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Compactness Criteria and Spectra of Some Infinite Lower Triangular
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Abstract. In this paper, a study is made on two well-known operator matrices; the Rhaly operator R,
and the generalized difference operator A,. Firstly, some compactness results for the operators R, and A,
whose purpose is to help in describing their spectra, are derived. Next, general results on investigating
the spectra of such operators on a large class of Banach sequence spaces are established. These results give

a complete description of the spectra. The obtained results unify, extend and improve many comparable
results in the existing literature.

1. Introduction

We denote by £, c and cy the classical Banach spaces of all bounded, convergent and null sequences,
respectively. Further, let £/ (1 < p < o0) denote the Banach space of absolutely p—summable sequences with

the {/-norm. By bs we denote the Banach space of all sequences x = (xx) = (xx);-,, for which (ZZ:O xk) is
bounded with the usual norm

i |
Xk -
Zk:O k

The spacecs = {x = () = () Yo Xk converges} is a Banach space with the bs—norm. Also, we consider
the Banach space bv of all sequences x = (xx) = (x¢);2,, of bounded variation with the norm

[1xX[los = sup,

(o)
Il = Mmoo el + bl + Y " b = el

The bvg denotes bvy = bv N ¢p; a Banach space with the bv—norm. The Banach space h of all null sequences
x = (xx) = (Xk)4op, for which the following norm

bl = )", G+ 1) i =

is finite, is called Hahn sequence space; cf. [32].
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For a fixed sequence (a;) of real numbers, the Rhaly operator R, is defined on a Banach sequence space

uby
k (oY)
Rpx := (ak ano xn)k_o s x= () = (M € (1)

The operator R, is represented by an infinite lower triangular matrix with constant row-segments. For the
particular choice of (ax) = (1/ (k + 1)),, we obtain the well-known classical Cesaro operator C;. A question
that has been of recent interest (Brown, Halmos and Shields [12]) is: can one obtain the spectrum and its
subdivision of the Cesaro matrix as operator on certain sequence space? Brown, Halmos and Shields started
the investigation of such problems in their paper [12], where they investigated and solved the problem in
the case of the Cesaro matrix C; as an operator on the Hilbert space ¢>. More papers by different authors
were devoted to the spectral problem of C; on the Banach spaces c [25], ¢ [25, 33], P (1 < p < o0) [15, 25],
¢ [25, 31], bvg [28], bv [29], the Bachelis space NP (1 < p < o) [16] and the weighted ¢P (1 < p < o) spaces
[5, 6]. Motivated by the paper [12], in [35], Rhoades started to consider the spectral problems associated
with certain classes of Hausdorff matrices.

The Rhaly operator R,, as a generalization of the Cesaro operator C;, and its boundedness and compact-
ness on classical sequence spaces have been investigated deeply in [26]. Further results on the boundedness,
the compactness and the spectra of R, acting on the Banach spaces cq [46, 48], ¢ [46, 52], £P (1 < p < o0) [47],
bvg [50, 51] and bv [49, 51] have been investigated in both compact and noncompact cases of the operator
R,. In [27], a generalization of the Rhaly matrix as operator on H* Hardy spaces has been given, where its
spectrum was calculated.

The spectra of the Rhaly operator R, are quite similar to those of the generalized difference operator A,
which is defined on a Banach sequence space u by

Appx = (@eXx + boaxim1)ieg, X =) = W)eo €4, bor=x1=0, 2)

for fixed sequences (a;) and (by) of real numbers [1]. The spectra of the generalized difference operator A,
in various Banach sequence spaces, have attracted a lot of attention. For example, we mention the works
in (' [3,21,41,42], P (1 < p < ) [4,11],¢[1, 2, 7], co [7, 19], bvy [20], h [20] and cs [18, 37].

This paper appeals for a more in-depth investigation of the boundedness and compactness of the
operators R, and A in various Banach sequence spaces, where the main purpose is to investigate the
spectra of such operators (in their compactness case) in a large class of Banach sequence spaces including
the spaces ¢y, ¢, £ (1 < p < ), bvg, bv, cs and h. It is noted that we are led to similar results for the different
spectral problems. This is due to the common properties of the considered spaces that mainly control the
spectral problem. So, we seek studying the problem in general in order to avoid repeating the same results
by changing the considered space.

In fact, the natural technique for investigating spectral problems of infinite matrices involves standard
operator theory and summability theory. However, for a general infinite matrix, there is no known method
for obtaining its spectrum. In fact, such problems have in common that the methods of proof are closely
adapted to the matrix operator and the sequence spaces under consideration. That is, the methods of proof
are ad hoc.

It is worth mentioning that infinite matrices, in general, and their associated spectral problems play an
important role in many branches of mathematics such as integral equations, difference equations, infinite
systems of linear algebraic or differential equations and the theory of summability of sequences and series.
For example, Hilbert studied the eigenvalues of integral operators by viewing the operators as infinite
matrices [24, p. 1063]. Further, it is known that infinite system of linear equations can be represented
alternatively by infinite ”coefficient” matrix. In [38] Shivakumar and Wong discussed infinite systems for
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algebraic equations, while Chew, Shivakumar and Williams [13] discussed systems of differential equations.
In [39], Shivakumar, Williams and Rudraiah discussed eigenvalues of infinite matrices as operators acting
on ¢! and ¢*. A detailed study about infinite matrices is given by Bemkopf [10], while for concepts and a
history of infinite matrices we refer to Cooke [14], and we refer to Shivakumar and Sivakumar [40] for a
brief review.

We structure the remaining part of this paper as follows: preliminary facts and results, which are needed
for our study, are included in Section 2. The boundedness and compactness of both the Rhaly operator R,
and the generalized difference operator A, are derived in Section 3. Solvability of the spectral problem
associated with the compact Rhaly operator R, in various sequence spaces is presented in Subsection 4.1.
The spectral problem associated with the compact generalized difference operator A, is investigated in
Subsection 4.2. The conclusion of this paper is summarized in Section 5.

2. Preliminaries

To fix terminology and notation, we will throughout the paper denote by IN, Ny and C the sets of natural
numbers, nonnegative integers and complex numbers. By convention, any term with negative index is
equal to zero and )i, cx = 0, for any n,m € Ny with n > m. The zero vector is denoted by 0 = (0,0,0,...).
An operator T : X — X is a bounded linear operator on an infinite dimensional complex Banach space X,
and the set of all such is B (X). The symbol R (T) denotes the range of T. Also, N (T) denotes the kernel of T.
Write Ty = T — AL, where A € C and I is the identity operator.

2.1. Spectra of bounded linear operators

The resolvent set of an operator T is the set p(T, X) of all A € C such that T, has a bounded inverse in
B(X). For A € p(T, X), the operator T} is called the resolvent operator. The spectrum of T is the set o(T, X) of
all complex numbers not in p(T, X). The spectrum o(7, X) is nonempty and compact.

The spectrum o(T, X) can be divided into subsets in many different ways, depending on the possible
behaviors of R(T,) and T, ! as follows (cf. [45]):

(1) The point spectrum o,(T, X) is the set of all scalars A € o(T, X) such that N(T,) # {0}. In this case, A is
called an eigenvalue of T and any x € N(T,), where x # 0, is an eigenvector of T for A and satisfies
Tx = Ax.

(2) The residual spectrum o,(T, X) is the set of all scalars A € o(T, X) such that A is not an eigenvalue but
R(T,) is not dense.

(3) The continuous spectrum o.(T, X) is the set of all scalars A € o(T, X) such that A is not an eigenvalue and
R(T)) is dense but T}‘\1 is unbounded.

(@) The defect spectrum os(T, X) (or surjectivity spectrum) is the set of all scalars A € C such that R(T,) # X.
(5) The compression spectrum o.o(T, X) is the set of all scalars A € C such that R(T,) is not dense in X.

(6) Theapproximate point spectrum o4, (T, X) is defined to be the set of all scalars A € C such that I}im | Trxell =0

for some sequence (xx) in X such that ||x|| = 1 for all k € INp.

Another classification of the spectrum is also considered. Following Taylor and Halberg [44], T, is
classified L, II or I1I, according as its range, R(T,), is all of X; is not all of X, but is dense in X; or is not dense
in X. In addition T} is classified 1, 2 or 3 according as T is boundedly invertible; T, is invertible but not
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boundedly; or T, is not invertible. The state of an operator is the combination of its Roman and Arabic
numerical classifications and is denoted by the Roman numeral with the Arabic numeral as a subscript.
Then, the operator T) € I, if R(T,) is all of X and T} is invertible but not boundedly, and so on.

Clearly, A € p (T, X) (the resolvent set) if and only if T, € I;; otherwise A € ¢ (T, X). So, the spectrum is
subdivided into I3, II,, II3, III;, III, and III3. We usually use the notation I30 (T, X), ILo (T, X), 130 (T, X),
I o (T, X), o (T, X) and IIz0 (T, X). It is clear from the definition that

0p (T,X) = I30(T,X) UTlo (T, X) UILo (T, X),
0 (T,X) = ILo(T,X)UIlLo (T, X)
and
0. (T, X) = o (T, X). 3)

Further, from the definition, we learn
Oé(T/ X) = G(T/ X) \ I3O(T/ X) (4)

The following relation holds

0ap(T, X) = o(T, X) \ IlL10(T, X); )
cf. [45, p. 282]. Observe also:
0r (T, X) = 0p (T", X) \ 0p(T, X); (6)

cf. [9, Relation 1.56 and Proposition 1.3(e)]. A non-disjoint spectral decomposition of an infinite matrix
(approximate point spectrum, defect spectrum and compression spectrum) has been discussed for the first
time in [8] and [17]. Next, many authors have made similar studies of different classes of infinite matrices.

We give the following Lemma, which is needed in the sequel:

Lemma 2.1. [22, Theorems 3.3 and 4.2], [23, Corollaries 2.2 and 2.3] Let T be a bounded linear operator on a complex
Banach space X. Then I11;0(T, X) and 130(T, X) are open sets.

2.2. Matrix transformations between sequence spaces

For an infinite matrix A = (a,x) of complex entries and for a sequence x = (xx), we put

Ax = ((Ax),) = [Z an,kxk]

k=0

if this expression exists. Now, if j1 and p; are sequence spaces, then the matrix A = (a,x) is identified with
the linear operator A : g — pp if Ax € p for every x € py. The class (u1 : pi2) is defined as

(41 p2) ={A = (anx) : Ax € pp for every x € us}.
If A € (t1: u2), then A is called a matrix transformation (or summability method) from pq into po.

It is worthwhile to mention that the study of bounded linear operators between sequence spaces is so
related to matrix transformations. Precisely, in many cases, the most general linear operator transforming
one sequence space into another determines and is determined by an infinite matrix. So, we sometimes are
interested in infinite matrices instead of general bounded linear operators.

Next, we invoke some results from summability theory which are needed for our study.
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Lemma 2.2. [43, Formula (45)] Let A = (a,x) be an infinite matrix. Then A € (cs : cs) if and only if:
(1) Yoo any converges for all k € No.
@) supy Yolo |Eilo(@n — agu-1)| < .
Lemma 2.3. [32, Proposition 10] Let A = (a,x) be an infinite matrix. Then A € (h : h) if and only if:
(1) lim,—eani =0, for all k € INp.
Q2 Yrom+1) )an,k — ﬂn+1,k| < oo, for all k € IN,.
@) supy xh7 Lo (1 + 1) | Zplo(@ns — @us1 )| < oo
Lemma 2.4. [43, Formula (77)] Let A = (a,x) be an infinite matrix. Then A € (€1 :61) if and only if ||A|l =
sip Yoo |an,k( < 0.
Lemma 2.5. [43, Formula (111)] Let A = (a,x) be an infinite matrix. Then A € (bvy : bvy) if and only if:
1) limy—e0ani = 0, for all k € IN.

@) supy Yoso | Zilo(@nk — an-1/0| < 0.

3. Compactness criteria for R, and A,

3.1. Compactness of R,

In this subsection we deal with the following main question: for what conditions on (ax) is R, a compact
operator?. Partial answers for this question have been settled in the Banach spaces cy [46], ¢ [46], (¥
(1 < p < ) [26], bvg [51] and bv [51]. Here, we give new compactness criteria for the operator R, on the
Banach spaces cs, h and ¢!, in which it is shown that boundedness and compactness of the operator R, are
equivalent. For completeness, we give some modifications to the recent results for the compactness of R,
inco, ¢, £’ (1 <p < 0), bvy and bv.

Letu e {cs, h, é’l}. For the next proofs, define the operator R’ : © — p, where m € Ny, by

RI'x = Ry ((om R 20)),  x = (xp) € p.

Then R} is finite rank since its range is spanned by {R, (ex) : k =0, 1,2, ...,m}, where ¢;s are the standard
unit vectors. So R is compact for every m € INy. Let R, be represented by the matrix (4, ), where a,, = 0
forall n < k and a,,x = a, for all n > k. Then the operator R is represented by the matrix (X0 (k) @4 ), and
so R, — R} is represented by (X[m+1,00] (k) @y x)-

Let us give the first main result:
Theorem 3.1. The following are equivalent:

(1) The operator R, is bounded on cs.
(2) The assumption that (ay) € €* holds.

(3) The operator R, is compact on cs.
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Proof. (1)—(2) We need to applying the result in Lemma 2.2. Indeed, the boundedness of R, implies that
supy Ay < oo, where

A=)

An arithmetic shows

(o]
supy An = axl,
n=0

which is finite thanks to Lemma 2.2. Thus (a;) € ¢*.

N
Zk:o (ak,n - ak,n—l) ’ N € Np.

(2>—(3) Let m be a positive integer. Then, for every x = (x¢) € cs, we have

N 00
ano ( k=0 Xlm+1,00] (k) an,kxk)

N n
u a X
SUPN>o anmﬂ ] Zk=m+l "|
(o]
2 ”x”CS Zm:m+1 Ian| ’

IR = R

SUPn>o

IN

IA

That is
IRy =Rl <2} laal —0
n=m+1
as m — oco. Then R, is compact, as it is the norm limit of a sequence of compact operators.

(3)—(1) Follows immediately.
[

Next, we prove that the boundedness and compactness of the operator R, are also equivalent in the
Banach space h.

Theorem 3.2. The following are equivalent:

(1) The operator R, is bounded on h.

(2) The assumption that (a;) € h holds.

(3) The operator R, is compact on h.

Proof. (1)—(2) We apply the result in Lemma 2.3. Indeed, the boundedness of R, implies
limy e Ak = limy 00, =0, forall k € INp.

Then a = (ax) € cp. Further
Ay = ano (n+ 1) |k — aui|

converges, for all k € Ny. Thus, Ay = Y- (n + 1) |a,41 — a,| is finite, and so, a = (ax) € h. Alternatively,
the result follows immediately since R, (1,0,0, ...) = (ag, 41,42, ...) € h.
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(2)—(3) For m € IN, we have

”(Ra -R}) x”h Zj:o (n+1) |ZZO:0 Xm+1,00] (K) A1 e — Z:;o X[m+1,00] (K) an,kxk‘

) 1 n+1 n
= n+ a E X —4a E X
ano ( ) ntl k=m+1 k " k=m+1 k

) n
< (m+ 1) |apsl IxXpsl + Z (n+1) |Z (ans1 — an) xk| +
n=m+1 k=m+1
(o)
Y+ 1) gl
n=m+1
< (m + ]-) |am+1| |xm+1| +

n (o)
Zk:mﬂ xk‘ Zn:mﬂ (n + 1) |lln+1 - anl +

(o)
FSUP, g (14 Dt Yl
(o) (o)
< Ml (el 42) O Dl =l 4 Y ),
n=m+1 n=m+1

for all x = (x¢) € h. Therefore

+ supn2m+1

(] (o8]
Re =Ry < dawal+2) "+ Dl —ail+ Yl

—_ 0
as m — oo, where we used the fact that, for (ax) € h,

(S
] < (1 + 1) |ap] < Z g P Dl —al — 0
n=m+1
as m — oo. Thus R, is compact.

(30— (1) Follows immediately.
0

Now, we give the following result, which improves the result in [26, Proposition 3.4]:
Theorem 3.3. The following are equivalent:
(1) The operator R, is bounded on ¢*.
(2) The assumption that (ay) € € holds.
(3) The operator R, is compact on €'.
Proof. (1)—(2) Follows immediately since R, (1,0,0,...) = (a9, 41,42, ...) € £,

(2>—(3) Again, it can be shown that the operator R, is the limit in 8 (fl) of the sequence (R]') of operators
of finite rank. Thus R, is compact.

(3)—(@@) Follows immediately.
|

Remark 3.4. Theorems 3.1, 3.2 and 3.3 assert the fact that the well known Cesaro operator Cy is not well defined on
cs, hor €1, The same assertion was declared in [36].
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Now, let 17 € {co, ¢, {¥,bvo,bv}, where 1 < p < co. To the end of this section, we comment on some recent
results related to the compactness of the operator R, on 7. It is well known that the Rhaly matrix has the
factorization

RIZ:DOCll

where C; is the Cesaro matrix and D is the diagonal matrix diag ((k + 1) a;). Since C; is bounded on every
sequence space in 7 [15, 25, 28, 29, 31, 33], then the compactness of the operator R, follows from that of D.
Depending on this fact, many authors tried to find sufficient conditions for the compactness of D, and so
for R,. Consider the following result:

Theorem 3.5. [26, Proposition 3.1(b)] The operator R, is compact on £ (1 < p < o0) if ((k + 1) ax) € co.

However, in [26, Example 2], it is shown that the condition ((k + 1) ax) € £* is not a necessary condition
for the boundedness of the operator R, on £2. Furthermore, in [34, Corollary 2.2], a result on the compactness
of the operator R, on ¢2 has been given by Rhaly. A similar result can be obtained as follows:

Theorem 3.6. Let (ax) be a strictly decreasing sequence of positive real numbers and ((k + 1)ax) € c. Then, the
operator R, is compact on £F (1 < p < oo) if and only if (k + 1) ax) € co.

Proof. 1t suffices to prove the necessity of the condition. Indeed, if ((k+ 1)ax) ¢ co, then, the spec-
trum o (R,, {?) contains the set {/\ eC: '/\ - % < %} [47, Theorem 3.3], where g is the dual of p and

L = limy_,« (k + 1) ax. That is, R, is not compact since it has uncountable spectrum. [J

The following is a weak, but important, result about the compactness of the operator R, on the ¥ spaces;
it is nothing but the result in [26, Corollary 3.5].

Theorem 3.7. Let (ay) be a decreasing sequence of positive real numbers. Then, the operator R, is compact on (¥
(1<p<oo)if(ay) € L.

Proof. The result follows immediately by applying the well known classical Olivier’s result about the speed
of convergence to zero of the terms of a convergent series with positive and decreasing terms. So, it remains
to apply Theorem 3.5. (O

It should be observed that, if (ax) is a decreasing sequence of positive real numbers, then the condition
(a) € € is not necessary for the compactness of R, in £2. For example, let (ax) be such that

1

= k+Dlog K+ 1)’ for all k € IN.

ap = 2/ Ak

Then, using the result in [26, Proposition 4.2], the operator R, will be compact on £2. Indeed,

=] o0 1
k+1)|axl> = 4 ,
ook =a+) (k+1) (log (k + 1))

which is convergent. Alternatively, we can use Theorem 3.6. On the other hand, (a;) ¢ *.

Remark 3.8. It can be shown that, in general, the condition (ax) € cy is necessary but not sufficient for the compactness
of R, in £ (1 < p < o0). So far, to the author’s knowledge, there are no conditions on the matrix R, have been given
which are necessary as well as sufficient for the compactness of the corresponding operator in {F (1 < p < o0). However,
while this may be of concern for those interested in summability theory, it will definitely not affect our study of the
spectra of the operator R,.
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Next, we recall the following result.

Theorem 3.9. [46, Theorems 2 and 9] Let (ax) be a strictly decreasing sequence of positive real numbers such that
((k + 1) ax) € co. Then the operator R, is compact on both ¢y and c.

We observed that, for every x = (xi) € ¢,
R = R |, < lxlley SUP, iy (1 + Dl

So, it appears that the result in Theorem 3.9 remains true if we omit the conditions that (ax) be a strictly
decreasing sequence of positive real numbers. Much more surprisingly, in the following theorem, it can
be proved that the condition ((k + 1) ax) € ¢ is actually necessary and sufficient for the compactness of the
operator R, on both ¢ and ¢, so that we have the following important theorem.

Theorem 3.10. The following hold:
(1) The operator R, is compact on c if and only if ((k + 1) ax) € co.
(2) The operator R, is compact on c if and only if ((k +1)ax) € co.

Proof. (1) The sufficiency of the condition ((k + 1) ax) € ¢y is clear from the above argument, and the necessity
can be proved as follows: suppose that R, is a compact operator and consider the bounded sequence

(yj), where y; = (X[o,j] (k)):;o. Suppose, to the contrary, that lim; ., (j + 1)a; # 0. Then, there exists

x > 0 so that (j + 1) |a;| > 2« for infinitely many j. Let us write J for the set of all such j. Then if
j,j’ € J satisfies j’ > j, we have

[IRa (yj) -R, (]/j’) HCO > (]/ - ]) |a]") :
Then, for j’ = 2j + 1, we obtain
1,
IRq () = Ra (v ) lley > S0+ D) laj | > x.
This proves that the sequence (Rg (y]-)) has no Cauchy subsequence, and so, it has no convergent

subsequence. This contradicts the compactness of R,, where (yj) is a bounded sequence.

(2) Similar to the proof of statement (1).
O

As the following result shows, the condition ((k + 1)ax) € cp is also necessary and sufficient for the
compactness of the operator R, on £*.

Theorem 3.11. The operator R, is compact on €% if and only if ((k + 1) ax) € co.
Proof. The result can be proved by adopting the method presented in the proof of Theorem 3.10 to the space
. 0

Finally, we recall the following result:

Theorem 3.12. [51, Theorems 2.3 and 3.2] If a”—4 < = and ((k + 1) ay) € co, then R, is compact on both bvo and
bv.
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The conditions in Theorem 3.12 means that the sequence ((k + 1) ax) is a strictly decreasing sequence
of positive real numbers with the zero limit. Accordingly, we observe that, by applying the result in [36,
Lemma 3.3], the operator D will be compact on both bvy and bv. Thus, the boundedness of C; together
with the compactness of D imply the compactness of R,. This gives alternative proof of Theorem 3.12. On
the contrary, this proof can not be adapted in the spaces cs, h or ¢!. In fact, the Cesaro operator C; is not
well defined on cs, h or .

Under the assumptions that ((k + 1) ax) is a strictly decreasing sequence of positive real numbers, it can
be shown that the condition ((k + 1) ax) € ¢ is necessary and sufficient for the compactness of the operator
R, on both bvy and bv. Thus we can conclude the following result, where the proof is omitted as it is easy.

Theorem 3.13. Let ((k + 1) ay) be a strictly decreasing sequence of positive real numbers. Then, the following hold:
(1) The operator R, is compact on bvg if and only if ((k +1)ax) € cq.
(2) The operator R, is compact on bv if and only if ((k +1)ax) € co.

3.2. Compactness of Agp

In view of the main purpose of the current study, necessary and sufficient conditions for the boundedness
and compactness of the operator A, in the sequence spaces bvy, cs, h, ¢y, cand € 1 appeared to be important
results.

Define the operator A, where m € Ny, by
A = A ((om R X)), x=(n) € p,
where u € {bvy, cs, h, co, c}. Then AT s finite rank, and so is compact. Further, let A;, be represented by the
matrix (b, x), where b, , = a,, bys1,n = by, for all n € Ny and b, = 0, otherwise. Then A" is represented by

the matrix (x[0.m (k) b i), and so Ay — Al is represented by (Xm+1,00] () Dy ).

One can check that

oo j
Supjzo anl Zk:o (bn,k - bn—l,k)

= sup;, ((bj| + |aj —-bj+ bj—1| + Z;; gs1 — ax + b — bk—1|)}

My

see [20]. If M, is finite, then the operator Ay : bvy — bvy is well defined, and so is bounded. This follows
immediately by applying Lemma 2.5. Indeed, for every x = (x;) € bvy, it can be shown that

[oe] [oe] [oe] [oe]
1Aapxllpy, = |Zk=0 bo,kxk| + anl |Zk=0 by jex = Zk:o bn—l,kxk|

< laoxol + (supJ?O Zn:l Zk:o (B = ba-1.4) )ZFO |xj - xj+1|
(o]
= |ﬂoxo|+M1Z.= xj — x4
(e8]
< M (|XO| + Zj:l (x] - X]',1|)
< Myl -

Consider now the following result:
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Theorem 3.14. The following hold:
(1) The Ay is bounded on bvy if and only if

j-1
supj ()b]| + |aj - b]‘ + bj—1| + Zk:o |ﬂk+1 —ai + bk - bk—1|) < 00.
(2) The Ay is compact on bvy if and only if
Zk:o Ak — ax + b — bl < oo and  (ax), (bi) € co.

Proof. (1) We can argue as follows:

Consider the isomorphism

U:(x) el - (sz xj) € bvy
and its inverse
U™t: (x) €bvy = (xp — x41) € £
Define the operator K := U™ o Ay, o U on ¢1. Then, for every x = (x;) € {!, we have

Kx=U"' oA, oUx

e X o K )
(k jek T TR L T Lo YT T R Lk

Then K is a linear operator given by
Kx = (bk—lxk—l + (ax — ags1 + b1 — by) 2j=k+1 xj+ (ax — b + bk—l)xk).

Clearly A, is bounded on bvy if and only if K is bounded on ¢!. Then, applying Lemma 2.4 to the
operator K, we obtain the desired result.

(2) Let the conditions in statement (2) be satisfied and m € INy. Then
A — ALl < SUP > 41 )bj| +SUP |a]- —-bj + b]-_l‘ + byl + |apsn| +

j
+SUP 1541 Zk=m+1 |aks1 — ax + bx — br_a| + |by

— 0

as m — 0. S0 Ay, is a compact operator.

Conversely, assume that Ay is a compact operator. Then the condition in statement (1) holds, so that
we have

(o]
Zk:o |ags1 — ax + by — br_1| < oo.

Now, consider the bounded sequence (ej), where ¢; is the j-th elementary vector. Suppose, to the
contrary, that lim; ,a; # 0 or lim; .., b; # 0. Then, there exists x > 0 so that either |a;| > «x for
infinitely many j or [b;| > «x for infinitely many j. Let us write J for the set of all such j. If j, ;" € J
satisfies j + 2 < j’, then

1A () = Aas(epllbv, = llajej + bjejor — apej = byepialloy, > .

This contradicts the assumption that A, is compact.
O
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The result in Theorem 3.14 improves and extends the recent result in [20, Corollary 2.2].

Next, we consider the operator Ay, : cs — cs. Let
-2
M2 = Sup]-21 ((a]-| + (aj —aj-1— b]‘_1| + Z‘k:O |{1k+1 —ai + bk+1 - bkl)

If M, is finite, then the operator A, : cs — cs is well defined and is bounded; see [37, Corollary 3.1].
Indeed, for every x = (xi) € cs, it has been shown that [|[Az x|l < Mo [[x]|e-

The following theorem gives necessary and sufficient conditions for the boundedness and compactness
of the operator A, on cs, which improves and extends the result in [37, Corollary 3.1].

Theorem 3.15. The following hold:
(1) The A,y is bounded on cs if and only if

j-2
sup; ()a]-| + )”j —aj1 - bj—1| + Zk:O a1 — ax + brgq — bkl) < 0.
(2) The Ay is compact on cs if and only if
Yl = a+ba — bl <ooand (@), (b € co.

Proof. (1) See [37, Corollary 3.1]. Alternatively, by applying Lemma 2.2, we obtain the desired result.

(2) Let the conditions in statement (2) be satisfied and m € INy. Then, for all x = (xx) € cs, we have

1A — AZZ” < SUP 41 )a]| + SUP 541 |a]- —aj-1 — b]'_ll + |ay, + by +

j
+|ams1 + busa| + SUP j>41 Zk:m+l |ak+1 — ax + b1 — by

—_ 0

as m — o0. 50, Ay, is a compact operator.

Conversely, assume that A is a compact operator. Then the condition
Zk:o k1 = a + b1 — bl < 00

holds. Now, consider the bounded sequence (e]-). Suppose, to the contrary, that lim; . a; # 0 or

lim;, e (aj +b j) # 0. Then, there exists x > 0 so that either |a;| > x for infinitely many j or |a; + bj| > x
for infinitely many j. If J is the set of all such jand j, j* € J satisfies j + 2 <, then

The last inequality holds for infinitely many j and j’. This contradicts the assumption that A, is
compact.
|

Ay (e]-) - A[lb(e]'/)”CS = ||Llj€]' + b]'€j+1 —ajpey — b]»e]v+1llcs > K.

Finally, we consider the operator Ay : h — h. Let

1 j
M3 = sup]. (]_'_—2 Zk:o (k + 1) |ak+1 —ai + bk - bk_1| .
If M; is finite, then the operator A, : h — h is well defined and is bounded; cf., [20, Corollary 3.1].

The following theorem gives necessary and sufficient conditions for the boundedness and compactness
of the operator A, on h.
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Theorem 3.16. The following hold:

(1) The Ay is bounded on h if and only if
1 j
sup; (”—2 Zk:O (k+ 1) |ags1 — ag + by — bk1|) < 0.
(2) The Ay is compact on h if and only if

((k+1)ax), ((k +1) by) € co.

Proof. (1) See [20, Corollary 3.1].

(2) Let the conditions in statement (2) be satisfied. Then
lim]-_m (] + 1) |Cl]'+1 —4aj + b] - b]‘_1| =0.

Then, its corresponding sequence of arithmetic mean converges to zero;
fim e [ — Y k1)l b —bial]=0
1m]—>oo ].+ 1 k=0 A1 — Ak k k-11) = Y.

Therefore, we obtain

1 1
Vo = Agll - Omt Dt | S0Py g+ (4 Dol S0Pz 77+
1 j
+ Supj2m+l (]+—2 Zk:m+1 (k + 1) lags1 — ax + by — bk_1|)
< (m+Dlawal+ (m+2) bl +
1 j
+SUpP, g (]+—2 Zk:o (k + 1) a1 — ax + bx — bk_ll)
— 0

as m — o0. 50, Ay, is a compact operator.

Conversely, assume that A, is a compact operator and consider the bounded sequence (e ]-). Suppose,
to the contrary, that

im0 (j+1)a;j#0 or limj,e(j+1)bj1 #0.

Then, there exists ¥ > 0 so that either |( j+1)a j| > « for infinitely many j or | (j + 1) b;| > « for infinitely
many j. If J is the set of all such jand j, j € J satisfies j + 2 < j/, then

This contradicts the assumption that A, is compact.
|

AVA (6]') - A,,b(e]-/)”h = ||Ll]'€j + bjej+1 —ajey — b]-/e,-u,lllh > K.

Using similar arguments, we can derive the following theorem:
Theorem 3.17. The following hold:

(1) The Ay is bounded on cq if and only if (|a| + |bx-1]) € €.
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(2) The Ay is compact on cq if and only if (ar) , (bx) € co.
(3) The Ay is bounded on c if and only if
(lag| + |be-al) € €2 and  (ax + br1) € .
(@) The Ay is compact on c if and only if (ax) , (bx) € co.
(5) The Ay is bounded on €' if and only if (|| + |byl) € €.
(6) The Ay is compact on £* if and only if (ax) , (b) € co.

Finally, we recall the following result which is a special case of [30, Theorem 3.2].

Theorem 3.18. Let 1 < p < co. The operator Ay, is compact on ¥ if and only if (ax) , (bx) € co.

4. Spectra of the compact operators R, and A,

Throughout this section, we assume that (ax) and (by) are two sequences of nonzero real numbers such
that the operators R, and Ay, are compact in the sequence spaces under consideration.

We shall determine the spectrum of R, in two stages: in the first it is shown that the eigenvalues of R,
the adjoint operator of R,, contains the set {a, : n € INp}, while the latter set contains the eigenvalues of R,;
in the second it is shown that, due to the compactness of the operator R,, the spectrum is precisely the set
{a, : n € Np} U {0}. The spectrum of A, can be obtained with similar argument.

The main results in this section are Theorems 4.5, 4.8, 4.13 and 4.15.

4.1. Spectra of R,

Recall the following lemma, which is analogy to [53, Lemma 3.6].
Lemma 4.1. [36, Lemma 2.2] Let T be a linear operator on a Banach sequence space X that has a lower triangular
matrix representation A = (ax). Then the point spectrum of T on X satisfies o,(T, X) C {a,,, : n € No}.

Now consider the following general result for the Rhaly operator R,.

Lemma 4.2. Let X be a Banach sequence space that contains cqo; the subspace of sequences with finite support. Then,
the point spectrum of RY, the transpose of R,, on X satisfies

{a, :n € Np} C ap(Rg, X) and 0¢ GP(RZ;, X).
Proof. Suppose that Rl f = Af for f = (fi) € X. Then

(an—A) fu + Zk=n+1 afe=0, neN. )
If A =0, then we obtain

Ll()f() + a1f1 + Zk:z akfk =0

and

{Illfl + Zk:Z akfk =0.
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We deduce
Llofo =0.

Therefore fy = 0 since a9 # 0. Going through a similar argument, by induction, we can prove that f, = 0 for
all n € No. Therefore f = 0. So, 0 ¢ o,(R!, X).
Furthermore, if A = a,, for some ny € N, then, from Eq. (7), we have two cases:

@) If a,, # ax, for all k < ny, then f = (fo, fi, f2,- -+, fnr,0,0,...) € coo € X is an eigenvector associated with
the eigenvalue A = a,,, where all other f; (k = 1,2,...,n9) can be inductively calculated in terms of

fo=1.

(i) If a,,, = ai, for some k < ng, then f = (fo =1, f1, fo,..., f&,,0,0,...) is an eigenvector associated with the
eigenvalue A = a,,, where kg = min {k < ng : g = a,,}.
O

Recall the following lemma.

Lemma 4.3. [45, Problem 7, p. 233] Let X be a Banach sequence space with the standard countable basis (ex).
Suppose that T is a bounded linear operator on X into itself that has a matrix representation A = (an). Then, the
adjoint operator T* is represented by the transpose AT = (ay ).

It will be of some interest to combine Lemmas 4.1, 4.2 and 4.3, so that we obtain the following general
result for the Rhaly operator R,, which will be the key tool to derive the spectra of R,.

Proposition 4.4. Let X be a Banach sequence space with the standard countable basis (ex) and R, € B(X). If X, the
dual space of X, contains co, then R} is represented by the transpose RT and

0p(Rs, X) C{ay :n € No} Cop(R, X))  and 0 ¢ op(R;, X7).

We are now in a position to give the first main result in this section.

Theorem 4.5. Let X be a complex infinite dimensional Banach sequence space. In addition to the conditions in
Proposition 4.4, let the operator R, : X — X be compact. Then the following hold:

(1) 0(Ry, X) = {ay : n € Ny} U {0},
@) 0p(R;, X*) = {a, : n € No).

@) 0p(Ry, X) = la, : 1 € Ny).

@) 0:(R;, X) = @.

(5) 0.(R,, X) = {0}.

(6) 1I,0(R,, X) = {0}.

(7) I30(Ra, X) = {a, : 1 € Ny}

(8) 05(Ra, X) = {a, : 1 € Ny} U {0}.
9) 0c0(Rq, X) = {a, : n € Np}.

(10) G.p(Rq, X) = {a, : 1 € Ny} U {0}.
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Proof. (1) Applying Proposition 4.4, we obtain
{a, : n € No} C 0p(R;, X7) € 0(R;, X*) = 0(Rg, X).
Further, since the space X is infinite dimensional and R, is compact, we learn that 0 € o(R,, X). Hence
{a, : n € N} U {0} C o(R,, X).
Again, since R, is compact, then
0(Ra, X) € 0p(Ra, X) U {0} C {a, : n € No} U {0} .
The required result follows.
(2) The result follows by applying Proposition 4.4 and statement (1). Indeed, we have
{a, :n € No} C 0p(R;, X7) € 0(Ry, X) = {a,, : n € No} U {0}
and

0 ¢ 0p(R;, X7).

(3) Since R,x = 0 implies x = 0, then we obtain that 0 ¢ o,(R,, X). Now, using Proposition 4.4 and the fact
that all non-zero spectral values are eigenvalues, we obtain

{a, :n € No} C 0p(Ry, X) C {a, : 1 € Np}.
The desired result follows.

(4) Observe that 0,(R;, X) U 0.(R,, X) = {0}. Since 0 ¢ 0,(R}, X*), then, using relation (6), we obtain that
0 ¢ 0:(R,, X). Thus 0,(R,, X) = @.

(5) Observe that 0.(R;, X) = 0(R;, X)\ (op(Ra, X)U o (R,, X)). It remains to apply statements (3) and (4).
(6) The result follows from relation (3) with the application of statement (5); II,0(R,, X) = 0.(R,, X) = {0}.
(7) Itis known that

p(Ry, X) Lo(R,, X) U I0(R,, X) U I30(R,, X)

{a, :n € Np}.

But, using statements (2) and (3), for any A € {a, : n € Ny}, we have A € 0,(R,, X) N 0p(R}, X*). This

shows that (R, — A) ! does not exist and R’ — Al is not one to one. Using [44, Theorem 1], we obtain
further that R (R, — Al) is not dense. That is A € IlI30(R,, X).

(8) Observe that I30(R;, X) € 0p(Rs, X). Then I30(R,, X) = @ since it is open; Lemma 2.1. It follows
immediately from relation (4) that

Gé(Ra/ X) = O(Rﬂ/ X)
It remains to apply statement (1).

(9) Itis known that o.o(R,, X) = 0,(R}, X); cf. [9, Proposition 1.3(e), p. 28]. Then, the result follows by using
statement (2).
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(10) Observe that @ = 0.(R;, X) = [lI;0(R,, X) U Ill,0(R,, X). Then IlI10(R,, X) = @. Therefore, the desired
result follows from relation (5);

O_ap(Rl?r X) = O_(Rﬂr X)\Illla(Ral X)/

with the application of statement (1).
|

By application of Theorem 4.5, we obtain the spectra of the Rhaly operator R, on the sequence spaces
bvo, h, cs, cp and #, where 1 < p < oo as follows:

Corollary 4.6. Let u € {bvo,h,cs,cop, £}, where 1 < p < oo. If the operator R, : 1 — u is compact, then the
following hold:

(1) o(Rs, p) = {a, : n € No} U {0}
@) 0p(Re, 1) = an : 1 € No.
(3) 0r(Ry, 1) = 2.
@ 0c(Ry, ) = {0}
(5) Io(R,, 1) = {0}
(6) II30(R,, p) = {an : n € No}.
(7) 05(Ra, p) = {a, : n € No} U {0}.
® 0co(Ro, 1) = {a : 1 € No).
9 0ap(Ro, 1) = {a, : 1 € No} U {0}.
Remark 4.7. An alternative proof of Corollary 4.6(2), in the case where u = {*, can be based on the case where i = h.
Indeed, we have
{an : 1 € No} = 0y (Ry,h) € 0p (Ro, £1).

The second inclusion follows by applying Lemma 4.1.
Furthermore, since h is a proper dense subspace of {*, then

0: (Ro, €') € 02 (Re, 1) = @;

Corollary 4.6(3) with u = h. Thus o, (Ru,é’l) = @. This gives another proof of Corollary 4.6(3) for p = €', based on
the case where | = h.

We observe that the results related to the spectra of the operator R, on cp, bvy and ¢ (2 < p < ), which
have been given in [46, 47, 51], are included in Corollary 4.6. However, in €', h and cs, the results are
completely new.

By similar arguments with minor changes, the spectra of R, on > can be established; see the following
theorem:

Theorem 4.8. Let the operator R, : €= — £ be compact. Then the following hold:
D) o(R,, €) = {a, : n € No} U {0}.
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(2) 0p(Ry, €%) = {a, : n € N}

3) o0:(R,, ) ={0}.

@) 0.(R,, %) = 2.

(5) IIo(R,, ) = {0}.

(6) Ilz0(R,, ) = {a, : n € Np}.

(7) 05(Rq, €) = {a, : n € No} U {0}.

(8) 0co(Ra, %) = {an : 1 € No} U {0}.
9) 0ap(Ry, %) = {a, : n € No} U {0}

Proof. We only give the proofs of statements (2) and (3). All other statements can be proved similarly as in
the proof of Theorem 4.5.

(2) Combine Corollary 4.6(2), for u = ¢y, and Lemma 4.1, we obtain

{a, :n €Ny} = Gp(RmCO) c ap(Rurfoo) C {a, : n € No}.

(3) Using statements (1) and (2), we have 0:(R,, £*) U 0.(R,, £*) = {0}. Since cy is a closed subspace of £~
and

R(R,) < co,

thenR (R,) C cg # £*. Thus R, doesnothave a denserange, and so, 0 € 0,(R,, £*). Thus o+(R,, £*°) = {0}.
O

Remark 4.9. Theorem 4.8 still valid as well for the space c. This gives a complete description of the spectra of R, on
¢, which was determined in [46]. Under suitable conditions, one can similarly derive the spectra of R, on bv.

4.2. Spectra of Agp

The following lemma is an analogy to Lemma 4.2.

Lemma 4.10. Let X be a Banach sequence space that contains coo. Then, the point spectrum of AﬂTb, the transpose of
Agp, on X satisfies

{a, :mn € Ny} C op(AZb,X).

Proof. The proof is omitted since it is similar to that of Lemma 4.2. In fact, the proof can be easily adapted
to the operator Ay, [

Combining Lemmas 4.1, 4.3 and 4.10, we obtain the following proposition.

Proposition 4.11. Let X be a Banach sequence space with the standard countable basis (ex) and Ay € B(X). If X*,
the dual space of X, contains coo, then A, is represented by the transpose Al, and

0p(Aap, X) € {a, : n € No} C 0p(A],, X).

Remark 4.12. Under the assumptions of Lemma 4.10, unlike for the operator R,, the element 0 may or may not belong
to op(A?,, X*). In fact, this will depend on the choice of the sequences (ax) and (by). For example, if ar = 1/(2k + 2)
and by = 1/(k + 1) for all k € Ny, then the conditions in Theorem 3.14(2) hold, so that the operator A,y is compact on
bvo. So, AY, = Al is compact on bvjy = bs. However, 0 € op (Al bs). Whereas, if ax = 1/(k +1) and by = 1/(2k +2)

for all k € Ny, then 0 & o, (Al bs).
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Taking into account Remark 4.12 and Proposition 4.11, we may consider, without no loss of generality,
the case where 0 € o,,(A?,, X*) since the opposite case, 0 ¢ 0,(A7,, X*), may be treated similarly. Next, we
give the result about the spectra of A,;, where the proof is a routine adaptation of the argument in the proof
of Theorem 4.5.

Theorem 4.13. Let X be a complex infinite dimensional Banach sequence space. In addition to the conditions in
Proposition 4.11, let the operator Ay, : X — X be compact with 0 € o, (A7, X*). Then the following hold:

1) o(Aw, X) = {a, : n € Np} U {0}.
(2) op(A,, X*) = {a, : n € No} U {0}.
3) 0p(Aap, X) = {a, : n € Np).

@) o:(Agp, X) = {0}

(5) oc(Aw, X) = @.

(6) Io(Agw, X) = {0}.

(7) Mz0(Agp, X) = {a, : n € Np}.

(8) 05(Aap, X) = {an : n € No} U {0}.
(9) 0co(Aap, X) = {an : n € No} U {0}.
(10) 0ap(Aap, X) = {a, : n € No} U {0}.

Application of Theorem 4.13 yields the following corollary:

Corollary 4.14. Let u € {bvg, h,cs,co, {7}, where 1 < p < oco. If the operator Ay : u —> u is compact with
0 € op(A7,, 1), then the following hold:

(@) o(Asp, 1) = {an : n € No} U {0}.
@ 0p(Aap, 1) = {a : 11 € No).

) 0r(Agp, 1) = {0}

@) oc(Aw, p) = 2.

) Mho(Ag, 1) = {0}.

(6) M30(A, 1) = {3, < 1 € No).

(7) 05(Agp, 1) = {a, : 1 € INo} U {0}
(8) 0co(Aap, 1) = fan : n € No} U {0}
9 Gap(Awp, 1) = {a, : 1 € No} U {0}

For the compactness case of the operator Ay, : ¢ — ¢, we can prove that o.(Ag,c) = {0}. Indeed,

R(Amwp) S co. Then R(Azm) S co # ¢. Thus Ay does not have a dense range. Further, in this case, we have
0 €ap(A,, ), where ¢ ~ 1. So, we have the following result:

Theorem 4.15. Let the operator Ay, : ¢ — ¢ be compact. Then the following hold:

1) o(Ag,c) ={a, : n € Ny} U {0}.



(2)
3)
4)
(5)
(6)
(7)
®)
)
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0p(Aap, €) = {a, : n € No}
0r(Aap, €) = {0}
oc(Aw, €) = @.
o (Ag, ¢) = {0}.
z0(Ag, ¢) = {a, : n € Np}.
05(Ap, ¢) = {a, : n € N} U {0}
0co(Aap, €) = {a, : n € No} U {0}.

Uap(Aab/ ¢) = {ay : n € No} U {0}.

5. Conclusion

This paper is a follow-up to the recent articles about the spectra of the operators R, and A, on Banach

sequence spaces, where the main purpose is to close the gaps to obtain comparable results for the spectra of
such operators in general setting (in a large class of sequence spaces). In fact, a general technique to prove
the spectral results of the operators R, and Ay, has been given. However, in particular, we consider, among
other questions, the more precise problem of determining the spectra of R, and A, in the Hahn sequence
space h, the space of convergent series cs and the sequence space bvy.
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