood of y. If y ¢ {x} then X \ {x} is an open neighborhood of y and

(X \ {x}) N {x} = 0. This implies that {x} is closed and thus open. Therefore, X is discrete.
Let X ={a,b,c} and T = {0, {a}, {, ¢}, X}. Then (X, 1) is almost discrete but not discrete.

Definition 1.4. A real-valued function f on a space X is called strongly lower (upper) semi-continuous
if there exist two sequences {a,(f) € L(X) : n € IN} and {8,(f) € U(X) : n € IN} of functions such that

an(f) < Bu(f) for each n € N and f = sup, a,(f) = sup, Bu(f) (f = inf, a,(f) = inf, . (f)).

{an(f) € L(X) : n € N} and {,(f) € U(X) : n € N} in the above definition will be called accompanying
functions for f.

The collection of all strongly lower (upper) semi-continuous functions on a space X is denoted by SL(X)
(SU(X)) and SL*(X) = {f € SL(X) : f > 0}, SU*(X) = {f € SU(X) : f > 0}.

Notice that SL(X) c L(X), SU(X) c U(X) and C(X) = SL(X) N SU(X).

It is known that a space X is perfectly normal if and only if for each F € ¢, there exists a sequence
{U,, : n € N} of open subsets of X such that F = (,,e5y Un = (MNyen U,. Thatis, 7° ¢ RG(X). Hence, by Lemma
2.8 in Section 2, X is perfectly normal if and only if for each F € 7¢, xr € SU(X). Therefore, for a space X
which is not perfectly normal, there must exist an F € 7° such that xr ¢ SU(X) while xr € U(X). Dually,
there exists a U € 7 such that yy ¢ SL(X) while yy € L(X).

Definition 1.5. ([3]) A space X is called O-stratifiable (0-semi-stratifiable) if there exists a map o : IN X
RG(X) — 7 such that

(1) D = Npen (1, D) = Nyen 0, D) (D = N,,en 0(n, D)) for each D € RG(X).

(2)If D,E € RG(X) and D C E then o(n, D) C o(n, E) for each n € IN.

Notice that, without loss of generality, we may assume that o is decreasing with respect to n.

2. Some basic lemmas

In this section, we list some properties of strongly lower (upper) semi-continuous functions and some
basic lemmas for later use.

First notice that if f € SL(X) (f € SU(X)) then rf € SL(X) (rf € SU(X)) whenever r > 0, and rf € SU(X)
(rf € SL(X)) whenever r < 0.

Proposition 2.1. If f € SL(X) (f € SU(X)) then there exist two increasing (decreasing) sequences {6,(f) € L(X) :
n € N} and {n,(f) € U(X) : n € IN} of functions such that 6,(f) < n,(f) for each n € IN and f = sup, 6,(f) =
sup, 1a(f) (f = infy 64(f) = infy 1.(f))-
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Proof. Let f € SL(X) be accompanied by {a,(f) € L(X) : n € N} and {8,(f) € U(X) : n € N}. For eachn € I,
let 6,,(f) = max{ai(f) : i < n} and n,(f) = max{i(f) : i < n}. Then {0,(f) € L(X) : n € N}, {n,(f) e UX) : n €
IN} are increasing, 6,(f) < 1,(f) for each n € N and sup, 6,(f) = sup, a,(f), sup, 1.(f) = sup, Bu(f).

For f € SU(X) applying the fact that if f € SU(X) then —f € SL(X). O

Proposition 2.2. If f,g € SL(X) (f,g € SU(X)) then f + g € SL(X) (f + g € SU(X)).

Proof. Let f, g € SL(X) be accompanied by {a,(f) € L(X) : n € N}, {B.(f) € U(X) : n € N} and {a,(g) € L(X) :
n € IN}, {Ba(g9) € U(X) : n € N} respectively. By Proposition 2.1, we may assume that the four accompanying
sequences are increasing. Hence, f = lim, a,,(f) = lim, ,(f) and g = lim,, a,(g) = lim,, B.(g). It follows that
f+g = lim,(a,(f) + ax(g)) = Lim,(B,(f) + Bu(g)). This in turn implies that f + g = sup,(a,(f) + a.(9)) =
supﬁ(ﬁn(f) + Bn(9)), in which a,,(f) + a,(g) € L(X), Bu(f) + Bu(g) € U(X) and ay,(f) + an(g) < Bu(f) + Bu(g) for
eachn € IN.

For f, g € SU(X) applying the fact that f € SU(X) if and only if —f € SL(X). O

Proposition 2.3. Let f,g € SL(X) and f be accompanied by {a,(f) € L(X) : n € N}, {B.(f) € U(X) : n € N}. If
f < g then there exist accompanying functions {6,(g) € L(X) : n € N}, {n.(g9) € U(X) : n € N} for g such that
an(f) < 64(g) and B, (f) < nu(g) for each n € N.

Proof. Let g be accompanied by {a,(g) € L(X) : n € IN}, {Bux(g) € U(X) : n € N}. For each n € N, let
84(9) = max{an(f), ax(9)} and 1:(g) = max(Bu(f), Ba(9)}. Then 6,(9) € L(X), 1u(g) € U(X) and 5,(g) < 1u(9),
an(f) < 0u(9), Bu(f) < nu(g). Itis clear that sup, a,(g) < sup,, 6,(g). Assume that sup, a,(9)(x) < sup,, 6,(9)(x)
for some x € X. Then sup, ay(g)(x) < 6u(9)(x) = max{a,(f)(x), an(g)(x)} for some m € IN. It follows
that g(x) = sup, a,(9)(x) < a,(f)(x) < sup, a,(f)(x) = f(x), a contradiction to f < g. This implies that
sup,, ay(g) = sup, 6,(g). Similarly, sup, 5,(g) = sup, 1.(g). Therefore, g = sup,, 6,(g) = sup, 7.(g). O

Similarly, let f,g € SU(X) and g be accompanied by {a,(g9) € L(X) : n € N}, {Bu(g9) € U(X) : n € N}. If
f < g then there exist accompanying functions {0,(f) € L(X) : n € N}, {n,(f) € U(X) : n € N} for f such that
On(f) < an(g) and 1,(f) < Bu(g) for each n € IN.

Notice that if f € SU"(X) then the accompanying functions {a,(f) : n € N} and {B,(f) : n € IN} are
non-negative. As for f € SL*(X), by Proposition 2.3, we may also assume that the accompanying functions
are non-negative.

Corollary 2.4. If f € SL*(X) then there exist two sequences {a,(f) € L*(X) : n € N} and {B,(f) € U*(X) : n € N}
of functions such that a,(f) < Bu(f) for eachn € N and f = sup, a,(f) = sup,, Bu(f).

Proposition 2.5. If f, g € SL(X) (SU(X)) then min{f, g}, max{f, g} € SL(X) (SU(X)).

Proof. We shall show that if f, g € SL(X) then min{f, g} € SL(X). The others can be shown analogously.
Let f,g € SL(X) be accompanied by increasing sequences {a,(f) € L(X) : n € N}, {B.(f) € UX) :
n € N} and {a,(g9) € L(X) : n € N}, {Bu(g) € U(X) : n € N} respectively. It is easy to verify that

min{sup,, a,(f), sup, ax(9)} = sup, min{a,(f), a,(9)} and min{sup,, ,.(f), sup, B.(9)} = sup, min{B,,(f), f.(9)}.
Therefore, min{f, g} = sup, min{a,(f), a4(9)} = sup, min{B,(f), f.(9)} whichimplies thatmin{f, g} € SL(X). O

Proposition 2.6. If f, € SL(X) (f, € SU(X)) for each n € N and sup,, f, (inf, f,) exists then sup, f, € SL(X)
(inf, f, € SU(X)).

Proof. For each n € N, let f, € SL(X) be accompanied by {a,, fn) € L(X) : m € N}, {Bu(fu) € U(X) : m € IN}.
For each n € N, let g, = max{a;(f;) : i,j < n} and h, = max{fi(f;) : i,j < n}. Then g, € L(X), h, € U(X)
and g, < h,. Itis easy to verify that sup, sup,, a,,(f.) = sup,, g» and sup,, sup,, B (fs) = sup, h,. Therefore,
sup,, f, = sup,, g, = sup,, h, which implies that sup, f, € SL(X).

For f, € SU(X) applying the fact that f € SU(X) if and only if —f € SL(X). O

Corollary 2.7. Let f, € SL*(X) for each n € N. If Y"1 fu exists then Y~ f, € SL(X).
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Proof. For each n € N, let g, = Y.i.; fi. Then g, € SL*(X) and }.,;; fu = sup, g.. By Proposition 2.6,
Y1 fn € SLIX). O

Lemma 2.8. Let D € X. Then D € RG(X) if and only if xp € SU(X).

Proof. Let D € RG(X). Then there exists a sequence {U, : n € IN} of open subsets of X such that D =
Muen Un = MNyen U,. Foreachn € N, let fu =Xy, and g, = X Then fa € L(X), g» € U(X) and f, < gy Itis
clear that xp = inf, f, = inf, g,. '

Let xp € SU(X) be accompanied by {a,(xp) € L(X) : n € IN} and {,(xp) € U(X) : n € IN}. For each
n €N, let U, = {a,(xp) > 3} and F, = {B,(xp) > 3}. Then U, is open, F, is closed and U, C F, which
implies that U, C F,. If x € D then inf, an(xp)(x) = xp(x) = 1 which implies that x € U, for each n € IN.
Ifx e ﬂneNU_n then x € U, C F, for each n € N and thus yp(x) = inf, Bn(xp)(x) = % It follows that x € D.

Therefore, D = (,en Un = Npen Un which implies that D € RG(X). O
Lemma 2.9. Let D C X. Then D € RG(X) if and only if there exists f € SL*(X) such that D = f~1(0).

Proof. Let D € RG(X) and f = 1 — xp. By Lemma 2.8, f € SL*(X). Itis clear that D = f~1(0).

Suppose that D = f71(0) for some f € SL*(X). By Proposition 2.1 and Corollary 2.4, there exist two
increasing sequences {a,(f) € L*(X) : n € N} and {B,(f) € U*(X) : n € IN} of functions such that o, (f) < B,(f)
for each n € N and f = sup, a,(f) = sup,, B.(f). Then

D=0 = ()00, = (upp) 10 o) < () () BuH 10, )

melN melN melN nelN

< a0 20 e () aulH 10 10D = (Jsupant) @0, 1D

meN nelN meN nelN melN
1
=[] f'00, =] =f"0)=D.
[0
Therefore,
D= (B0 00 = () ()bl 0, ).
melN nelN melN nelN

For each n,m € N, let U,,, = ﬁn(f)‘l([O,%)). Then U, € 1, {Uyn : m € IN} is decreasing for each
n € N and {Uy, : n € IN} is decreasing for each m € IN. For each m € IN, (,en Unm € U and thus
Mmen Npen Unm € MNpen Umm. Conversely, let x € (M,,en Unn. For each n,m € N, let k = max{n, m}. Then x €
Uy € Uyyy. This implies that (,en Unn € MNien (Nnen Unm- Hence, Men MNipen Unm = MNpenw Unn. Similarly,

Nimens Nuen U = Nyeny Unn- Therefore, D = (e Upn = Neny U which implies that D € RG(X). O

Corollary 2.10. If f € SL(X) (f € SU(X)) then for each r € R, {f < r} € RG(X) ({f = r} € RG(X)).
Proof. Suppose that f € SL(X). Forr € R, let h = max{f —r,0}. By Proposition 2.5, i € SL*(X). It is clear that
{f <r} =h10). By Lemma 2.9, {f < r} € RG(X).

If f € SU(X) then —f € SL(X). Foreachr e R, {f > 1} = {—f < -1} e RG(X). O

3. Main results

In this section, we show that a space satisfying (+) is precisely an almost discrete space and present some
characterizations of o-stratifiable spaces with real-valued functions.
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Theorem 3.1. For a space X, the following are equivalent.

(a) X is almost discrete.

(b) There is an order-preserving map ¢ : U*(X) — C*(X) such that ¢p(h) < h for each h € U*(X), and
0 < ¢p(h)(x) < h(x) whenever h(x) > 0.

(c) X satisfies ().

(d) There exists an order-reversing map ¢ : T — L*(X) such that U = @(U)~1(0) for each U € .

(e) There exists a map ¢ : T — L*(X) such that U = @(U)™(0) for each U € .

Proof. (a) = (b) For each h € U*(X) and n € N, let U,(h) = {h > 2”1_2 }. Then {U,(h) : n € N} is an increasing
sequence of closed and thus open subsets of X. Let

= 1
gb(h) = Z 2_”Xu"(h)
n=1

Then ¢(h) € C*(X). If hy < hy then U, (h1) € U,(hy) for each n € N and thus ¢(h1) < p(h).

For each x € X, if h(x) = 0 then x ¢ U,(h) for each n € N and thus ¢(h)(x) = 0. If h(x) > 0 then x € U, (h)
for some m € IN. Let k = min{n € IN : x € U,,(h)}. Then x ¢ U, (h) for each n < k while x € U,(h) for each
n > k. Thus

0o 1 00
d(h)(x) = Z z_nXun(h)(x) = Z % = %
n=1 n=k

Since x € Ui(h), we have h(x) > 2%,2 > p(h)(x).

(b) = (c) is clear.

(c) = (d) Let ¢ be the map in property (+). For each U € 7, let hy = 1 — x,. Then hy € U*(X). Let
@(U) = ¢(hy). Then p(U) € L*(X). It is clear that (U) > (V) whenever U C V. If x € U, then hy(x) =0
and thus (U)(x) = ¢p(hy)(x) = 0. If x ¢ U then hy(x) = 1 and thus @(U)(x) = ¢(hy)(x) > 0. This implies that
U = () (0).

(d) = (e) is clear.

(e) = (a) Let ¢ be the map in (e). Then for each U € 1, p(U) € L*(X), so U = p(U)™1(0) = {p(U) < 0}isa
closed set. Therefore, X is almost discrete. [

Theorem 3.2. For a space X, the following are equivalent.

(a) X is O-stratifiable.

(b) There exist two order preserving maps W : SL*(X) — L*(X) and @ : SL*(X) — U*(X) such that W(h) <
D(h) < h for each h € SL*(X) and W(h)(x) > 0 whenever h(x) > 0.

(c)There exists an order preserving map @ : SL*(X) — U*(X) such that ®(h) < h for each h € SL*(X) and if
h(x) > 0 then there exists an open neighborhood O, of x such that inf ®(h)(Oy) > 0.

(d) There exists two order reversing maps 1 : RG(X) — L*(X) and ¢ : RG(X) — U*(X) such that (D) < ¢p(D)
and D = ¢(D)"1(0) = ¢p(D)~1(0) for each D € RG(X).

Proof. (a) = (b) Let 0 be the map in Definition 1.5 which is decreasing with respect to n. For each h € SL*(X)
andn € N, let D, (h) = {h < 2,,%1}. By Corollary 2.10, {D,,(h)},en is a decreasing sequence of regular Gs-sets
of X. Let

W) =1-) sXsmmay @0 =1 o Xewnio
n=1 n=1

Then W(h) € L*(X), ®(h) € U*(X) and W(h) < D(h).
Letx € X.
Case 1. h(x) = 0. Then x € D,,(h) € a(n, D,(h)) for each n € N from which it follows that ®(h)(x) = 0.
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Case 2. h(x) > 0. Then x ¢ D,,(h) for some m € IN. It follows that x ¢ o(i, D,,(h)) for some i € IN.
Let j = max{i,m}. Then x ¢ o(j, D;j(h)) and thus W(h)(x) > 0. Let k = min{n € N : x ¢ o(n, D,(h))}. Then
x € a(n, D, (h)) for each n < k while x ¢ o(n, D, (h)) for each n > k. It follows that

. k-1
1 1
D(h)(x) =1~ Z o Ko D,y (%) = 1 = Z TR T=
n=1

Since x ¢ a(k, D(h)) D Di(h), we have h(x) > zk : = O(h)(x).

The above argument shows that ®(h) < h.

Now suppose that i; < hy. Then D,(hy) C D,(h1) and thus o(n, D, (h2)) C o(n, Dy(h1)) for each n € IN
which implies that ®(h;) < ®(hy). Similarly, W(h1) < W(hy).

(b) = (c) Let W, ® be the maps in (b). If h(x) > 0 then W(h)(x) > 0. Choose r > 0 such that W(h)(x) > r
and let O, = {W(h) > r}. Then Oy is an open neighborhood of x. For each y € Oy, ®(h)(y) = Y(h)(y) > r and
thus inf @(h)(Oy) > v > 0.

(c) = (d) Let ® be the map in (c). For each D € RG(X), let hp = 1 — x,. Then hp € SL*(X). Let
¢(D) = P(hp). It is clear that ¢(D) > ¢(E) whenever D C E.

If x € D, then hp(x) = 0 and thus ¢(D)(x) = ®(hp)(x) = 0 which implies that D c ¢(D)~1(0). If x ¢ D then
hp(x) = 1. By (c), there exists an open neighborhood O, of x and m € IN such that infqb(D)(Ox) > % Thus
¢(D)(x) > 0. This implies that ¢(D)™(0) c D and so D = ¢(D)™!( 0) From inf (D)(O,) > L it follows that
Ox C $(D)7!(L, ) and thus x € int(p(D)™' (L, )). Let n,(D) = min{n € ]N x € int(p(D)~ (1 00))}.

For each x € X, let ¢(D)(x) = 0 whenever x € D and y(D)(x) = m (D) whenever x ¢ D. Then D =

Y(D)™1(0). For each x € X, if x € D then ¢(D)(x) = w(D)(x) = 0. If x ¢ D then by the definition of n,(D),
X € int(cp(D)‘l(nx%D), o)) which implies that ¢(D)(x) > - (D = 1p(D)(x). Therefore, Y(D) < ¢(D).
To show that i(D) € L(X), suppose that )(D)(x) > r. Thenr < 1. If r < O then X is an open neighborhood

of xand (D)(y) = 0 > rforeach y € X. If r > 0 then i(D)(x) = - (D Let O, = int(¢(D) ™ (=5 —5)»*))- Then O,
is an open neighborhood of x. For each y € O, ¢(D)(y) > (D) and thus y ¢ D. By the definition of n,(D),
1ny(D) < ny(D) and thus Y(D)(y) = ¥(D)(x) > r. This implies that /(D) € L(X).

Suppose that D C E. If x € E then (E)(x) = 0 < (D)(x). f x ¢ E then x ¢ D. Since ¢(D) > ¢(E), we have

x € int(@(E) (515, 00)) C int(@(D) ! (- YD) = Y(E)).
(d) = (a) Let ¢, ¢ be the maps in (d). Then for each D € RG(X),
_ _ 1 ~ 1
D =¢(D)(0) = (Hl $D)([0, ) € (Hl $(D)(0, )
< (w0, ) = pD) ' ©0) = D
neN

For each D € RG(X) and n € N, let o(n,D) = ¢(D)7L([0, %)). Then o(n,D) € tand D = (,gno(n, D) =
mnEN O'(?’l, D)

If D C E, then ¢(E) < ¢(D) and thus a(11, D) = $(D)7([0, 2)) < H(E)"1([0, %)) = o(n,E) for each n € IN.
Therefore, X is 6-stratifiable. [

An analogous argument proves the following.

Proposition 3.3. For a space X, the following are equivalent.

(a) X is 6-semi-stratifiable.

(b) There exists an order preserving map @ : SL*(X) — U*(X) such that ®(h) < h for each h € SL*(X) and
D(h)(x) > 0 whenever h(x) > 0.

(c) There exists an order reversing map ¢ : RG(X) — U*(X) such that D = ¢(D)~(0) for each D € RG(X).

As another applications of strongly semi-continuous functions, we have the following.
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Theorem 3.4. For a space X, the following are equivalent.

(a) X is perfectly normal.

(b) There exists a map ¢ : L*(X) — C*(X) such that ¢p(h) < h for each h € L*(X) and ¢p(h)(x) > 0 whenever
h(x) > 0.

(c) There exists a map ¢ : L*(X) — SL*(X) such that ¢p(h) < h for each h € L*(X) and ¢(h)(x) > 0 whenever
h(x) > 0.

(d) There exists a map ¢ : T° — SL*(X) such that F = ¢(F)~(0) for each F € t°.

Proof. The equivalence of (a) and (b) has been shown in [8].

(b) = (c) is clear.

(c) = (d) Let ¢ be the map in (c). Foreach F € ¢, 1—xr € L*(X). Let o(F) = ¢(1— xr). Then ¢(F) € SL*(X).
A direct argument shows that F = ¢(F)(0).

(d) = (a) Let ¢ be the map in (d). Then for each F € ¢, ¢(F) € SL*(X). By Lemma 2.9, F = ¢(F)"}(0) €
RG(X). Therefore, X is perfectly normal. [

Since stratifiable spaces are monotone versions of perfectly normal spaces, one may conjecture that X
is stratifiable if the map ¢ in Theorem 3.4 (c) is order preserving. Actually, it still characterizes perfectly
normal spaces.

Theorem 3.5. For a space X, the following are equivalent.

(a) X is perfectly normal.

(b) There exists an order reversing map ¢ :  — SL*(X) such that F = ¢(F)~1(0) for each F € 1°.

(c) There exists order preserving map ¢ : L*(X) — SL*(X) such that ¢(h) < h for each h € L*(X) and ¢p(h)(x) > 0
whenever h(x) > 0.

Proof. (a) = (b) Suppose that X is perfectly normal. Then for each F € 7¢, F € RG(X). Let (F) =1 — xr. By
Lemma 2.8, ¢(F) € SL*(X). It is clear that F = @(F)"1(0) and ¢(F) > ¢(G) whenever F C G.

(b) = (c) Let ¢ be the map in (b). For each F € ¢, let {(F) = min{@(F),1}. Then ¢ : 7 — SL*(X) is an
order reversing map such that F = ¢(F)™}(0) for each F € 7°.

Foreach h € L*(X) and n € N, let F,,(h) = {h < 2,%1}. Then F,(h) € 7°. Let

o0 = Y 50 (E)
n=1

By Corollary 2.7, ¢(h) € SL*(X).

For each x € X, if h(x) = 0 then x € F,(h) for each n € N and thus ¢(F,(h))(x) = 0. It follows that
¢(h)(x) = 0 = h(x). If h(x) > O then x ¢ F,,(h) for some m € IN and thus y(F,,(h))(x) > 0. It follows that
¢(h)(x) > 0. Now, let k = min{n € N : x ¢ F,(h)}. Then x € F,(h) and thus ¢(F,(h))(x) = 0 for each n < k.
Thus

09 = Y AEM@ < Y o = o
n=k n=k

Since x ¢ Fi(h), we have h(x) > 2}—_1 > p(h)(x).

The above argument shows that ¢(h) < h.

Now suppose that iy < hy. Then F,(hy) C F,(h1) and hus ¢(F,(h1)) < ¢(Fn(h2)) for each n € IN which
implies that ¢p(h1) < ¢(hy).

(c) = (a) follows from Theorem 3.4. [

By their definitions (or characterizations), it is clear that if a pace is 0-stratifiable and perfectly normal
then it is stratifiable (the converse is, of course, also true). This can also be deduced from Theorem 3.2
(b), Theorem 3.5 (c) and the following characterization of a stratifiable space [9]: a space X is stratifiable
if and only if there exist two order preserving maps W : L*(X) — L*(X) and @ : L*(X) — U*(X) such that
W(h) < O(h) < h for each h € L*(X) and W(h)(x) > 0 whenever h(x) > 0.
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