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Abstract. In this paper, we construct Kihler-Norden statistical structures on pseudo-Riemannian mani-
folds equipped with a torsion-free linear connection and an almost complex structure. Also, we present
some examples and study curvature properties for these structures by using Tachibana operator. Finally,
we consider a Norden statistical manifold and study Codazzi coupling of its connection with the almost
complex structure on it.

1. Introduction

The notion of an almost Norden manifold was introduced by Norden in 1960 [14]. In the following
years, Gribachev, Mekerov and Djelepov studied its geometrical structure and gave the notion of generalized
B—manifolds [10]. Almost Norden structures are among the most important geometrical structures that can
be considered on a manifold. Let M be a 2n—dimensional differentiable manifold endowed with an almost
complex structure | and a pseudo-Riemannian metric g of signature (1, 1) such that g(JX,Y) = g(X, JY) for
arbitrary vector fields X and Y on M. Then, the pseudo-Riemannian metric g is called a Norden metric.
Norden metrics are referred to as anti-Hermitian metrics or B—metrics. They find widespread application
in mathematics as well as in theoretical physics. In [13], Iscan and Salimov proved that there exist a one-to-
one correspondence between Kiahler-Norden manifolds and Norden manifolds with a holomorphic metric.
Also, they showed that the Riemannian curvature tensor in such manifolds is pure and holomorphic. In
addition, the scalar curvature is a locally holomorphic function.

In 1980s, the notion of statistical structure was introduced and began to play an important role to build
a very effective branch called information geometry which is a combination of differential geometry and
statistics. Its applications can be found in various fields of science. For example, see [1, 3, 7, 8, 18] for some
utilization in image processing, physics, computer science and machine learning. A detailed survey on
information geometry can be studied in [2].

In this paper, we combine the above mentioned theories in a certain sense, that is, we introduce the
notion of Kidhler-Norden statistical manifold and study its geometric properties.

The paper is organized as follows. In Section 2, we recall notions of almost Norden manifolds and
statistical manifolds. Then, we consider almost Norden statistical manifolds and study a basic property
of them. In Section 3, we introduce Kahler-Norden statistical structures. Also, we provide examples
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including these structures. Moreover, we study twin Norden metrics. In Section 4, we present some
properties of statistical curvature tensor of Kdhler-Norden statistical manifolds by Tachibana operators.
Finally, in Section 5, we study Codazzi coupling of the connection of a Norden statistical manifold with the
almost complex structure on the manifold.

Throughout this paper, all manifolds, tensor fields and connections are always assumed to be differen-
tiable of class C*. Also, we denote by SZ(M) the set of all tensor fields of type (p, q) on M.

2. Almost Norden statistical manifolds

An isomorphism | of the tangent bundle TM is defined by smooth sections of the bundle End(TM) such
that it is invertible everywhere. In the special case when J? = —Id, ] is called an almost complex structure.
The manifold M endowed with an almost complex structure | is called an almost complex manifold. Let
(M, ]) be an almost complex manifold. A pseudo-Riemannian metric g of signature (1, 1) is a Norden metric
(B-metric) if

gUX, JY) = —g9(X,Y)

or equivalently g(JX,Y) = g(X,JY) for any X, Y € S(l)(M). In this case, (M, ], g) is called an almost Norden
manifold. Also, an almost Norden manifold (M, ], g) is called a Norden manifold if the almost complex
structure | is integrable i.e., the Nijenhuis tensor field N; vanishes, where

NiIX, Y] =X, JY] = JUX, Y] = JIX, JY] = [X, Y] 1)

for any X, Y € I (M).

Let V be a torsion-free linear connection on M, and g be a pseudo-Riemannian metric. Denote by V the
Levi-Civita connection of g.

Definition 2.1. A pair (V, g) is called a statistical structure on M if the cubic tensor field C = Vg is totally symmetric;
namely the Codazzi equations hold:

Vx)(Y, 2) = (Vy)(X,2), (= (Vz9)(X, Y)) (2)
forany X, Y,Z € 3\(M). Also, the manifold M together with these structures is called a statistical manifold.

In a local coordinate, the cubic tensor field C has the following form

Cijk = gij — T g — F?kgih/ Cijt = Cjix = Cxij, 3)
where J; = % and l";.k are the Christoffel symbols of the Codazzi connection V.

Considering the Levi-Civita connection V of metric g, then the above equation implies

- 1
I =T - Egrkcifk'

where ff] are the connection components of V and given by

~ 1
Ty = Qg’k{3igfk +digii — Ikgij}- @

On a statistical manifold (M, g,V), the g-conjugate connection V* of V is introduced by the following
formula

Xg(Y,2) = g(VxY, Z) + g(Y, VxZ) ©)
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forany X,Y,Z € 3 (1)(M). It can be checked easily that (V*, g) is also a statistical structure and

CXYZ)=(VxpW,2) = -CXY,2).
For the statistical structure (V, g), we set

KxY = VxY - VxY. (6)
It is easy to see that K € J}(M) satisfies the following:

KxY = KyX, 9(KxY, Z) = g(Y,KxZ) )
and

(Vx)(Y, Z) = =29(KxY, Z).

Conversely, considering a pseudo-Riemannian metric g and K € Sé(M) that satisfy (7), it follows that
(V:=V +Kyg)is a statistical structure on M.

Definition 2.2. An almost Norden manifold (M, ], g) equipped with a statistical structure (V, g) will be called an
almost Norden statistical manifold.

In the following we get a relation between V and V*. It is remarkable that this relation is presented by
Teofilova in [21] without proof.

Proposition 2.3. Let (V, g, ]) be an almost Norden statistical structure on M. Then we have
9(V¥))Z, X) = 9(Z, (Vy])X)

forany X, Y, Z € Jy(M).

Proof. Since Yg(JZ, X) = Yg(Z, JX) and the pair (V, g) is a statistical structure, thus (5) implies
g(Vy]Z, X) + 9(JZ, Vi X) = g(VyZ, ]X) + 9(Z, V3] X).

The above equation and
(VyDX = VyJX = JVyX

complete the proof. [J

Let (U x') be a locally coordinate system on (M). Then we have [d; = ]{ djand K;,0; = Kf]ar. So, in locally,
the Norden statistical structure conditions on the manifold M are expressed as follows

sz = F;i, Cijk = Cji,
],UI; ==8,  Jk=-gi -1 =K, ®)
]Z-"am(];) - ]}ﬂam(]?) - 31’(]}")]31 +;(JM5, =0,

where Jj = ];!]rk-

Example 2.4. Let M be a two-dimension manifold endowed with an almost complex structure | and a local coordinate
(x1,x?), such that

B ]1 2
"(é 1%)'
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Since J*(91) = =01 and J*(d») = —d, where 9; = %,i = 1,2, we have

U2+ = -1, P+ =0, o
BUT+) = 0, BP+Lh=-1

Now, we consider possible cases for the above equations
Casel. J5 = -]}
In this case, using the first and the fourth equations of (9), we deduce (J1)* + J?]; = —1.
Case 2. | #+ -]}
In this case, the second and the third equations of (9) imply |2 = J; = 0 and (J})* = (J3)> = —1. But this is not
possible.
Therefore all almost complex structures on M is given by the following matrix presentation:

_[a b 2 _
]—(C —a)’ a“+bc=-1.

0
I 0
M = R? with respect to the standard coordinate system (x1,x,) and its associated vector fields %, %. We consider

(1, 2)-tensor field K = Kﬁj% Qdx ®dxl, i, j,1=1,2 0n R as follows:

Example 2.5. Let | = ( _OI é ) and g = ( ) be a complex structure and a pseudo-Riemannian metric on

1 _ 2 _ 12 _ 1 _ 2 _pl ol 2
Ky =K, =K5 ==Ky =a, Ky =K, =Ky =-Kj; =6,

where a, B are functions on R?. Then K satisfies (7). Also, (2) holds. Hence (V = V+K, g, ]) is a Norden statistical
structure on R?.

The normal distribution manifold has a two-dimensional parameter space which is defined as

1 (x — w)?
M = {p(x, p, 0)lp(x, p, 0) = N expl-——3— # €R,0>0}}
7O

and hence M; may be viewed as a 2-dimensional manifold which has (u, o) as a coordinate system.

Example 2.6. The Fisher metric of the normal distribution manifold M, is the following
1
= 0
(i) = [05 g] : (10)
o2
We set 91 = % and dp = 9%. The non-zero components ’1:5‘] of the connection V on M; are given by
= = 1 = 1 = 1
1"%2 = r;l =--, I = 2% = o
Setting the non-zero components of (1,2)-tensor field K as

1 1 2
K, =K = o Kf, = o5’ K3, = o

we can see that (My,g,V = V + K) is a statistical manifold. But Example 2.4 implies that My with the Fisher
metric g doesn’t admit an almost Norden statistical structure because the condition g(Jd1, Jd1) = —g(d1, d1) implies
a* + 2b* = —1 and this is not possible. Therefore the quadruple (M4,V, g, ]) is never a Norden statistical manifold.



E. Peyghan et al. / Filomat 36:17 (2022), 5691-5706 5695

Example 2.7. Consider the normal distribution manifold My. Let M = My X My be a product manifold with a local
coordinate (o, u, 1, 0). We define a Riemannian metric g on M as follows

L 0 0 0
0% 0 0
2
00 -% ol (11)
00 0 -3

Putting o, = 9%1‘92 = %,83 = a% and dy = %, the set = {8,-};*:1 is a natural basis of TM. Assume K is a (1,2)-tensor

field on M which is symmetric and satisfies in the following

1
1 _ 3 _ w4 _ 4 _ 2 _ 2 _
Klz—K23—K13—K24—_K22—_K44—_5f
1 2
2 _ 2 _ 1 _ 3 _
Ky —_K33—_Ef Ky =-Kj, = o

and other components are zero. On the other hand, non-zero components of the the Levi-Civita V are determined by

=TT s T % 1
1"12—1"21—1"23 —1"32—1"24—1"42—1"22—1“44——5,

2 _ 7 _1
I =-T5= 2%

According to the above equations we conclude that (M, g,V = V + K) is a statistical manifold. Defining the complex
structure | as

Jo1 =03, Jor =04, Jo3=-01, Jds=—-0,,
it follows g(Jd;, Jd;) = —9(d;,d)), i, =1,2,3,4. So (M,V = V+ K, g,]) forms a Norden manifold.

Example 2.8. We consider a statistical model M depending on four parameters &',i = 1,--- 4, i.e., the discrete
probabitily model given by

X X1 X2 X3 X4 X5

P(X = xx) & & & & 1-d-g-0-&

with & € (0,1). The outcomes x;,i = 1,--- ,5 occur with probabilities &',i = 1,2,3,4and 1 — &' — &2 — &3 — &4,
respectively. We describe the metric g on M by

Ftiee  raw 0 0
1 1
I I3 + T 2 0 0
(9ij) = e g 1 1
! 0 0 G | g
0 0 -
1_51_52 ((7'2 1_5]_52
It is easy to see that
—El-1+g) g 0 0
( ,,)—1 _ _5152 _52(_1 + 52) 0 0
gl] - 0 0 El(_l + 51) 5162
0 0 e E(-1+&%)

Also, using (4) and the components gij and (g;j)™", we get

281+ £ +1-8
2811 - & -&2)

- 1 1
I}, = 5911{(91911} + 5912{2(91912 —dogn) = = ag.
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Similarly, we conclude that

Tl _T3 _ Tl _F1 _T3 _T3 _ T _TR2 _T4 _
I3 =T =y, I =Ty =1 =Ty =a, Iy =Ty=1I5=as
Tl _T1 _3 _ ™ _ _T4 _T4 _ ™ T2 _T4 _
L =Ty =0y =a, I =I5=0=0h=a, I =15=I;=as
_ =& B o Gy _ _&=1+&h _ & _ 2148y .
where a> = Figy % = Tmg-o-g) 0 W T m-o-py O T ae-m MM Qs = gy Defining the
non-zero components of the symmetric tensor field K = Kﬁ].a%, ®d&'®dél,i, j,1=1,2,3,40n Mas

1 _ gl _ 3 _ 1 _ gl _ 13 _ 3 _ 2 _ 2 A
K ==Ky =Kz=a1, Kj,=-Ky =K}, =Ky;=m, K5 =-Ky =K, =a3,

1 _ ol _ 3 _ 2 _ 2 _ A _ oA _ 2 _ 2 A
Ky =-Ky=Ky=as, Kj,=-K3 =K}, =Ky =05, Kjj =-K5=Kj; =0

MV =V +K, g) is a statistical manifold. Considering the complex structure | on M as

d d d d d d d d

8_5128_53' ] = ] = 3 J ==

! oe o o = a Jaw = o

One can see g(]a%,]&%) = —g(a%, a%-),for i,j=1,2,3,4, ie., g isa Norden metric. Therefore (M,V = v+ K.g,])
is a Norden manifold.

3. Kihler-Norden statistical manifolds

In this section, we shall introduce Kéhler-Norden statistical structures. Also, we provide examples
including these structures. Moreover, we shall study twin Norden metrics of statistical manifolds.
Now we consider the ®-operator (or Tachibana operator [20]) applied to the Norden metric g:

(©,9)(X,Z1,7Z>) = JX(9(Z1,22)) — Xg(JZ1, Z>) (12)
+9((Lz, DX, Z2) + 9(Z1, (Lz,])X)
forany Zy, 2, € S(l)(M). If (®,9) = 0, which is equivalent v J = 0[13], then the Norden metric is a holomorphic
metric.
Lemma 3.1. Let (M,V, g, ]) be an almost Norden statistical manifold. Then we have the following formulas:
)P, 9)(X, Z1,Z2) = 9(V2, )X, Z2) + 9(X, (V2,))21) — 9(Vx])Z1, Z2),
i) (©,9)(X, Z1, Z2) = g(Vz, )X, Z2) + 9(X, (V,])Z1) — 9(Vx))Z1, Z>),
iid) (,9)(X, Z1, Z2) + (,9)(Z2, 21, X) = 29(V2, )X, Z2)
forany X, Z1, Z, € 3{(M).
Proof. Using [X, Y] = VxY — VyX, firstly, we give the following
(Lz, )X (Lz,JX) = J(Lz,X)
= (V7 JX) - VixZ1 - J(V2, X = VxZy)
(Vz, DX = VixZ1 + JVxZs.

Similarly we get
(Lz,NX = (Vz,)X = VixZs + [VxZ.

By means of the above equations, when we applied the Tachibana operator to the Norden metric g, we get
from (12)

(©,9)(X, Z1,Z2) = (Vixg)(Z1, Z2) = (Vx9)(JZ1, Z2) + 9(V2, )X, Z2) (13)
+9(Z1,(V2,DX) — 9((Vx])Z1, 22).



E. Peyghan et al. / Filomat 36:17 (2022), 5691-5706 5697

Since of being a statistical structure (V, g), the equation (13) transforms into

(©,9)(X, Z1,Z2) = (V2,9)(Z1,]X) = (V2,9)(JZ1, X) — 9((Vx])Z1, Z2) (14)
+9(Z1,(Vz,DX) + 9((Vz, )X, Z>).
We find also
(Vz,9)(Z1,]X) = (Vz,9)(JZ1, X) (15)

+9((Vz,))Z1, X) = 9(Z1, (V2,))X).
Substituting (15) into (14), we obtain
(Q,9)(X, Z1,Z2) = g(V2, )X, Z2) + 9(X, (V2,))Z1) = 9(Vx])Z1, Z2),
which gives (i). Similarly, we conclude (ii) and (iii). [

An almost complex manifold equipped with a holomorphic metric is called a Kdhler-Norden manifold.
With this in hand, we will derive a Kidhler-Norden statistical manifold as an almost Norden statistical
manifold equipped with a holomorphic metric.

Theorem 3.2. An almost Norden statistical manifold (M, V, g, ]) is a Kihler-Norden statistical manifold if V] = 0,
in addition the formula

KxJY = JKxY (16)
holds for any X, Y € 3 (M), where K € 33(M) is given as (6).

Proof. Setting V] = 0 in the part (i) of Proposition 2.3, it immediately follows that (®;g) = 0, ie., the
Norden metric g is a holomorphic metric. Hence, the almost Norden statistical manifold (M,V, g,]) is a
Kéhler-Norden statistical manifold. In addition, the equation (6) with Y — JY becomes

KxJY = Vx]JY = VxJY
= (Vx))Y + JVxY = (Vx])Y — JVxY.

But V] = 0 implies @ g = 0 and consequently V] = 0. So, the above equation reduces to
KxJY = JKxY,
which completes the proof. [

In [9], the second author and his collaborator proved that if V] = 0, then V*] = 0. Hence, we have the
following.

Proposition 3.3. Let g and V be a pseudo-Riemannian metric and a torsion-free linear connection on the manifold M,
respectively. If V* is the g-conjugate connection of V, and | is an almost complex structure on M, then the following
statements are equivalent:

a) (V,g,]) is Kiihler-Norden statistical structure,

b) (V*,g,]) is Kiihler-Norden statistical structure.

Example 3.4. Equip M = R* by the pseudo-Riemannian metric g = Y7, (dx' ® dx™*? + dx'*? ® dx') and the

complex structure ](%) = a;%,i =1,2and J( %) =- ax‘?,z,i = 3,4, where (x1,x2,Xx3,Xx4) is the standard coordinate
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system and {%}?:1 are its associated vector fields. For functions a;,i = 1,---,8 on R*, define (1,2)-tensor field
K=K} 7 ®dd®dx,i,j1=1,2340mR" by

K%l = _K.%s = K?a =y,
K%z = _K§4 = K%l = _K§3 = K?4 = K§3 = K‘113 = a2,
K%s = _Kil = K§3 = as,
KL} = K%3 = K%a = _Ki’z = K§4 = _K; = K§3 =y,
K%z = _KZ4 = K34 = s,
K%z = _KLI = K%z = _K§4 = K§4 = Kﬁ = K%s = Qe,
K§4 = _ng = Kj114 =az,

1 _ 2 _ 12 _ 13 _ w3 _ A _ A _
Ky =Kiy = K55 = -Ky =K, = =K}, = K5, = as,

where Kﬁj = K;i and other components of the tensor K are zero. So K satisfies the conditions in Definition 2.1, and we

get a Kihler-Norden statistical manifold (R*,V = V+K, 7).

Example 3.5. Let M be a manifold with a local coordinate (x1, x2, X3, X4) such that {9; := %}4_ is a natural basis of
TM with the dual {dx'}}_,. We define a pseudo-Riemannian metric g on M as follows

/ (17)

SINSgS
Qp o © o
o o oq
o oque

where C is constant. Assume K = ng(?l Qdx' ® dxl i, j1=1,2,3,41isa (1,2)-tensor field on M. Using (7), we get
Kﬁj = K;i and

1 _ 3 1 _ 3 _npdt pl _ 13 1 _np2 _ 3

Ky = K5, Ky, = K35 = 2K, Kiy = K55, Kjy = 2K55 = K5,
4 1 4 1 2 1 2

K%z = 2Ky, Ky; = 2K5;, Ky, = 2K5, = 2K§4/ Ky, = 2K5;,

1 1 1
1 _ a2 2 _ 3 2 _ 4 _ 3 2 _ 3
K44 - 2K34r Kll - §K14r Klz - K14 - §K24' K14 - §K44'
K%z = K§4r K§4 = Kiu K%z = 2K;111 ng = ZK;Iz'

We define the complex structure J by J(di) = dixz,i = 1,2 and J(d;) = —di—»,i = 3,4. Hence (16) implies
1 _ 1l 1 _ 3 _ 3 _ 11 pl _ 13
Ky = =K55, Ky = K5 = Ky = =K5,, K3 = =Ky,

K%z = K;4 = —K14, K%4 = Kiz; = —ng, K%l = —K§3 = K%y
K%z = _K§4 = K%sf K%a = _Kélll = K§3/ K%4 = K%s = _K;lz = K3

347
2 _ A _ A p2 _ A
Koy = =Ky = Ky, Ky = =K.

1 _pl _ 3
Kiy = K3 = =K3,,

For functions f; = fi(u,0),i=1,---,8 on M, we set

K =f, Ky=f Ks=f Ky =fa,
K%z = fs, K%4 = fo, K%z =fr K§4 = fs.
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Using V5,0; = %,.aj + Kj,0;, we have

1 1
Vj,01 = fier + Efzez — fze3 — §f4€4,

1 1
Vi, 02 = frer + Efsez — fae3 — §f6€4,

1 1
V3,05 = fze1 + §f4€2 + fies + §f2€4,

1 1
V04 = faer + §f662 + foez + §f5€4,

1 1
Vy,02 = fie1 + Efzez — fze3 — §f4€4,

1 1
Vi,05 = frer + §f5€2 — faez — §f6€4,
Va,04 = fee1 + frex + fses + fgea,

1 1
V05 = —fieg — §f2€2 + fzez + §f4€4,

1 1
V5,04 = —fre1 — §f5€2 + fae3 + §f6€4,
Vi,04 = —fse1 — fges + foes + fres.
It is easy to see that V satisfies (2). Therefore (M, V, g, ]) is a Kihler-Norden statistical manifold.

Example 3.6. We consider a 4-dimensional manifold M with a local coordinate (x!, x?, x3, x*) such that {9; = %};‘:1
is a natural basis of tangent space TM with the dual basis {dx'}} . Let (], g) be a Norden-Walker structure on M, that

1s

JO1 =02, ]0r = =01, ]d3 = =04, [04 = 03 (18)
and
0 010
_ |0 o0 01
g=(gi) = 1 0 a ¢/
01 ¢ b
where a = —b,c € R (see, [16, 17]). Considering functions Ay and A, on M, we describe non-zero components of

(1, 2)-tensor field K on M as
K§3 = _K§4 = _Kis = _Ki4 = 4s, Ki; = _K;A = _Kis = _K§3 = As.
From the above equations, (7) holds. Also, setting V;.0; = %iaj + Kj,0;, we have
Cas3 = —2As5, Cs3s = Cag3 = Cuz3 = 246, Cuaas = —2A¢, Caus = Cuz = 24s.

Thus (M, V, g) forms a statistical manifold. Moreover, it easy to see that Kj,]d; = JKy,0;,i =1,2,3,4,50 (V,g,]) isa
Kiihler-Norden statistical structure on M.

Now, we restrict ourselves to the case that g is a Norden metric on an almost complex manifold (M, J).
So we can apply | to obtain a new Norden metric G associated with the Norden metric g of the almost
Norden manifold (M, ], g) defined by

G(X,Y) = g(X,Y)

for any X, Y € J}(M). In this case, the pure tensor field G is called the twin metric of g.
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Proposition 3.7. Let (V,g,]) be a Kihler-Norden statistical structure on M. Then (V,G,]) is a Kihler-Norden
statistical structure on M.

Proof. We assume that the condition (16) holds, and we will show that

(VxG)(Y, Z) = (VYG)(X, 2).
The action of V on a (0, 2)—tensor field G is defined as

(VxG)(Y, Z) = XG(Y, Z) - G(VxY, Z) = G(Y, VxZ), (19)
which gives

(VxG)(Y, Z) = Xg(JY, Z) — g(JVxY, Z) = g(JY, VxZ). (20)
Using (6) and (16) in the above equation, we get

(VXGO)(Y,Z) = (Vxo)(¥, ]2) = g(Kx Y, J2) = g(Y, Kx] 2).
Since (’V\Xg)(Y, JZ) = 0, the last equation and (7) imply

(VxG)(Y, Z) = =29(KxY, ] Z).
We derive, analogously,

(VYG)(X, Z) = =29(KyX, JZ).

Hence, (7) and the last two equations give the result. [J

4. Statistical curvature tensor on Kihler-Norden statistical manifolds

For a torsion-free linear connection V, the curvature tensor RV is defined as
RY(X,Y)Z = VxVyZ - VyVxZ - Vix11Z,

forany X,Y,Z € J é(M). Let (V, g) be a statistical structure on M. We denote the curvature tensor field of V
by RY or R for short, and denote RV by R* in the similar fashion. The following formulas hold

IJRX, Y)Z,W) = —g(R(Y, X)Z, W),
g(R*(Xr Y)Z/ W) = —!](R*(Y/ X)Z/ W)/

We set
SX,V)Z = %{R(X, Y)Z + R*(X,Y)Z} (21)

forany X, Y, Z e J (1)(M) andcallSe J ;(M) the statistical curvature tensor field of (V, g). Weset S(X, Y, Z, W) =
9(5(X,Y)Z, W), then S satisfies

S(Xr Y/Zr W) = _S(Y/ Xr Z/ W)/
SX,Y,Z,W) = =5(X, Y, W, 2),

S(X,Y,Z, W) = S(Z, WX, Y).
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Assume that (M, V, g, ]) is a Kdhler-Norden statistical manifold. Let R denote the curvature tensor field
of (V, g). The condition V] = 0 leads to

JR(X,Y)Z = R(X, Y)]Z.

Also, Proposition 3.3 implies
JR'(X,Y)Z =R"(X, Y)]Z

According to the above equations, one deduce that
JS(X,Y)Z = 5(X,Y)]Z.

Hence, we have

SUX, Y, Z,W) = S(X, ]Y, Z, W),

SX, Y, JZ, W) = 5(X, Y, Z, JW),

i.e., S is pure with respect to X and Y, and also pure with respect to Z and W.
Denote by R the Riemannian curvature tensor of V. It is well known that [12]

S(X,Y,Z,W) = 2R(X, Y, Z, W) — g(KyKxZ — KxKyZ, W).
On the other hand, using (7) and Theorem 3.2, we get
KjxY = KxJY = JKxY.
Using this and the purity of the Riemannian curvature tensor, we obtain
S(X, ], Z,W) = 2R(X, Y, Z, W) — g(KjyKxZ — KxKjyZ, W)
= 2R(X,Y,Z,JW) — g(J(KyKxZ — KxKyZ), W)

= 2R(X, Y, Z,JW) - g(KyKxZ - KxKyZ, JW)
=S(X, Y, Z,JW),

which means that S(X, Y, Z, W) is pure with respect to Y and W. Thus, the statistical curvature tensor S is
pure.

Proposition 4.1. The statistical curvature tensor field S of a Kihler-Norden statistical manifold is pure.

If a torsion-free linear connection V which preserve the almost complex structure | (V] = 0) satisfies the
condition V;xY = JVxY, then V is called a holomorphic connection (p. 185 of [19]) (see also [4, 5, 6, 11, 13]).

As it is known, the Levi-Civita connection V of Kahler-Norden manifold is a holomorphic connection. Then
KixY = VixY - VY,

which gives us
J(KxY = VxY) = VxY

or
JVxY = VjxY.

From ViY = VxY — KxY and V*] = 0, similarly we get JVi Y = VY = V{]JY. Therefore, we have the
following result.
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Corollary 4.2. In a Kihler-Norden statistical manifold (M,V, g, ]), the torsion-free linear connection V and its
g-conjugation V* are holomorphic.

Any tensor field A of arbitrary type which is pure with respect to an complex structure | is holomorphic
if ® A = 0 (fore details, see [15])

Theorem 4.3. In a Kihler-Norden statistical manifold (M, V, g, ]), the statistical curvature tensor field S is holomor-
phic.

Proof. In the proof, we use several times the techniques of [13]. The Tachibana operator applied to the
(0, 4)-tensor field S is as follow [13, 15]:
(@,5)(X,Y,Z, W, T) = JX)(S(Y, Z, W, T)) = X(S(JY, Z, W, T)) + S(Ly )X, Z, W, T)
+S(Y, (L)X, W, T) + S(Y, Z, (Lw )X, T) + S(Y, Z, W, (L)) X).

From (21), it follows

@ XY,ZWT) = %((IX)((R +R)Y,Z,W,T)) - X(R + R)(JY, Z, W, T))

+ R+ R)(LyNX, Z, W, T) + (R + R)(Y, (Lz))X, W, T)
+ R+ R)Y, Z (Lw])X, T) + (R + R)(Y, Z, W, (L1])X))

= (@R Y,Z, W) + @R, Y,Z, W 1)),

On the other hand

(@R(X Y, ZW,T) = (JX)R(Y, Z W, T)) - X(R(JY, Z, W, T))
+ R(VyJX = VixY = JVyX + JVxY, Z, W, T) + R(Y, V2]X = VjxZ — [V X + [VxZ, W, T)
+ R(Y, Z, waX - V,XW - ]VwX + ]vav, T) + R(Y, Z,W, VT]X - ijT - ]VTX + ]VxT).

From V] = 0, the last equation implies

(O,R)X, Y, ZW,T) = (JX)(R(Y, Z, W, T)) - X(R(JY, Z, W, T))
+ R(=VixY + JVxY, Z, W, T) + R(Y, -V;xZ + JVxZ, W, T)
+R(Y, Z,-VixW + JVxW, T) + R(Y, Z, W, -V xT + JVxT).

Since V ( resp. V”) is a holomorphic connection, its curvature tensor field R ( resp. R”) is pure (see [13]).
Hence, from V] = 0, it follows

-X(R(JY,Z, W, T)) + R(JVxY, Z, W, T)

+R(Y, JVxZ, W, T) + R(Y, Z, ]VxW, T) + R(Y, Z, W, JVxT)

= -XRUY, Z W,T) + R(Vx]Y, Z, W, T)

+R(JY, VxZ, W, T) + R(Y, Z, VxW,T) + R(Y, Z, W, VxT)

==(VxR)(JY,Z, W, T)
and
JX)RY,ZW,T)) - R(V)xY, ZW,T) = R(Y, VixZ, W, T)
—R(Y,Z,VixW,T) - R(Y, Z, W, V;xT)
= (VixR)(Y, Z, W, T).
Thus

(@R)(X, Y, ZW,T) = ~(VxR)(JY, Z, W, T) + (VixR)(Y, Z, W, T).
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We get
(VxR)(JY, Z, W, T) = (Vxg)(R(JY, )W, T) + g(VxR)(JY, Z, W), T).
The last two equations, yield
(@R)X, Y, Z, W, T) = =(Vxg)(R(JY, Z)W,T) = g(VxR)(JY, Z, W), T) (22)
+ (Vixg)R(Y, Z)W, T) + g((VixR)(Y, Z, W), T).
Since V] = 0 and using the Bianchi’s 2nd identity, we conclude

—g(VxR)(JY, Z, W), T) + g((V)xR)(Y, Z, W), T) = —g(J(VxR)(Y, Z, W), T)
—g9((VYR)(Z, JX, W), T) = g(VzR)(JX, Y, W), T)

Also, since (V, g) is a statistical structure, we obtain
(Vx9)RJY, 2)W,T) = (Vixg)(R(Y, Z)W, T).
Setting two lastequationsin (22), we deduce (®,R)(X, Y, Z, W, T) = 0. In the same way, we get (O, R*)(X, Y, Z, W, T) =
0. Therefore, we have the assertion. [
5. Codazzi Coupling

In this section, we consider a Norden statistical manifold (M, V, g, ]) and study Codazzi coupling of the
connection V with the almost complex structure J. Also, we conclude that the connection V is Codazzi

coupled with the twin metric G if and only if V reduces to the Levi-Civita connection VorJis parallel under
V.

Definition 5.1. Let (V, g,]) be a Norden statistical structure on the manifold M. The almost complex structure |
and V is called Codazzi coupled if we have

(Vx)Y = (Vy))X,
forany X, Y € 3H(M).

Lemma 5.2. In a Norden statistical manifold (M, V, g, ]), if (16) holds, then the Tachibana operator to the Norden
metric g satisfies the following identity

(@,9)(X,Y,Z) = (P,9)(Z,Y, X) (23)
if and only if
(VxDY = (VyX (24)

forany X, Y € Jy(M).
Proof. 1f (23) holds, then using (6), we have
(Vx)Y = Vx]Y = JVxY = Vx]Y = JVxY + KxJY = JKxY = (Vx))Y + KxJY = JKxY.

Setting the above equation in the part (i) of Lemma 3.1, we have

(@,9)(X, Y, Z) =g(VvDX, Z) + 9(X, (V2])Y) - 9(Vx])Y, Z)
+g(KyJX = JKyX, Z) + g(X, Kz]Y — JKzY) — g(Kx]Y — JKxY, Z),
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which using (16) gives

(@,9)(X, Y, Z) =g(VvDX, Z) + 9(X, (V2])Y) - g(Vx])Y, Z).

Similarly, it follows
(@,9)(Z,Y,X) =g(VWN)Z, X) + 9(Z,(Vx)Y) = g(V2])Y, X).

As g(Vy))Z, X) = g(Vy))X, Z), the last two equations imply g(Vx))Y, Z) = g(Vy])X, Z). So, we deduce
(VxDY = (Vy)X.

Applying KxJY = KyJX in the above equation, we obtain (Vx])Y = (Vy])X. In the similar way, we can prove
the converse of the Lemma. [

Example 5.3. Considering the Norden statistical manifold (M,V, g, ]) in Example 2.7, we obtain
(Va)dj =0= (Vo )di, i,j=1,23,4,

except
1 2 1
(Vo, Do = —594, (Vo, o2 = —534, (Vo,))d5 = —582 = (Vg, o1,

(Vo)ds =205 (Va)ids=20s  (Va))ds = ~20 = (Va, .

Thus the pair (V, ]) is Codazzi coupled. On the other hand, it follows
(©,9)0,9),9r) =0, 1,j=1,23,4,

unless

2 4 2 4
((D/g)(&Zr &1/ 83) = _51 (q)/g)(&Zr a2/ 84) = _;/ (CD/g)(&Zr a3/ (91) = _;/ (CD/g)(&Zr &41 (92) = _3/

2 4 2 4
(©,9)(03,01,01) = =, (®,9)(01,02,02) = =, (®,9)(94,93,0) = ==, (©,9)(94,04,04) = ——.

So Lemma 5.2 doesn’t hold. But considering o = constant and defining a new (1, 2)-tensor field K on M such that

K}, = K3, = K3, = =K}, and other components of the tensor K are zero, we conclude that (M,V = V+Kg,])isa

Norden manifold. It is easy to see that Ky,]0; = K3.]0; and (®,9)(d;, dj, k) = 0,1, j = 1,2,3,4. Therefore Lemma 5.2
holds.

Now, considering a Norden statistical manifold (M, V, g, J), we study Codazzi coupling of V with the
twin metric G. In order we present the following theorem:

Theorem 5.4. Let (M, V, g, ]) be a Norden statistical manifold. Then we have

(VxG)(Y, Z) = (VYG)(X, Z) =g((V,] = Vz])Y, X) + g(Vx))Y = (V¥])X, Z) (25)
forany X,Y,Z € 3y(M).
Proof. Applying (19) and (20), we can write

(VxG)(Y, Z) = (Vxg9)(JY, Z) + 9(Vx))Y, Z) = C(X, ]Y, Z) + g(Vx])Y, Z). (26)
Similarly, we have

WG)(X,Z2) = CUX Y, Z) + g(VY])X, Z). (27)
On the other hand, we obtain

CX,JY,Z) - C(JX, Y, Z) = g((VZ] = Vz])Y, X). (28)

From (26)-(28), we conclude (5.5). O
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Corollary 5.5. Let (M,V, g,]) be a Norden statistical manifold. If the pair (V, ]) is Codazzi coupled, then

(VxG)(Y, 2) = (VyG)(X, Z) =9((V] = Vz))Y, X)
forany X,Y,Z € 3\ (M).
Corollary 5.6. In a Norden statistical manifold (M, V, g, ]), the condition Codazzi coupling of V with G, i.e.,

(VxG)(Y, Z) = (VyG)(X, Z) (29)
is equivalent to

(Vx)Y = (Vy))X (30)

forany X,Y,Z € 3\(M), if and only if one of the followzig assertion holds:

i)V =V",ie., V reduces to the Levi-Civita connection V.
ii) | is parallel under V, i.e., V] = 0.

Example 5.7. The twin metric G of g in Example 5.3 is determined by

0o 0 -% o0

o o o0 -3
CD=1_1 0 o 0
-Z 0 0

On the other hand, it follows that (V4,G)(d},dk) — (V5,G)(di,d) = 0 = g((ng ] =Va)d;, ) fori, jk =1,2,3,4,
except

(5,6)04,20) = (Va, 0001, ) = 2 = (5] = Vi, D, 1),

(5,)(33,20) = (Va,0)02, 1) = 2 = (5] = Vi s, ),

(5,)04,22) = (Va, )02, ) = = = (3] ~ V. D, 2),

(V3,6)@2,35) = (Vo,0)01, 99 = == = (V3] = Vo, )22, ),

(V3,6)04,33) = (V5,6)(03,35) = == = (V3. = V2, ])94,93).
So Corollary 5.5 holds.

Example 5.8. We consider the Norden statistical structure (V, g, ]) in Example 3.6. According to (18), we obtain
(Vo )d; =0,i,j=1,2,3,4, ie., the pair structure (V, ]) is Codazzi coupling. The twin metric G of the Norden-Walker
metric g is given by

0 0 0 1
0O 0 -1 0
G= (Gif) 10 -1 — a
1 0 a ¢

As (V5,G)(d),dk) =0 = (VajG)(&, ok), 1,5,k =1,2,3,4, except for

(V9,G)(03,03) = =2A3,  (V5,G)(d4,d3) = —=2A;1 = (V5,G)(d3,03),
(V3,G)(d4,04) = 2A1,  (Vy,G)(d4,d4) = 2A3 = (V;,G)(d3,04),

it follows that G is Codazzi Coupled with V. Hence Corollary 5.6 holds.
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We can define in analogous to g-conjugation of a connection, for any connection V, the G-conjugate connec-
tion V' by setting

XG(Y,2) = G(VxY, Z) + G(Y, VZ)

for any X,Y,Z € 3(M). 1t is easy to see that V' is a connection, and (V)" = V. Since the metric G is
symmetric, the above equation can be written as

XG(Y, Z) = G(VLY, Z) + G(Y, VxZ).
Using the definition of VG, we have
(VxG)(Y, Z) = G(VY ~ VxY, 2),
and since (V) = V it follows that
(VxG)(Y, Z) = ~(ViG)(Y, 2).
According to the above discussions we have the following proposition:

Proposition 5.9. In a Norden statistical manifold (M, V, g, ]), the following statements are equivalent:
i) VG =0,
i) V.=V
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