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A Note on Poincaré Constants
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Abstract. In this note, we give two comparison results of Poincaré constants:

(i) Let X and Y be Banach spaces. We give a relationship between the X-valued p-Poincaré constant and
the Y-valued g-Poincaré constant introduced by Laat and Salle for all 1 < p,q < co when the unit sphere
5(X) of X is uniformly homeomorphic to the unit sphere S(Y) of Y.

(ii) We provide an explicit relationship between the nonlinear spectral gap introduced by Mimura and
the Poincaré constant introduced by Laat and Salle.

1. Introduction

Recently, the classical Mazur map has been extended to Banach-valued L, spaces. These extension
results have been successfully applied in comparing of Poincearé constants (see, e.g., [5, 12, 18, 22]).

In this note, continuing in this direction, we first give a comparison between the X-valued p-Poincaré
constant and the Y-valued g-Poincaré constant introduced by Laat and Salle for all 1 < p,q < co when the
unit sphere S(X) of X is uniformly homeomorphic to the unit sphere S(Y) of Y. Then we establish an explicit
quantity relationship between Mimura’s nonlinear spectral gap [18] (a variant of Poincaré constant) and
Laat ans Salle’s Poincaré constant [12]. Let’s first recall some related materials.

The variants of Poincaré constants have been developed in a series of works, including [1, 5, 10, 13, 17—
20, 22, 25], for several geometric and computer science applications, though many fundamental questions
remain open. On the other hand, the explicit comparison of Poincaré constants, is a natural approach. See
meta problem in [21, Question 1.1]. In this context, the sphere equivalence is often useful.

Let (M, d) and (M’, d") be two metric spaces and let f : M — M’ be any map. The modulus of continuity
of f is the function wy : [0, ) — [0, o) defined by

wg(t) = sup{d’(f(x), f(v)) : x, y € M and d(x, y) < t}

The map f is said to be uniformly continuous if lim; .o ws(t) = 0, and a uniform homeomorphism if f is a
bijection and f and f~! are both uniformly continuous. The metric spaces M and M’ is uniform homeomorphic
provided there is a uniform homeomorphism between them. The map f is said to be a-Holder if there exist
an exponent a € (0,1] and a constant ¢ > 0 such that w¢(t) < ct* for all t > 0. We say that M and M" are
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Holder equivalent or more precisely («, f)-Holder homeomorphic if there exists a uniform homeomorphism
f: M — M’ such that f is a-Hélder and f~! is g-Holder for some a, § € (0, 1]. In the present paper, we are
mainly interested in the case when M and M’ are the unit spheres or the unit balls of Banach spaces.

It is well known that the unit spheres of L,-spaces 1 < p < co are mutually uniformly (resp., Holder)
equivalent. This is achieved by the so-called Mazur map first used by Mazur in 1929 [16], which is an explicit
uniform homeomorphism, with explicit modulus of continuity, between the unit spheres of different L,-
spaces, for 1 < p < co. More precisely, for given 1 < p,q < oo and a measure space (C2, 1), the Mazur map
from L,(Q, u, C) to Ly(Q, u, C) is defined by

Myq(f) = If"sign(f).

Then M,; is a uniform homeomorphism between the unit spheres such that M, 1q = M, and M, ; is Lipschitz
on the unit sphere if p > g, and Z—Hélder if p < gq. Thus the Mazur map provides a Holder classification of
unit spheres of L,-spaces, 1 < p < co.

Theorem 1.1 (Mazur,1929). The unit spheres of L,(C, u, C) and Ly(€, u, C) are uniformly homeomorphic (resp.,
4

(min{a, 1}, min{%, 1})-Holder homeomorphic) for every 1 < p,q < oo and every measure space (€, 11).

Since then, the Mazur map has been generalized to more general situations and has been proven to be
a strong tool in applications by people (see [3, 7, 8§, 11, 21, 24, 26-29]). In recent years, the Mazur map has
been extended to Banach-valued L, spaces. Firstly, its qualitative version of Banach-valued L, spaces was
obtain in [6, Cheng-Dong].

Theorem 1.2. [6] Let X, Y be Banach spaces. If their unit spheres S(X) and S(Y) are uniformly homeomorphic. Then
the unit spheres of L,(Q, u, X) and Ly(Q, u, Y) are uniformly homeomorphic for every measure space (Q, ) and for
everyl <p,q < oo.

Recently, Chen and Cheng give the quantitative version of Banach-valued L, spaces of Mazur’s result.

Theorem 1.3. [4] Let X, Y be Banach spaces. If their unit spheres S(X) and S(Y) are («, B)-Holder homeomorphic.
Then the unit spheres of Ly(Q, u, X) and Ly(Q, u,Y) are (min{s,a},min{%,ﬁ})—HO’lder homeomorphic for every
measure space (Q, u) and for every 1 < p,q < oo.

These results have been successfully applied in comparing of Poincearé constants (see, e.g., [5, 12, 18, 22]).

For example, Mimura [18, Theorem 3.8] first established Theorem 1.2 in this case when L,(Q, u, X) and
Ly(Q, u,Y) are the sequence spaces I,(X) and [;(Y), respectively, and X = Y is uniformly convex. He [18,
Proposition 3.9] also proved Theorem 1.3 in this case when L, (€2, u, X) and Ly(€2, pt, Y) are the sequence spaces
1,(X) and [,(Y), respectively, and p = g. These results were applied in generating an explicit comparison
of Mimura’s nonlinear spectral gap (see [18, Theorem 4.1]). Later, Cheng and Dong [6, Theorem 1.2]
showed Theorem 1.2. Recently, Laat and Salle [12, Lemma 3.10] firstly proved Theorem 1.3 for different p, g
but X = Y. They applied it to obtain a more general version of Banach-valued MatousSek’s extrapolation
phenomenon than the aforementioned Mimura’s and Cheng’s ones, in the sense that it does not rely on the
maximal degree of the graph (see [12, Proposition 3.9]). This latter fact has a big advantage in applications.
For example it is needed for Naor’s result in [22](see details in Naor’s remark [22, Remark 46] ). More
recently, Chen and Cheng [4, Theorem 1.2] completed the proof of Theorem 1.3.

This note consists of closely related three sections. In Section 2 we will apply Theorem 1.2 to give a
relationship between the X-valued p-Poincaré constant and the Y-valued g-Poincaré constant introduced
by Laat and Salle for all 1 < p,q < 0. In Section 3 we give an explicit relation between the nonlinear
spectral gap introduced by Mimura and the Poincaré constant introduced by Laat and Salle, As its direct
application, a non-coarse embedding result of a sequence of expander graphs is obtained.

Our notation and terminology for Banach spaces are standard, as may be found for example in [14] and
[15]. For a Banach space X, by S(X) and Bx denote the unit sphere and unit ball of X, respectively.
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2. Laat and Salle’s extrapolation result for Poincaré inequalities

In this section, we aim to provide an extension of Laat and Salle’s extrapolation result [12, Proposition
39].

2.1. p-Poincaré inequality

In this note, we let G = (V, w) be a finite, undirected, connected graph with the vertex set V and the
weight function w: V X V. — [0, o) such that w(x,y) = w(y,x) for every x,y € V. Unweighted graphs
correspond to the case when w takes values in {0, 1}, in which case w is the indicator function of the edge
set. The degree of a vertex x in a graph G = (V, ) is defined as the number d,,(x) = }_ yev w(x, y).

Following [12], let G = (V,w) be a finite connected graph. Equip V X V with the probability measure

P(x,y) = Zw(+(yx)y) and V with the probability measure v(x) = Zi(ii(j()y)‘ Note that v is the stationary

Xy eV

probability measure for the random walk on G with transition probability p(x — y) = ‘;(i’xy)). It is also

the pushforward measure of IP under both maps (x,y) — x and (x,y) — y. Let f : V — X. Its gradient
Vf:VxV — Xisdefined by Vf(e) = f(x) — f(y)ife = (x, y).

Consider a weighted, finite graph G = (V,E), a number 1 < p < co and a Banach space X. We denote by
71,,6(X) the smallest real number 7 such that for all f: V' — X, the inequality

)i(fel)gﬂf = Xl ez < TV fllpxvpx) (1)

holds. Following Laat and Salle [12, Definition 3.1], we call 71, c(X) the X-valued p-Poincaré constant of G.
On a finite graph, the inequality (1) is always satisfied for some 7t > 0. For p = 2 and X = L,, the constant
15,6(L2) = m,c(IR) can be expressed in terms of the first non-zero eigenvalue of the discrete Laplacian (see
[12, Proposition 3.3 (iii)]).

Let (Zy,Z1,...) be the random walk on G with Zy (and hence Z, for all n > 0) distributed as v. In this
setting, the X-valued p-Poincaré constant of G is the smallest real number n such that for all f: V — X, the
following inequality holds:

inf IE[[|f(Zo) - xIF"] < 7Elllf(Zo) = f(Z1)IF]-

2.2. Sphere equivalence and Laat and Salle’s extrapolation result
Now we provide an extension of Laat and Salle’s extrapolation result [12, Proposition 3.9]. Its proof is
inspired by the original one in [12, Proposition 3.9].

Theorem 2.1. Let X and Y be Banach spaces and assume that ¢ : S(X) — S(Y) is a uniform homeomorphism. Then,
forevery 1 < p,q < oo and for every finite connected graph G, we have the following inequality

1 et 1
o 20 (0 W)

Here 61 = wpy
onto BLq(y).

02 = wwm,, and My, is the Banach-valued Mazur map defined by My 4(h) = ||h||%(p(ﬁ) from Bp,x)

P4’

Proof. Let 1,6(Y) be the Y-valued g-Poincaré constant for a finite connected graph G, and simply denoted
by ;. Let f € L,(V,v, X). We next want to prove

57(65 (0 ) inf I = xl, < (BILfZo) ~ FZOIY, @
q

where (Zo, Z1, - - -) be the random walk on G distributed as v and 61 = wp,,, 62 = wm,,- Let @ : S(X) — S(Y)
be the uniform homeomorphism. Let M;; : L,(V,v,X) — Ly(V,v,Y) be the Banach valued Mazur map.
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By Theorem 1.2, we know that M, ; : L,(V,v,X) — Lg(V,v,Y) is also a uniform homeomorphism when
restricted to their unit balls.

As in the proof of [12, Proposition 3.9], we may assume that inf,ex || f — x|, = 1, and replacing f by f —x
for a suitable x, we may assume that ||f||, < 1. Let g = M, 4(f). Then ||gll; < 1. For every x € Bx we regard x

as a constant function on V then x € L,(V,v, X) with ||x]|, < 1. Thus y = M, 4(x) = Ilelg(p(ﬁ) is also a constant
function in L,(V, v, Y) with y € By. Since M, ,, is a uniform homeomorphism, it follows that

I1f = xlly = 1Mg,p(9) = Map(Wlly < 02(1lg = ylly)-

By taking the infimum over x € Bx and note that M,,,(Bx) = By (regard as constant function), we obtain

1= inf |If-xll, < inf 6x(llg - ylly)

xeX,|IdI<1 yeYlyli<1
This in particular implies, for every y € Y, |lyll < 1,
02(llg = ylly) = 1,
and so
g = ylly 2 85" (1).
Thus

llg = yll; = 6,1 (1).

inf
yeYllyll<1

From the definition of 7, it follows that

71
% 1) < (Ellg(Zo) - g(Z1)II)7. ©)
T

Since M, is also a uniform homeomorphism we have

(Ellg(Zo) - 9Z0)I7 < 51(ENf(Zo) - FZDIF)?).

This together (3) finally gives

gl 1
2 O < s mir@ - o,
q
and so
)
D) < EIfZ) -
This gives

(EIlf(Zo) - fZDIP)?,

infl||f —x
xeX”f ””‘6_ 51

1 nq

and so

67 (6, ()~

1
o) = TG <Y)> @

This completes the proof. [
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3. Comparing of Poincaré constants

In this section, we will give an explicit relationship between Mimura’s nonlinear spectral gap and Laat
and Salle’s Poincaré constant for a regular graph.

Let’s recall some related materials. Following [19], a sequence of metric spaces {(X,,dx,)} is said
to embed coarsely (with the same moduli) into a metric space (Y, dy) if there exist two non-decreasing
functions p1, p2 : [0,00) — [0, 00) such that lim;_,. p1(f) = oo, and there exist mappings f, : X, — Y, such
that for all # € N and x, y € X,, we have

p1(dx, (6, ) < dy(fulx), fu()) < pa(dx, (x, ).

As said in [19], since coarse embeddability is a weak requirement, it is quite difficult to prove coarse non-
embeddability. The nonlinear spectral gaps have been the well-known obstacle for coarse embeddability,
as pioneered by Gromov [10].

We now turn to Mimura’s nonlinear spectral gap [18], which is an variant of Poincaré constant. Consider
a finite connected graph G = (V, E), anumber 1 < p < oo and a Banach space X. We denote by 41(G; X, p) the
largest real number A such that for all f: V — X, the inequality

1
IIf - m(f)llf;(le) < XIIVEfIIZ(V/X)

holds. Here m(f) = ﬁ Y.xev f(x) is the mean value of f. By ||h||1p(\/,X) we denote the p-norm (erv ||h(x)||’”);’
ofh:V — Xand ||VEh||lp(v,X) is the semi-norm defined by

IVEHl 0 = (Y W) — hGolP)

(x,y)eE

Following Mimura [18, Definition 1.1], we call A1(G; X, p) the (X, p)-spectral gap of G. In particular, for
p=2and X = (R, |- ), where we denote by | - | the Euclidean distance on R, we have that 1,(G; R, 2) is the
just classical spectral gap of G. Following [18], a sequence of finite connected graphs {G, = (V,, E»)}"; is
called (X, p)-anders if they have uniformly bounded degree, lim,,_,« |V| = o0 and inf,en 41(Gy; X, p) > 0. It
is classical that for a fixed d € IN a sequence of d-regular graphs is a sequence of expander graphs if and
only if they are (IR, 2)-anders.

Gromov [9] observed that every sequence of expander graphs {G,},en (here every G, is considered as
a metric space equipped with the shorted-path metric dg, (x, y) between x, y € V. ) does not admit coarse
embeddings into a Hilbert space. More generally, being (X, p)-anders for some fixed p and a Banach space
X implies poor coarse embeddability into X, which means that if expander graphs {G, },en are (X, p)-anders
then {G,},en do not coarsely embed into X.

On the other hand, Matous$ek proved in [17] that being (IR, p)-anders does not depend on p (his strategy
is often called Matous$ek extrapolation [18, 19]). This was greatly generalized to Banach spaces setting by
Mimura in [18], and finally Cheng proved in [5, Theorem 4.9] that for any fixed Banach space X the property
of being an (X, p)-anders does not depend on p € [1, ). A key fact used there is that the property of being
an (X, p)-anders is stable under sphere equivalence of Banach spaces (see [18, Theorem A] and [5, Theorem
4.9)).

We first need the following result.

Lemma 3.1. Let G = (V,E) be a finite connected graph with weight w(x,y) and let X be a Banach space. Set
v(x) = % and let f : V — X. Assume that m(f ) = Y ,ey f(x)v(x) is the mean value of f with respect to
the probability measure v on V. Then for every 1 < p < oo we have

ig{”f = X, wwx) < If = m(HllL,wx) < Zirel)f(llf = XL, (v0,%)- (5)
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Proof. The first inequality in (5) is obvious. We turn to prove the second inequality. Note that, for a given
1 < p < oo, the function g(x) = ||x|| is a convex function on X. This gives

ure-mpwas = [ 0y (70~ ot

yev
= fv [;‘/ I1f(x) = f(}/)ll”v(y)]dv
= Y U@ - f@IPo(y)o().
x,yeV

Choose xy € X such that
Ilf = xoll,vv,x = ;l(g)gllf = XL, (vp,%)-

By the triangle inequality we have

(Y 17 - FlPocu(n)’

x,yeV

= ()] IF) = FlivGe@lrIP)
x,yeV

< () (L) - xollw@u)P Il + ILF(Y) - xollw@u)]P )
x,yeV

< () UG - xolw@um)lIP) +( Y ALFW) - xollv@um)PIP),
x,yevV x,yeV

= 2( Y IIf@) - xolPv()’

xeV
= 2/If = xoll, w0
Thus

If = m(l,vpx < Zjicgﬂf = XL, wvp,%)-

Which completes the proof. O

Theorem 3.2. Let G = (V,E) be a finite connected, d-reqular, unweighted graphs. Then for every 1 < p < oo and
every Banach space X, we have

1 . ; 1 5
dmErm) <™= (rErs)

Proof. Note first that in this case we have

m(f) = Y 16 = Y, Fai),

xeV xeV

where v(x) = |1—‘ for every x € V. Thus for every f : V — X, we have

IF =M 0 = Y= mCP = V1 [ 176) = e

xeV
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This together with the inequality (5) and the definition of 71, 5(X) (in short 7t,) gives

If = mPI oy = WI|lF = mp)

p
L,(V,v,X)

. p
< WVI2infIf =l 0)
P
< VIRV £l vxve x)
= Ve Y NIf@) - F)IrP, y)
(x,y)eVxV
1
= VR'm(gs ), 1@ = fOI)
(v y)eE
= 2 |IVEAIL.
Thus
MGpX) T

On the other hand, for every f : V — X, by again the inequality (5) and the definition of A1(G; p, X) we have

1
: P 12 _ P
nfILf =] 0 < =m0 = il = MM
1 1
< —(— VE P
inGrn" W
1 1 14
= ——FF—||V||IV
14 Al(G;p,X)(l |” pr(VXV,]P,X))

1 P
MTP/X)”Vf ”LV(VXVAP,X)'

This gives 7'(5 ,G(X) < m Combine this with the inequality (6) we obtain

1
—— <7 X< —
X = X S e %

Thus the proof of theorem 3.2 is complete. [

Remark 3.3. Here we need to point out that some (implicit) relationship between the variants of Poincaré constants
may be well-known to experts. As in Laat and Salle’s paper [12], they wrote "Let us point out that our p-Poincaré
constant differs (by a factor or power) from the p-Poincaré constants in [2] and [23], neither does it exactly coincide
with the conventions of [19]”, and for them it was enough about the relationship between these variants of Poincaré
constants.

Theorem 3.2 particularly implies the following non-coarse embedding result of expander graphs.

Corollary 3.4. Let X be a Banach space. Assume that a sequence of expander graphs {G,luen is (X, p)-anders
in the sense of Laat and Salle, this means that {Gpluen is d-reqular for some d € IN, limy o |Vy| = oo and
infyen p,6,(X) > 0 for some pair (X, p) (1 < p < o), then the sequence of expander graphs does not coarsely embed
into the Banach space X.

Proof. By the assumption and Theorem 3.2, we have that the sequence of expander graphs {G,},en is also
(X, p)-anders in the sense of Mimura. Thus the sequence of expander graphs does not coarsely embed into
X from the aforementioned fact. [
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