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Generalized Complex Step Approximation to Estimate the First and
Second Order Fréchet Derivative of Matrix Functions

Bahar Arslan?, Awad H. Al-Mohy"

“Mathematics Dehpartment, Faculty of Engineering and Natural Sciences, Bursa Technical University, Turkey
Department of Mathematics, King Khalid University, Abha, Saudi Arabia

Abstract. Applications of Fréchet derivative emerge in the sensitivity analysis of matrix functions. Our
work extends the generalized complex step approximation using the complex computation f(A + ¢hE) as
a tool to matrix case, and combines it with finite difference formula to estimate the Fréchet derivative. We

provide numerical results for the approximation to the first and the second order Fréchet derivative of the
matrix exponential and matrix square root.

1. Introduction

Matrix functions such as matrix square root, matrix exponential, matrix logarithm and matrix sign
functions are mappings from a set of matrices onto a set of matrices f : C"”"* — C™". They play an important
role in a variety of applications such as the solution of fractional partial differential equations [11], quantum
graphs [9], network analysis [10, 15, 24], exponential integrators [21] and computer animation [32]. In
the computation of matrix functions A is subject to small perturbations where we can measure the effect
of these perturbations by condition numbers. Since we can express the condition number by the Fréchet
derivative we are interested in its computation. In addition to the sensitivity analysis the Fréchet derivative
has applications in image reconstruction in tomography [31], the computation of choice probabilities [2],
the analysis of carcinoma treatment [16], computing the matrix geometric mean and Karcher mean [22].
Second order Fréchet derivative is used in the extension of iterative methods to solve a nonlinear scalar
equation to Banach spaces [8]. There are numerical algorithms evaluating the Fréchet derivative for the
exponential [3, 23], logarithm [6], fractional power [12, 19]. Noferini gave an explicit expression for the
Fréchet derivative of generalized matrix functions [30] by using Daleckii-Krein formula. Computation of
higher order Fréchet derivatives was proposed in [20], in which the kth order Fréchet derivative and a
Kronecker form of the kth Fréchet derivative cost O(8n%) and O(8n3*%), respectively.

Approximation to the derivatives of f(x) using the complex arithmetic as a tool in scalar case was first
introduced in [28, 29]. Trapp also compared the complex step (CS) approximation to the central difference
formula in his work [33]. The complex step approach for the computation of higher order derivatives was
given by [1, 25-27]. For the matrix case, our aim in this work is to extend the generalized complex step
approximation using the formula f(A + ¢?hE) to the computation of the first and second order Fréchet

2020 Mathematics Subject Classification. Primary 65R10; Secondary 47A56

Keywords. Fréchet derivative, complex step approximation, finite difference, matrix exponential, Matrix square root
Received: 15 October 2021; Accepted: 14 May 2022

Communicated by Dragan S. Djordjevi¢
Email addresses: bahar.arslan@btu.edu. tr (Bahar Arslan), ahalmohy@kku.edu.sa (Awad H. Al-Mohy)



B. Arslan, A. H. Al-Mohy / Filomat 36:16 (2022), 5603-5614 5604

derivative of matrix functions and compare the approximations for different choice of 6 values. In matrix
case for 6 = m/2, the method was applied to approximate the first order Fréchet derivatives of matrix
functions by Al-Mohy and Higham [5]. Higher order Fréchet derivatives are estimated by using the
complex step approximation and mixed derivative in [7] with an efficient computation. We approximate
the first Fréchet derivative using the imaginary parts of f(A + ¢hE) and test approaches for different 0
values for the matrix exponential and the matrix square root. We also combine the method with finite
difference formula to approximate the second order Fréchet derivative.

The paper is organized as follows. Section 2 reviews the first and the higher order Fréchet derivative
of matrix functions and its relation to the condition number. Section 3 gives the generalized complex
step approximation for the scalar and matrix cases. We also establish our main contribution extending
the generalized complex step approximation to the higher order Fréchet derivatives of matrix functions
with the approximation order and the computational cost for different choice of 0. Section 4 presents the
numerical tests and provides results for the first and the second Fréchet derivative of the matrix exponential
and the matrix square root. The final section gives the concluding remarks of our work.

2. Higher order Fréchet derivative
The Fréchet derivative of f at A is a linear map Ly : C™" — C™" such that
If(A+E) — f(A) ~ L{A, E)l| = o[Ell (1)
for all E € C™". Applying the vec operator to L¢(A, E) gives
vec(Lf(A, E)) = K¢(A)vec(E), )

where K¢(A) € C"™*"* g called the Kronecker form of the Fréchet derivative and the vec operator stacks the
columns of a matrix into one column vector. The absolute condition number of f(A) is given by

/(A +E) = f(A)l

cond(f, A) = lim sup (3)
=0)E)<e €
where || - || is any matrix norm. The condition number (3) can be expressed in terms of the norms of the
Fréchet derivative.
cond(f, A) = max w
7T TE20 1751] —

When the Fréchet derivative of f at A exists, it is unique. In that case we have that [17, Thm. 3.1]
cond(f, A) = [ILg(A)ll-
If we specialize to the Frobenius norm we obtain

COHd(f,A) = max w — M

= KA,
E20  [IEllr B0 [vec(B)ll IKs(A)ll2

where we use the fact that for A € C", ||Allr = [[vec(A)||2.
The kth order Fréchet derivative of f : C”" — C™" at A € C"™" in the direction matrices E; € C",

i =1 :k, is defined as the unique multilinear operator L(fk) (A) that satisfies
LA + By By, Eie) =LY A By Biet) = LA, Er, -+ EDIL = oIE), 4)

where L(fo) (A) = f(A) and L(fl)(A, E,) is the first order Fréchet derivative. For E = E;, j = 1 : k, we denote
the kth Fréchet derivative of f at ,L); that 1s, ,E) = ,E1,Ep,--- , Ex). For simplicity let
he kth Fréchet derivative of Ebijf’(A E); that i L}”(A E) L(fk)(AE E Ey). For simplicity 1

&x denote the k-tuple (Eq, Es, - - -, Ex) regardless of the order of Ey since the multilinear operator ® (A,-)is

f
symmetric. For the monomial X", where r is any nonnegative integer, write a recurrence for Li’ﬁ) (A, &E).
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Lemma 2.1 ([7, Lem. 2.11). The kth Fréchet derivative of X" is given by

Li’i)(A, Ey,Ep,--- Ex) = L(k)l(A Ei,Ep, -+ Ep) + ZE L(k V(A Ey, - “,Ej-1,Ejs1,-++ , Eg) ®)

with L(A, E1,E, -+, Ex) = 0ifk > .

To test our approximation we use the following theorem to compute the ‘exact’ first and second order
Fréchet derivatives.

Theorem 2.2 ([20, Thm. 3.5]). Let A € C™" whose largest Jordan block is of size p and whose spectrum lies in an
open subset D C C. Let f : D — C be 25p — 1 times continuously differentiable on an open D. Then the kth Fréchet

derivative L;k) (A) exists and L;k) (A, &) is continuous in Aand E1, Ey, . .., Ex € C™". Moreover the upper right n X n
block of f(Xk) is Lj,k) (A, &). The matrix Xy is defined recursively

Xk =L QX1+

8 (1)] L1 ®Er, Xog=A, 6)

where the symbol ® denotes the Kronecker product [17, Chap. 12] and I, denotes the m X m identity matrix.

3. Generalized complex step approximation

3.1. Scalar case

We review the generalized complex step approximation [25] to estimate the first and the second order
derivatives and extend it to the higher order derivatives. If f(x) is a real function with real variables and is
analytic then it can be expanded in a Taylor series

’ @)
Fleih) = £ + ihf () _hzfz(!x) _ ih3f 3!(x) +

(7)

In Taylor series expansion Im(f(x + ih))/h and Re(f(x + ih)) give an approximation to f’(x) and f(x), respec-
tively with an approximation error O(h?). The approximation to f’(x) using the imaginary part avoids the
subtractive cancellation. Numerical results obtained by numerical algorithm design in metrology showed
that the accuracy is obtained even with i = 1071% [13].

The following theorem states the generalized complex step approximation for the scalar case.

Theorem 3.1. Let f : D C C — C be an analytic function in an open subset D. Assume that x,h € R. We also
assume that x + e°h € D. Then we approximate the kth order derivative of a function by the imaginary part of the
(k — 1)th order of derivative.

Im (f&D(x + €%h))
(k)
fR0) = hsin 6

FED@) = Re (f4 D (x + %)) + O(). )

+ O(H?) (8)

Proof. Taking ¢'? instead of i in the power series expansion (7) and differentiating repeatedly lead to

(@%hy?

FED G+ ) = fEDE) + O fO) +

fk+1 (JC) + -

We derive equations (8) and (9) by equaling the imaginary and the real parts of £~V (x+¢'%h), respectively. [
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For the first and the second order derivative approximations we can obtain the followings.

) Im [f(x + eigh)]
SO ne

) Im [ "(x + €°h)]
SO~ sne

In the next theorem we obtain an alternative form of the generalized complex step approximation for
the scalar case.

Theorem 3.2. Let f : D C C — C be an analytic function in an open subset D. Assume that x,h € R. We also
assume that x + €®h € D. Then we obtain the followings.

(e8]

19h) j—

fk D(x + i) — fk D(x + @) = ZZ —1),f k+2j—2)(x) (10)
j=

f(k*l)(x + eiﬁh) +f(k71)(x + ei(6+n)h) =9 (e(lzil))' ]fk+2])( ) (11)
j=0 '

Proof. Power series of f(x + €'h) and f(x + ¢l©*™h) are given as follows.

(619)2

flx+e%n) = f(x) + enf'(x) + —=—hf (x) + h3f<3 () + -

fla+ 0y = £~ hf () + (6’19)2 w0 - Sl 0w+

Differentiating both sides of the power series repeatedly and then subtracting and adding these equations
give respectively equations (10) and (11). O

For the first and the second derivative approximations we can deduce that

Im [f(x +e%h) — f(x + ei(9+”)h)]

= 2hsin @
. m [f(x +el%h) + f(x + ei(9+n)h)]
o= h2sin 6

We should note that in the alternative form the approximations are supposed to subtractive error.

3.2. Matrix case

Assume that A and E;, i = 1 : k, are real matrices and f is a real function. Replacing the matrix E in the
definition of the kth Fréchet derivative (4) by ¢!°hE;, where h is a positive real number, and exploiting the

linearity of the operator Ljf) (A), we have

Ljfk_l)(A + é9nEy, &) — Ljfk_l)(A, Ek-1) — eiethf) (A, &) = o(h).

Since L (A, &) is real, we obtain the CS approximation of L® (A,-) via L(kfl)(A, ‘) as
f PP f f

m(L(fH)(A + ehEy, E-1))
hsin©

(k) _ 1
LA &) = ilfé (12)
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For a sufficiently small scalar / this yields

Ljf‘”(A, &) ~ Re(L(fk_l)(A + ehEy, E-1)).
With stronger assumptions on f, the next theorem reveals the rate of convergence of the approximation as
h goes to zero.

Theorem 3.3. Let f : D ¢ C — C be an analytic function in an open subset D containing the spectrum of A.
Assume that A, E; € R™", i =1:k, f is real-valued at real arquments. Let h be a sufficiently small real number such
that the spectrum of A + e®hEy lies in D. Then we get

Im(Lﬁf_l)(A +eOhE, &)

(k) _ 2
LA &) = p— +O(h”) (13)
le“”(A, &) = Re(Lﬁf“”(A +ehEy, E-1)) + O(H?). (14)

Proof. The analyticity of f on D implies that f has a power series expansion there. Thus in view of [5,
Thm. 3.1], we have
. = h
F(A+eOhEy) = Z (%) L(])(A Ey) (15)

j=0

G h)

F(A) +enL¢(A, Ex) + L(z)(A,E )+ O(®).

Here El((j) denotes the j-tuple (Eg, Ex, ..., Ex). Since the power series converges uniformly to f(A) on D, we
can repeatedly Fréchet differentiate the series (15) term by term in the directions E1, E,, . .., Ex_1 and obtain

h
LE(A +€hEy, &) = LA, &) + Z (e ) LI, B, &)
j=1
*k-1) 077 () E@h? @y, 4 @)
= 1§ V(A &) + €“HLY (A, &) + =L (A B2, 1)
+O(I)

and (13) and (14) follow immediately by equaling the imaginary and real parts of the series, respectively. [

The following theorem extends Theorem 3.2 to the higher order Fréchet derivative of matrix functions.

Theorem 3.4. Let f : O C C — C be an analytic function in an open subset D obtaining the spectrum of A. Assume
that A,E; € R™", i =1k, f is real-valued at real arguments. Let h be a sufficiently small real number such that the
spectrum of A + e9hEy and A + ¢ ®*hEy lie in D. Then we obtain

. . 0y .
Lj[k_l)(A + ethEk, 8k—1) _ ngf—l)(A + el((y'+n)hEkl 81( 1 Z ((62] _) L(k+2] 2)(A E(Zj—Z)/ak)

LY(A + ¢hErs, &) + LY (A + @ hE;,, &) =2 Z e o )' L(k+2])(A, ED, &).

Proof. Since the function f is analytic on 9 we can write the power series expansions.

() ()

F(A +E9hEy) = F(A) + eiQhL(fl)(A, Ey) + hZL(2 (A, E?) + —213L 3>(A EP) +

ﬂ

- h2L<f2>(A,E<Z>)——(e )

(A +EOORE) = £(A) - eHLY (A, Ey) + 5PV AEY) +

Taking the Fréchet derivative of power series expansions repeatedly and then subtracting/adding them,
respectively yields the given equalities. [
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3.3. Approximation to the first order Fréchet derivative

For the approximation to the first order Fréchet derivative we use equation (13)

Im (f(A + hEy))
hsin 6 (16)

VA, &) =1i
f ( /81) h{%

with different 6 values. Taking 6 = n/4, 6 = /3 and O = n/2 give the following approximations, which
require one matrix function evaluation.

_ 21m (f(A +i'/2hEy))
0=n/a, LVAE)= O(h
7T/ f ( 1) \/Eh + ( )
_ 21m (A +i2PhEy))
0=n/3, L[VAE)= O(h
nf3,  LP(4&) 7 +0()
Q= 7_(/2, /L\jfl)(Alal) = w + O(h2)

The first equality in Theorem 3.4 leads to

Im (f(A + ¢9hEy) — f(A — e%hEy))
2hsin 6 ’

L(A,&) = lim
Substituting 6 = 11/4, 0 = /3 and 0 = /2 gives the following approximations.

Im (f(A +i'2hE;) - f(A +i5/hEy))

_ 7 (1) _
0=mn/4,  LJ(AE)= 7 +O(H?)
) Im (f(A + i2hEy) - f(A +i%°hEy))
_ (€] _
6=n/3, L)A&)= N +O(h*)
0= i(f”(A, &) = Im (f(A + lhElz)h— f(A —ihEy)) + 0u)

The estimation ij})(A, &1) with 0 = 71/3 provides O(h*) approximation error but it requires two matrix
function evaluations.

Table 1: The approximation to the first order Fréchet derivative of f(A) in the direction E; for different values of 6.

6 L{48&) LY, &)

20m (f(A+i?hEy))  Im(f(A +i'?hE) - f(A + P/2HEy))

4
Y V21 V2
2Im (f(A + i2/3hE1)) Im (f(A +i23hE;) — f(A + i8/3hE1))
/3
V3h V3l
np MUAIRE)) I (fA ¥ TE,) - f(A -~ hE)

h 2h
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3.4. Approximation to the second order Fréchet derivative

To approximate the second order Fréchet derivative L?) (A, &) we first take equation (13) with different
0 values.

2Tm (L(f”(A +il2E,, El))

0 =m/4, ’L\f)(A, &) = 7 +O(h)
- 2Tm (L}”(A + iz/3hE2,E1))
0=mn/3, L})(A, &) = 7 +O(h)
1) :
. Im (L DA +ihEy, El)) 2
0=mn/2, LPAE)= - + O(H?)

We combine the finite difference formula with the generalized complex step approximation (16) in the
following lemma.

Lemma 3.5. Suppose f, A, E1 and E, satisfy the assumptions of Theorem 2.2. Then

L(z)(A &)= lim Im(f(A + €% Ey + hEy) — f(A+e%hEy — thz))
f 7

. 17
(I ,hzl)—’(0,0) 2h1hy sin O (17)

Proof. Using finite difference formula and (16), we obtain

LY(A + haEa, Ev) = LY(A ~ haEa, En)

2 _ 2
LP(A,&) = 7 +O(12)
. Im(f(A + ¢l Ey + IoE))  Im(f(A + ¢l Ey — IoEy)) )
= h hysin@ B 2h; sin 0 +0l)

Im(f(A + €i6h1E1 + thz) - f(A + eiehlEl - thz))

lim
(h1,h2)—(0,0) 2h1hy sin O

Thus
Im(f(A + eiehlEl + thz) - f(A + €i6h1E1 - thz))

2]’11]12 sin 0

LPA, &) ~
f
for sufficiently small real scalars h; and h,. [

The parameter /1; can be chosen as small as desired. However, the parameter h; is a finite difference step
and it has to be chosen carefully.

We obtain approximations to the second Fréchet derivative substituting 6 = 7t/4, 7/3 and 7/2 into
equation (17).

Im(f(A + Y2 Ey + InEy) — f(A +i?hi Ey - hEy))

0 =m/4, z<f2>(A, &) ~

V2hihy
—(y Im(f(A + i2/3h1E1 + thz) - f(A + i2/3h1E1 - thz))
0=mn/3, Lj)(A,az) ~
V3hihy

Im(f(A + ih1E1 + I’lez) - f(A + ihlEl - ]’lez))
2h1hy

0=m/2, i(fz)(A, &) ~
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Table 2: The approximation to L(fz) (A, Eq, Ey) for different values of 0.

0 LPA&) LP(A, &)

2Im (L‘f”(A +12hE,, El)) Im(f(A + 12l Ey + haEp) = f(A + i1 Ey = InEy))
i V2h V2hihy

2Im (L(f”(A +123hE,, El)) Im(f(A + 2P E; +hoEp) — f(A+ 2PInE; — o))
T Ve \Blhs

Im (L}”(A +ihE, El)) Im(f(A + il Ey +haEg) — f(A + il Ey - haE))
n/2 7 2ihs

4. Numerical results

We will compare the approaches given in Table 1 and Table 2. We use MATLAB R2020b on a machine
with Core i7 to run the experiments. For the matrix exponential we take A = gallery(‘lesp’,10), and
take E; and E; to be random matrices of the same size. For the matrix square root we choose random 10x 10
matrices with no eigenvalues on R™. The matrix functions f(X;) and f(X5) in equation (6) are evaluated
using [20, Alg. 3.6]. As stated in Theorem 2.2 the upper-right 10 X 10 block of f(X;) and f(X,) gives the
‘exact’ first and the second Fréchet derivative, respectively, namely,

XD, =LA E) X)), =LA Ey, ).

We change h from 107! to 1072 in the approximations and show the effect of the choice of & to the relative
error evaluated by

I 0T, ~ LA, &2
IFGOL, L

where L® (A, &) represents the approximated kth Fréchet derivative. The approximation o (A, &) denotes
7 P PP 1% 7

k=1,2

either ’E;k)(A, &) or i}k)(A, &), in which the matrix exponential and its first order Fréchet derivative are
computed by MATLAB expm function and expm_frechet based on the algorithms of Al-Mohy and Higham
[4, Alg. 5.1] and [3, Alg. 6.4], respectively. In the approximations to evaluate the matrix square root we
use sqrtm MATLAB function based on the method [14] and its first order Fréchet derivative L¢(A, E), is
the solution to the Sylvester equation, XL + LX = E with X = A'/2, that is solved by sylvsol from [18].

In the legend of the figure the subscript values 45, 60 and 90 refer to the 6 values of 7/4, t/3 and 7t/2,
)
_ } f

computed by L?)(A, &q)and L(fl) (A, &1) in the direction of E; for the matrix exponential and the matrix square

respectively. Figure 1(a) and Figure 1(b) give the approximation to the first order Fréchet derivative L

root, respectively. Although computing i(fl)(A, &1) for O = m/3 is subject to subtractive error it gives better
approximation for large values of h. For small & all the approaches give the same accuracy for the matrix
exponential. In the matrix square root the best accuracy is obtained for 1 = 10~ and 6 = /3.

The second experiment is presented in Figure 2 and Figure 3, in which the second order Fréchet derivative
i?)(A, &;) of the matrix exponential and the square root are approximated by the formulas in Table 2 in
the direction of &, = (Ej, Ep). In the top part of Figure 2 we fix h, = 1078 and take h; = 10", r = 1 : 20.
It seems the accuracy is the same for h; values smaller than 107" in f?)(A, &) approximations. For the

approximation ij,z) (A, &) the accuracy is the same for /; smaller than 1078, In the bottom part of Figure 2 we
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(b) Matrix square root

9 ~(1 =1
&\ —o= Lz(15) —* Lz(xs)
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(a) Matrix exponential
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\ R Vi
N
v\ R y
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§>/
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h

Figure 1: Relative error for the first order Fréchet derivative of matrix functions according to the change in h.

5611
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fix hy = 1071 and hp = 107", r = 1 : 20. Obviously while the change in h, does not effect the approximation
Z?) (A, &) the relative error of i(fz) (A, &) grows rapidly with the decrease in h;.

In the top part of Figure 3 we again fix i, = 1078 and choose i; = 107", r = 1 : 20. The approximations
using the first order Fréchet derivative with the complex step approximation provide better accuracy. For
around h; = 1078 the approximationf}z)(fl, &) give the same results for different O values. As seen from
the bottom part of Figure 3, where h; = 1078 is fixed the drop in finite difference parameter h, destroys
the accuracy in i(fz) (A, &y). It is apparent from the tables that since the approximation LP(A, &) does not

f
depend on h; the change in h; does not affect it in both Figure 2 and Figure 3.

0
10 & T T T T T T T T T T T T T T T T
N I —0— L —x— L
* —x L) —o- I
5 . Se 22 72)
g 10} ~ Lgy Loy |
o S e .
2 N AR~ — 66—
3 10 “ Se
o 10710 - .
[ ~a.
§°\
& D
—— ® -9 & —
10—15 L L L | L 3 ol X & ®
107 10710 1071 10720
h
10°
_
= 10°F g— & —%— F -
o o=V
o % .o ?
5 3 & i
20 Vo
kS A N
[} o
= 10—10 L 0 — -
B —0—© 8—0 90— 09 & 60— 90— @6 & 0—0
107 10710 1071 10720
h

Figure 2: Relative error for the second order Fréchet derivative of matrix exponential according to the change in #; and h;.

5. Concluding remarks

Theoretical analysis for the generalized complex step approximation using the complex computation
f(A + €hE) to approximate the first and the second order Fréchet derivative of matrix exponential and
matrix square root is presented. Generalized complex step approximation is also combined with the finite
difference formula. For different O values the computations are compared in terms of the accuracy and the
computational cost. Our findings reveal that the approximation Z?)(A, &1) that combines the complex step

approximation with the finite difference method to the first order Fréchet derivative gives better accuracy
for 6 = m/3. In the estimation of the second order Fréchet derivative using the generalized complex
step approximation with the first order Fréchet derivative provides better accuracy since the error in finite
difference formula combined with the generalized complex step approximation is magnified by the decrease
of the finite difference step hs.
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Figure 3: Relative error for the second order Fréchet derivative of matrix square root according to the change in i and k.
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