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Abstract. Let &7 and % be C*-algebras, and let § be a derivation on the tensor product & ® % endowed
with a uniform cross norm. In this paper, we present a decomposition for 6 as 6 = A®id + id ® V, where
id stands for the identity operator and A and V are derivations on & and %, respectively. Moreover, the
concept of flow on the tensor product of C*-algebras and some properties of tensor sum are investigated.

1. Introduction and Preliminaries

Let H and K be two Hilbert spaces as state spaces, which are correspond to isolated physical systems
S¢ and Sg, respectively. Then, if we consider the set of these two systems to form one physical system S,
then the state space of the global system S is H ® K. Also there is a unique inner product (-, -) on algebraic
tensor product H ® K such that (x® y,x’ ® y’') = (x,x'Xy,y’) for all x,x" € H and all y, ' € K. The norm
in H ® K defined by the inner product is certainly a cross norm, i.e. ||x ® y|| = ||x[llly|l. In this paper we use
H ® K for the Hilbert space tensor product of H and K. Moreover, if o7 and # are two C*-algebra, then we
denote the spatial tensor product of o7 and % by o/ ® 2. It is known that if A and V are some observables
(self-adjoint operators) acting on H and %K, respectively, then the tensor product A ® V is an observable in
H®K, whichis equal to (A®id)(id®V), where id’s stand for the identity operators in H and K, respectively;
see [7, Section 6.3]. In particular, if A and V are two angular momentum operators, generators of rotations
in different spaces, then the total angular momentum 6, the infinitesimal generator of rotation, is now mad
up two parts, namely, 6 = A®id +id®V; see [13]. In this paper, we establish such operators and investigate
some of its significant properties, and usually called the tensor sum. For more information about the tensor
sum, the interested reader is referred to [6, 12, 15].

The concept of the infinitesimal generator of two-parameter semigroups (flow) has been presented by
Hille and Phillips [10], Trotter [14], Abdelaziz [1]. It turns out that the definition given by Trotter and
Abdelaziz is the definition of an infinitesimal generator for a section of the semigroup. The definition of
infinitesimal generator of two-parameter semigroups gave by Arora [2]. Moreover, a generalization of the
above definitions was given by Sarif and Khalil [4].

Let &7 be a C*-algebra and G be a locally compact topological group, and let Aut(%”) be the group of
automorphisms on &7. A strongly continuous group homomorphism a : G — Aut(%) is called a G-flow
over o/. If a is a G-flow over the C*-algebra 7, t € G and x € <7, then we simply denote a(t)x and a(t) by
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a(x) and ay, respectively. To simplify an R-flow is called a flow, whenever R is the set of real numbers.
Moreover, the infinitesimal generator of o, denoted by 0,, is defined by 0, := 1tin(} il

. One can easily prove

i
is called a core for 0, if E is dense in D(6,) under the graph norm |x|s = [|x|| + ||04(x)I|. Further information
about the generator and properties involving the flow can be found in [5, 9, 11].

In this paper, we give a new finder method of the infinitesimal generator for two parameter semigroups as
flow. Section 2 is devoted to establish the concept of flow on the tensor product of C*-algebras. We show
that if @ = {a}iec and B = {Bs}sen are two families of operators on the C*-algebras <7, %, respectively, then
a® fis aflow on & ® # if and only if «, § are two flows on <7, %, respectively. The purpose of Section 3
is to study the concepts of tensor sum and the infinitesimal generator on the tensor product of C*-algebras.
We show that if <7, % are C*-algebras, {a; ® Bs} is a flow over &7 ® % and 6 is the infinitesimal generator for
a® B, then

that 0, is a derivation from D(d,) into <7, where D(0,) = {x € & : ltin(} 2T oyist }. A subspace E of D(0,)

0(z) = div(a; ® id, id ® z),

@) = divie B, 0@

for all z € o ® . Moreover, if @, p are some flows for the C*-algebras </, & res., then it is shown that
Oagp = O ®1d + id ® 5. Among the other results of this section, we show that the infinitesimal generator of
a flow a® f is closed and the domain of a tensor sum is its core. Furthermore, some properties of the tensor
sum in the finite-dimensional case are established.

2. Tensor Product of Flows

In this section, we investigate the concept of flow on the tensor product of C*-algebras. According to
the universal property of the tensor product, for every pair of operators a on a C*-algebra %/ and f on a
C*-algebras 4, there exists a unique operator @ ®  on &7 ® % such that a ® f(x ® y) = a(x) ® B(y); see [8].

Let o7, # be C*-algebras, and let G, H be locally compact topological groups with identity elements e,
ey, respectively. If @ = {at}ec, B = {Bs)sen are families of operators on <7, %, respectively, then the family
{a: ® Bs) is called tensor product (G, H)-flow on &« ® %, when a,, ® B, = idyez and a ® f = {a: ® Bshts)ecxH
is a family of group homomorphisms from G X H into Aut(«/ ® %) such that the map (t,s) — (a; ® f;)z is
continuous for each z € &/ ® #. By a *-flow we mean that every a; ® s isa +-map forallt € Gand all s € H.

Lemma 2.1. Let &7, % be C*-algebras, and let G, H be two groups. If {at}ec, {Bslsen are families of operators on <7,
B, then the following conditions are equivalent:

(i) {attec({Bs)sen) is a G-flow (H-flow) on o7 ().
(ii) {ar ® id}iec ({id ® Bs)sen) is a G-flow (H-flow) on &7 ® A.

Proof. ((i) = (ii)) Let @ be a G-flow on </, and let x € 7. Then we have a,, ® id = id ® id and ay, ® id =
aray, ®id = (o ® id)(ar, ® id). Moreover, for any non-zero x ® y € & ® % we assert that

ll(a: @ id)(x ® y) — x @ Yll = [l (x) — xlll|yll. 1)

Therefore, the strong continuity of a; ® id follows from (1) and the strong continuity of a;.
((ii) = (i)) Suppose that a; ® id is a G-flow on &/ ® %, and x € «/. Using (1), we conclude the strong
continuity of a;. Moreover, for any non-zero element y € 4 it holds that

llveu (x) — (), (MYl = (aw ® id — vy @ id)(x @ y)ll = 0.

Since y is a non-zero element in %, we get ay, = ;. Similarly, we see that § is a H-flow on & if and only
ifid®p,sois. [

Lemma 2.2. Let o/, % be C*-algebras and {ai}ier, {Bs}ser be two families of operators on o/ and 2, respectively.
Then {a; ® s} ser is strongly continuous if and only if (o} and {Bs) are strongly continuous.
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Proof. Suppose that {a;} and {fs} are strongly continuous on 7, %, respectively. We shall show that
(t,5) — (a; ® Bs)z is continuous for all z in &7 ® Z. Since the algebraic product on &/ ® % is continuous, we
have

(t,s%gr(})’o) a; ® Ps(z) = ltl_r)r(} (0 ®id)z EI_I)I(} (id ® Bs)z = (id ® id)z.

It follows that n(}) 0 llor ® Bs(z) — zl|| = 0. The converse immediately follows from Lemma 2.1. O

li
(t,s)—

Let @ = {at}ec, B = {Bslseu be families of operators on C*-algebras o7, %, respectively. Then it is easy to
check that a ® § is a flow on & ® 4 if and only if o and § are two flows on &/ and %, respectively. Indeed, If
Yy, ¥ @y arein o ® B, thena@B[(x @ y)(¥' @ y')] = a(xx’) ® B(yy’) = (a(x) @ B(y))(a(x’) ® B(y’)). Hence,
a ® f is group homomorphism if and only if a,  are. The remainder of the proof is analogous to that of
Lemmas 2.1 and 2.2.

Furthermore, if @ ® § is a tensor product *-flow on o/ ® %, then |[a ® f|| = 1. Indeed, Letz € &7 ® #. If z
is a self-adjoint element, then sp(a ® (z)) C sp(z) and ||(a ® B)zll < ||zll so |l ® Bl < 1. If z is arbitrary, then

@ ® )zl = li(a ® p)z((a @ Pz)'ll = li(a ® Pz(a @ )zl

= [l ® B)zz’|| < llzz’|| = |IzI.
Hence, |l ® B|| < 1. Moreover,
1=lidl=lla®B)a®p) I <lla@Blll@®p)I < lla® .

Consequently, |la ® Bl = 1.

3. main result

In this section, we discuss about our main theorem and to this end we get the following theorem.

Theorem 3.1. Let o7, % be C*-algebras, and let a ® B = {a; ® Bs} be a flow on o7 ® AB. If 6 is the infinitesimal
generator for a ® f, then

at®,85—id®id

im ” —div(a; ®1id, id ®
(£9)-(0,0) It s)ll (@ pe)

=0. (2)

Proof. We can write

Hm®5f4d®u—mnmmwmmm¢M®m)

o J ) Jd .
= o © e — i @ id = e, )15 © ) = 8, )| 5= id @ )
(id@ﬁs—id@aid)
S

o NOBIACEYS

(at®id—id®id

)www%@®w”

Now, divide both sides by ||(¢, s)I|, we get

0 ®ps —id®id
It sl

i ® B —id®id
~ div(a ®id, id ® Bs) Mop —idei

ad .
- ;(zd@ﬁs)

Is| .
4Mmmmwﬂ

+H|t| q®id—id®id
lIcE, sl t

If we take the limit on both sides (3.2) as (t,s) — (0, 0), we obtain (2). O

- Sasid). (32)
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Corollary 3.2. Let o7, % be C*-algebras, and let {a; ® Bs} be a flow on o7 ® AB. If b is the infinitesimal generator for
a®p, then

0(z) = div(a; ® id, id ® ;) (19-00) (2),

forallz € o ® A.
Corollary 3.3. If 0 is the infinitesimal generator of the flow a; ® s over the C*-algebra o/ ® 98, then 6 is a derivation

from subalgebra D(0) into o7 ® 9B, where D(0) is the set of all elements in of ® 9B such that a; ® Bs is differentiable
at origin.

Proof. The linearly and Leibniz properties directly follows from Corollary 3.2. [J

Theorem 3.4. If a, B are some flows for the C*-algebras o7, & res., then Oagp = 00 ® id + id ® Op.

Proof. LetE ={a € o : ltin&w exists}and F = (b € % : lin(}ﬁsafsj exists}. Define 6, : E — & by
— s—
04(a) = ltin(} w and 0 : F — Z by 64(b) = lin(} w Since 0,@p is infinitesimal generator of the flow
— s

a®p, we get

Sasp(a®b) = div(e ®id,id ® ﬁ)‘“ 0 @®D)

0 . a .
- S@e zd‘tzo(a ®b)+ S (| (@0b)

_ ,n(}at®id(a®b)—tao®id(a®b) lim id ® ps(a ®b) — id ® Bo(a ® b)
t— 5 S

ﬁS(bsLb = 0u(@ @b +a8 5y (b).

—a
—— Qb+a®lim
t s—0

+00 +oo

Example 3.5. Let &/ = {f :D—C, f(z) = anz”,llfll2 = Z Ipal* < +oo}, where 1D is an open disc in the
n=0 n=0

complex plan. Define oy : o/ — </, given by

a(f)= Y pud+m o, (t>0),
n=0

such that w,(z) = 2", for every z € C. One can show that o is a flow. Moreover, if 0, is the infinitesimal generator of
o, we can write

+00 +00

Z pn(l+ ”)7twn - Z Pn@wn

a(f) - f - lim n=0 n=0
t

t—0

0a(f) = }1_1;%

t
+00 1 +00 1
—1: —t —
_%1_1)1(};;7”(1+n) ln1+nwn_;pnlnl+nwn.
+00 +00 +o00 +00 +00 n
Let f = Z pnwy and g = Z GnWy. Then we have f® g = (Z inn)(z JnWy) = Z raw,, where r, = Z Pin—k-
n=0 n=0 n=0 n=0 n=0 k=0

Consider another flow Bs on o with associated infinitesimal generator 6. Then (0, ® id + id ® Op)(f ® g) =
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+00
1 e e
Z raIn (1+—)2a)n. On the other hand, if 6 is the infinitesimal generator of a; ® P, then
n
n=0
busp(f @ 9) = divie @ id,id o) (feg)
a +00 a +00
=[atzrn(l+n) wp + (9 27'11(1+”) Wy |(ts) 0,0)
n=0

_Zrnln cu,,+Zrn ; (1+n)2
This show that daep = Oa ® id + id ® Op.

We use the symbol 6(a; ® s) to mean that 6(a; ® s) = div(a; ® id,id ® ;). Corollary 3.2 implies that
Ot ® Bs)l0,0) = Oacp-

Proposition 3.6. Let a ® B be the infinitesimal generator of a derivation over the C*-algebra o/ ® 98. Then there
exist derivations 6, on </ and 6z on % such that

6((Xt ® ﬁs) = (xtéa ®id +id® 6[3ﬁ5

Proof. Using Theorem 3.4 there exist derivations 0, 0 given by 6, = hm @i gnd 0p = hrn . ¢, Now, we see that

50 ® Bs) = divie @ id, id ® Bs) = %(m ®id) + %(id@ B
—id —id
:at(limap : )®id+id®(' P! )ﬁs
0 p q—0 q

p—>

= 10, ® id + id ® Opfs.
|
Similarly, we can prove 6(a ® ) = 6, ® id + id ® 0.
Corollary 3.7. Let 0 be infinitesimal generator of the flow a ® f over the C*-algebra of ® 9. Then

£ S
6(f f a, ® By dqdp) = s(a; — id) ® id + id ® (Bs — id)t.
0 Jo

Proof. It follows form The Fubini’s theorem that

t S t S
0 (f f @y ® B, dq dp) = f f (6o, ®1d +id ® By0p) dq dp
0o Jo o Jo

t S
=sf6aa,,®id dp+tfid®ﬁq5,g dgq
0 0
=s(; ®@id —id ®id) + t(id ® fs — id ® id)
=s(a; —id) ® id + id ® (Bs — id)t.
0

Let 0 : A — B be a linear operator between two Banach spaces A and B over the same field of scalars. If
G(0) is the graph of 6, the set of all pairs (4, b) such that b = 6(a), then 0 is closed if and only if G() is a closed

subset of the Cartesian product space A X B. Moreover, the term fot j: ap ® B, dq dp is usually denoted by
®;; and the term s(a; — id) ® id + id ® (Bs — id)t is denoted by W; ;. With these notations, we have 0®;; = W;.
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Proposition 3.8. If 6 is infinitesimal generator of flow a ® f, then 6 is closed.

Proof. We show that G(0) is a closed set. Let z € D(0). If {z,} € D(0), z» — z and 6(z,) — w implies
z € D(0) and 6(z) = w. To this end,

0(z) = div((a; ® id)z, (id ® p )Z)’(t $)=(0,0)

= lim di d, id ) = lim 8(z,) = w.
Lim iv(ay ®id, id ® ) (t,s):(O,O)Zn lim (zn) =w

0
A subspace S of &7 ® % is said to be a®p-invariant if (a®p)S C S. Itis easy to check that if 5, is infinitesimal

generator, then D(0) is @ ® p-invariant. Moreover, an elaboration of the above arguments shows that if ®;

as in the above, then ( %1% ) %(Dt,s = id ® id. Furthermore, if 6 is a derivation on the C*-algebra </ ® %, then
t,5)—(0,

continuity of 6 immediately implies that . %i% ) 1w, =06.
S$)—=,

Theorem 3.9. Let 6 be the infinitesimal generator of a®f over o ® %, and let E be an a® p-invariant dense subspace
of o ® #. Then E is a core for O.

Proof. Letz € D(5) so that z € DIHI. Hence, there is a sequence z, in D such that

|(zn) = P(2)ls = [|P(z0) = PRI + [[0D(2,) = 6D(2)|
= 1Pz, — 2| + W (z0) = PII-

Since {®(z,)} is a sequence in D, the limit of {®(z,)} is in D. Moreover,

_>0’

1
—d(z) —
‘ ” (z)—z

1
= |2 d(z) -
s Hts @ -z

+ H%é@(z) —-0(z2)

which implies that z € Do, [
Corollary 3.10. The domain of a tensor sum is its core.

Proof. It immediately follows from the fact that the domain of a tensor sum is invariant under its flow and
it is a dense subspace. [J

3.1. More on the properties of Tensor Sum

Definition 3.11. An operator 6 on the tensor product of C*-algebras </ ® 4 is called tensor summable if there exist
two operators A, V over </ and 9B, respectively, such that 6 = A ® id + id ® V and we write 6 = A 8 V. Moreover,
the tensor difference of A and V, denoted by A8V, is defined by ABV := A®id —id® V.

Basic operations with tensor sum of operators are summarized as follow. If the notation [F will mean that
is the set of all scalars, and the set of all operators on </ is denoted by Ope(</), then for every o, € F,
A1, Ay € OPE(JZ{) and Vi1,V5 € OPE(@),

(@) ap(B~tA; B Via™t) = aA; B V18 where a,  are non-zero,

(b)A1E§V1+A25§V2 =A1BV,+A, BV,

() a(Ar B V1) = aA; B Vf,

dABA =MBid+idBA —idBid,

(e) Ay BV = Ay ®V; if and only if A; ® id is a quasi-inverse of id ® V1,

(6 lA1 8 V1]l = ||Aql[IV1]] if and only if Ay ® id is a quasi-inverse of id ® Ay,

(g) If A # Aid for every non zero scalar A € F, then AmV # 0,

(h) —(ArBVy) =-ArB-Vy,

k) (AmVY(ABV)=A28V?, (1) If A, V are *-derivations, then A 8V is a *-derivation on .« ® %. A similar
definition enjoying properties (a)-(l) as above can be stated for the Hilbert space tensor products in the
setting of Hilber spaces.
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Proposition 3.12. Let <7, % be unital Banach algebras, and let A,V be invertible elements of o7/ and 28, respectively.
IfIIA® V|| < 1, then ABV is invertible.

Proof. Invertibility of A implies that A ® id is invertible. Moreover, we can write
[Aeid e V)| =|a"eidideV)|=|a"eV|=lAae V<1
It follows that 1 — (A ® id)~(id ® V) is invertible. An easy computation shows that
A®id)(1-(A®id) ideV) (AaV)=id®id,
which follows that A 8V is left invertible. Similarly we see that A BV is right invertible. O

So far we have discussed the tensor sum of the operators honest in Leibniz’s property on C*-algebras.
Finally, we discuss the properties of tensor sum of operators on Hilbert spaces. Recall that if A is an operator
on a Hilbert space (H,(:,)), and E is an orthonormal basis for H, then the trace class norm is defined by
Al = Y A2 (x)I[. Also, A is a trace-class operator if ||All; < +oo. The trace of a trace-class operator A is

€E
defined by tr(A) = ¥ (A(x), x).
x€E

Theorem 3.13. Let A and V be trace-class operators on Hilbert spaces H and K, respectively. Then tr(A@V) =
tr(A) + tr(V).

Proof. LetE, F be orthonormal basis for Hilbert spaces H and K, respectively. Then theset {x®y : x € E, y € F}
is an orthonormal basis for H ® K,
HABY) = A ®id +id®V) = tr(A®id) + trid ® V)

=Y (Aeidxey),xey) + Y (deV oY)y ey)

x€E x'€eE
yeF y'€F

= Y Aoy + Y & NVY Y
xeE x'€E
yeF y'eF

= Z(Ax,x) n Z(Vy’, Y'Y = tr(A) + tr(V).
xeE y'€F

O

3.2. Finite dimensional case

Let A and B be finite dimensional vector spaces over a field [F, and let {a; : 1 < i < n} be a basis
of Aand {b;j :1 < i < m}beabasisof B. Fori =1,..,nand j=1,..mseta®b; = aib}. Then
{a;®b; :1<i<mn 1< j<m}isabasis for the some vector space which is denoted by A ® B, the
dimension of A ® B is the product of the dimensions of its factors. Suppose that A and V are operators on A4,
B, respectively. Since {a;®b; : 1 <i<n, 1< j<m}form abasis for A® B so there exists a unique operator
A®VonA®Bwith A®V(a; ®b;) = Ala;) ® V(bj). Secondly, A® V also satisfies A® V(a ® b) = A(a) ® V(D).
Now consider two linear transformations A : A — A" and V : B — B’ where A, A, B and B’ are finite
dimensional vector spaces and let [A;j]ux, and [V;j]px; be matrices of linear transformations A and V,
respectively. Then the Kronecker product of A and V is defined as the block matrix [A;;V]ypxng and it is
denoted by A ® V again. See also [3]. Let m, n be two natural numbers. Then the discrete interval of m, n is
denoted by < m,n > and define as the set {m, m + 1, ..., n}. The set H,,, is defined to be the set

(<l,n><n+1,2n>,.,<m-n+1,m>,..,

<sn—-n+l,sn>,.,<mn—-n+1,mn>}.

If (A ® I);; is the entry in row i and column j of the matrix A ® I of order m, then (A ® I);; = A;s0p;, Where
ie<rm-n+1,rm > je<sn—n+1,sn >, and o, denotes the so called Kronecker delta with p,q € Z,.
(Note that Z, is called the additive group of integers modulo #, the set of equivalence classes of Z under
congruence modulo 7.) Since the class of zero is equals to the class of n so we may assume that (1,2, ..., 7 }.
Similarly, (I, ® V);j = 615V .
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Theorem 3.14. Let D be a matrix of order k. If there exist natural numbers m, n > 2 such that k = mn, and D is
partitioned as m? blocks of blocks of order n with this property that each block-diagonal are diagonal adaptable and
others blocks of D has the form cl,, for some entry c of D. Then there are matrices A, V of order m, n, respectively,
such that D = A@ V.

Proof. The proof is somewhat numerically but straightforward. Consider two matrices A and V of order m,
n, respectively. The matrix A®1, + I, ®V contains m? + n? unknown entries, and each its entry has the form
ArsOpg + 01sVpg, where 1, s are in the members of H,,, and p, g € Z, see the previous argument. The equality
D = A®YV is obtained if we take D;; = A;s6p; + 0,sVpy, where 1 < i,j < mn. If i # j and Dj; lies entirely in
one of the diagonal blocks of D then i,j €< rn—n+1,rn > for some rand i € p, j € § so p # 4. Hence,
Djj = V), for n? — n unknown entries of V. But if D;; is outside of the diagonal blocks then Dj; lies in a block
of the form cI,, for some entry c of D. Thereforei e<rm—-n+1,rm>,je<sn—n+1,sn >and r # s so that
Djj = A6y, in case Dj; = c we have 0, = 1, then D;; = A for m? — m unknown entries of A, only then solve
the linear system contains m? + n?> — (m? — m) — (n?> — n) unknown and mn first order linear equation. Since
m + n < mn for every natural number opposite of one then it has a solution. [

Example 3.15. Let

O == O
—_ o O W
— O ON
S W ihN O

Then Hyp = {< 1,2 >,< 3,4 >} and Z, = {1,2}. Consider Doy = AysOpg + 6,sVpgsot,s =1,2€2,and 1 € 1.

Hence, Ay = 1. Continuing this fashion we obtain A = ((1) 3) and V = ((1) g) ThenD = AL, + 1, ®V, where I,

denotes the identity matrix of order two.
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