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On Riemannian Poisson Warped Product Space

Buddhadev Pal?, Pankaj Kumar?

?Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

Abstract. A formal treatment of Killing 1-form and 2-Killing 1-form on Riemannian Poisson manifold,
Riemannian Poisson warped product space are presented. In this way, we obtain Bochner type results on
compact Riemannian Poisson manifold, compact Riemannian Poisson warped product space for Killing
1-form and 2-Killing 1-form. Finally, we give the characterization of a 2-Killing 1-form on (IR?, g, IT).

1. Introduction

To provide the example of Riemannian spaces having negative curvature Bishop and O’Neill [1] intro-
duced the notion of warped space. From then on original and generalized forms of warped product spaces
have been widely discussed by both mathematicians and physicists [2-9].

Let (M;, d1) and (M,, J>) are two pseudo-Riemannian manifolds with positive smooth function f on M.
Let 711 : My X M, — M and 75 : My X My — M, are the projections. The warped product M = My X M, is
the product manifold M; X M, endowed with the metric tensor

7 =) + (f o )’ (),

called warped product and the ordered-pair (M, ng ) known as warped product space. Here M;, M, and f
are respectively known as base space, fiber space and warping function of the warped product space (M, §/)
and * stand for pull-back operator.

Killing vector fields are the relevant object for the geometry specially in pseudo-Riemannian geometry
where mathematicians characterized the existence of Killing vector fields. Killing vector fields are also
studied by many physicists in the prospective of general relativity in which these are expounded in the
term of symmetry. Bochner [10-12], studied in detail Killing vector fields and provided various remarkable
results. K. Yano [13, 14], consider a compact orientable Riemannian spaces with boundary and generalized
the Bochner technique to study Killing vector fields on it. S. Yorozu [15, 16], discussed the non-existence of
Killing vector fields on complete Riemannian spaces and also did the same for non-compact Riemannian
spaces with boundary. Generalized forms of Killing vector fields like conformal vector fields, 2-Killing
vector fields have been investigated in [17-22], for ambient spaces. T. Opera [23], introduced the perception
of 2-Killing vector fields and provided the relation between curvature, monotone vector fields and 2-Killing
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vector fields on Riemannian spaces. Moreover, characterized the 2-Killing vector field on R". S. Shenawy
and B. Unal [24], provided some results of 2-Killing vector field for warped product space and apply these
results to characterize it on some famous warped space time model. Z. Erjavec [25], currently characterized
proper conformal Killing vector fields and determine some proper 2-Killing vector fields in Sol space.

Poisson [26], introduced a bracket as a tool for classical dynamics and Lie [27], explored the geometry of
this bracket. In [28, 29], authors adopted the Poisson structure and provided the notion of Poisson manifold.
The geometric notions like connection, curvatures, metric etc., were discussed in [30-33], on Poisson
manifold. In [34], authors formulated several concepts on product manifold like product Poisson tensor
and product Riemannian metric . In [35], authors discussed the some geometric notions like contravariant
Levi-Civita connection, Riemann and Ricci curvatures on the product of two pseudo-Riemannian spaces
which is associated with the product Poisson structure, warped bivector field.

The aim of this article is to provide the notions of Killing 1-form and 2-Killing form and try to study
these two notions on Riemannian Poisson manifold and Riemannian Poisson warped product space.

The outline of this article is as follows. In Section 2, we look back on some classical notions like cometric,
curvatures, contravariant Levi-Civita connection on Poisson manifold and give the definition of Riemannian
Poisson manifold (M, g, IT). Moreover, we provide the explicit form of cometric g/ and contravariant Levi-
Civita connection D on (M = M; X ¥ Mo,, gf )- In Section 3, we characterize the Killing 1-form on Riemannian
Poisson manifold and Riemannian Poisson warped product space (M = M; X f Mo, gf ,IT). Moreover, we
introduce the concept of parallel 1-form and provide Bochner type results on compact Riemannian Poisson
manifold and Riemannian Poisson warped product space in Theorems 3.10, 3.11. In Section 4, we study
2-Killing 1-form and characterize 2-Killing 1-form on R? in Theorem 4.8.

2. Preliminaries

2.1. Geometric structure on Poisson manifold

Lots of basic terms and consequence related to Poisson manifold presented in [28]. Let M be a manifold.
A Lie bracket map {.,.} : C®(M) X C*(M) — C*(M) is said to be Poisson bracket on M if it follows the
Leibniz identity i.e.,

(D1, P23} = {1, P23 + Palp1, P3), Y 1, P2, 3 € CO(M).

The pair (M, {.,.}) is said to be Poisson manifold.
Let (M, {.,.}) be Poisson manifold and ¢»; € C*(M) then we can find a unique vector field X, on M associate
to ¢1 such that

X(,’L51 ((PZ) = {(PZ/ (Pl}r v (PZ € CM(M)
The vector field X, is said to be Hamiltonian vector field of the function ¢;. If
X(J)l ((Pz) =0, \'4 (Pz [S Cm(M),

then ¢; € C*(M) is called Casimir function. The Leibniz identity also guarantee the existence of a bivector
field TT € ¥>(M) = I'(A>TM) such that

{P1, P2} = [I(dp1,dgo), Y @1, 2 € CO(M).
A bracket [.,.]s on (M, {.,.}) considered to be Schouten bracket associated with bivector field IT if
%[H/ s(dpr, Ao, dds) = {1, P2}, P3} + {{pa, 3}, @1} + {{Ps, P1}, ol

A bivector field I'T on M is called Poisson tensor if [IT,IT]s = 0.

Remark 2.1. Many authors assume (M, T1) as a Poisson manifold when T1 is a Poisson tensor. Here, we consider
same notion.
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Let us assume that if M is a manifold with a bivector field IT then there is a natural homomorphism
#r1 : T"M — TM corresponding to I given by

T](ﬁl‘[(a))) = H(wl T])/ \4 Cl),n € T*M/

called sharp map(anchor map).
If T1 is a bivector field on M, then it give rise to a bracket [.,.]; on smooth 1-forms [(T*M) is said to be
Koszual bracket defined by

[w,n]n = Lﬁn(a))n - Lun(n)w —d(I(w, n)).

Let (M, IT) be a Poisson manifold where IT is a Poisson tensor on M then Koszual bracket [.,.];; convert
into usual Lie bracket.

If i1 is the sharp map on Poisson manifold (M, IT), then there is a Lie algebra homomorphism # :
I(T*M) — I'(TM), such that

in([w, nln) = [#n(w), #n()],

where [.,.] is the usual Lie bracket on I'(TM).

Let (M, TI) be a Poisson manifold. In [30], authors introduced the concept of contravariant connection
D on M. The torsion and curvature tensors corresponding to this connection D are given by

T (w,1) = D — Dy — [@, N,
R(w, My = DwDny = DyDoy = Diwnin Y-

where 7 is (2, 1)-type tensor and R is (3, 1)-type tensor. Here D is said to be torsion-free if 7 = 0 and flat if
R=0.

Let (M, 7) be a pseudo-Riemannian manifold. The bundle isomorphism
by : TM — T*M is a map such that X = §(X, .) and its inverse map

iy :T"M — TM

w - #5(w)
such that w(X) = j(#;(w), X). The metric g on the cotangent bundle T*M is defined by

g9(@, ) = §(Hs(w), #5(0))-

This metric g is said to be cometric of the metric 4.
Let (M, IT) be a Poisson manifold and g is cometric then there exists a unique contravariant connection
D on M characterized by

29(Do1n,7) = tn(w)g(n, y) + in(mg(w, y) = 4n(y)g(w, n)
+9([0J/ U]H/)/) _9([77/7/]11/ w) +g(b// a)]H/ T]), (1)

for any w, 1,7 € Q'(M), and follows the following two conditions

(i). Don — Dyw = [w, n]n(Torsion-free),
(iD). #rn(@)g(n,7) = 9(Dwn, 7) + 9(n, Dwy)(Metric condition),

for any w, 7,y € Q'(M). Contravariant connection D with properties (i) and (ii) is said to be contravariant
Levi-Civita connection associated to pair (g, IT) on M.
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Let (M, IT) be a n-dimensional Poisson manifold with connection D and p is any point on M. The Ricci
curvature Ric, and scalar curvature at p corresponding to the local orthonormal coframe {601, ..., 0,,} of T;]\Z,
given by

Ricy(@,m) = Y gp(Ro(@, 0)0;, 1), 2)
i=1

Sy =) Ricy(0;,0), (3)
i=1

for any w,n € T,M.

Let (M, TI) be a Poisson manifold with connection D and f € C*®(M) then Df = df o iy € X'(M), de-
fined by

(D)) = Do f = tn(w)(f) = df (n(w)),
for any w € QY(M).

Let (M, TT) be a Poisson manifold with connection D satisfies DIT =0 i.e.,

ﬂn(w)H(ﬂ/ ‘)/) - H(Da)n/ )/) - H(T]/ Dwy) = O/

forany w,n,y € QY(M), then triplet M, g,11) called Riemannian Poisson manifold.
Let (M, IT) be a Poisson manifold with cometric g, then field endomorphism

J:T'M - T'M
provides
(w,n) = g(Jw,n) = —g(w, Jn),

for any w,n € T*M.
Let (M, g,T1) be a Riemannian Poisson manifold and J is a field endomorphism on M then D] = O i.e.,

Dy(Jn) = JDon,
forany w,n € T*M.

2.2. Cometric and contravariant Levi-Civita connection on warped product space
The explicit form of the warped metric
7 =m@) + (Vo (@),
on (My, §1) and (M, ) is given by
ﬁf(XZ/ Y1 = §1(Xq, Y1),
F (X}, Y5) = (X3, Y]) =0, (4)
75, Y3) = (f")?52(X2, Y2,

for any X1, Y; € T(TM;) and X,, Y, € T(TM,). Here f ot = f" is horizontal lift of f from M; to M; X M,. For
more detail of horizontal and vertical lifts on product space see in ([34, 36, 37]).

As a consequence of the Proposition 3.3 of ([36],p. 23), one has the following proposition which provides
explicit form to the cometric

1
(f"?

of warped metric /.

¢ =g+ ==
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Proposition 2.2. Let two pseudo-Riemannian manifolds be (M, §1) and (M, §2) and a smooth function be f :
M; — R*. Then cometric g/ of the metric §/ is explicitly can be written as

gf(a)z, ") = gi(wr, m)",
gf( 1/ 172) - gll(wg/ 77’11) = 0/ (5)
(w2/ T]2) fh)z 92 (602, T]Z)U/
forany wi,m € [(T*M) and w,, 1, € T(T*M,). Where g1 and g, are the cometric of the metric g, and §, respectively.
The ordered pair (M = M; X; My, g¥) is said to be contravariant warped product space of warped space
(M = My x¢ My, §).

?and IT =

Contravariant Levi-Civita connection D associated with pair (g/,IT) (where ¢/ = ¢ + (f+)2 7

IT; +IT,) on (M = M, X M5, g¥) is given by proposition:
Proposition 2.3. For any wy,1n; € T(T*M;) and w,, n; € T(T*M,), we have
(@) Z)(u‘l'ﬁ;ll = (Din Ul)h/

(ii). D1y = (D7, m2)" — )392(602, m)°(hdf)",

(fh

(iii). D1 = Dygw] = gl( Tidf, w1)'n3.

fh
If we assume that, IT = I'l; + I, in Theorem 5.2 of ([35],p. 294) then we conclude that:

Theorem 2.4. Let f be a Casimir functjon. ’I:hen both (Ml,gl,Hl) and (Mz,gz,Hz) are Riemannian Poisson
manifolds if and only if the triplet (M = My X§ My, g/, 1) is a Riemannian Poisson warped product space.

3. Killing 1-form

Let (M, g,T1) be a Riemannian Poisson manifold. In ( [30],p. 5), author define the Lie derivative on the
space of k-vector fields X¥(M) = T(AKTM). Let T € X¥(M), then the Lie derivative of T in the direction of
1-form a € QY(M) is a map L, : X5(M) — X*(M) such that

k
(LaT)(@ts, ) = fra(@)(T(, ) = Y Tletr, o [, ], oy ), (6)
i=1

where ay, ..., ay € Ql(M). )
A 1-form 1 € QY(M) on (M, g,T1) is said to be Killing 1-form corresponding to the cometric g if

Lyg =0,

where L, is Lie derivative on M with respect to 1-form 7).

In the following two propositions, we will find the expression of Lie derivative £, with respect to
cometric ¢/ on contravariant warped product space (M = M; Xy My, ¢/) and Riemannian Poisson warped
product space (M = M Xy My, g/, T1). Here we will consider n = ' + 15, & = o + a5 and g = pll + 5.

Proposition 3.1. Let (M = M; Xy My, g¥) be a contravariant warped product space and D is the contravariant
Levi-Civita connection associated with pair (¢, TT) on M. Then for any n € Q'(M), we have

(Log),B) = [(L1 g0, B
+ fh —— (L2, g)(a2, )]+

for any a, B € QY(M).

d ’
M)hgz(az,ﬁz)z’,
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Proof. From equation (6), we conclude that
(L9 ), B) = tn() (g’ (@, p) — ¢/ ([, &, p) — ¢ (04, [n, Bln)

= [ﬂnl(m)(gl(al,ﬁl))] [lﬁnl Th)] ((f" 592(a2, B2)°)

(fh —= [ (1) (92 az,ﬁz))] [91([771,061]n11[31)]h
(fh [92( 2, a2]Hz/ ﬁ2)] [91 (051/ [Ulr lBl]Hl)]h
(fh [92(062, [Uz,ﬁz]nz)]

= [(£L g0 0]’
(L2922, )] + [, <m>]’1<(f%)2gz<az,ﬁz>”>.

N 1
(f")?
Since,

gi(hdf, m)\r

[ﬁrh (7]1)] 7 ——=g2(az, p2)°) = ( 7 ) g2(az, Ba)°

(f "
Thus the result follows. [

Proposition 3.2. Let (M = M, x 7 Mo,, gf ,IT) be a Riemannian Poisson warped product space and f is a Casimir
function on My. Then for any n € QY(M), we have

(Lyg e, p) = [(Lyhgl)(alzﬁl)]h + (thgz)(az,ﬁz)r,

1
Gl
for any a, p € QY(M).

Proof. As, f is Casimir function if and only if J;df = 0. After applying this criterion in Proposition 3.1
provides the result. [

The following proposition is a another characterization of Killing 1-form.

Proposition 3.3. Let (M, g,T1) be a Riemannian Poisson manifold. A 1-form n € QY(M) is a Killing 1-form if and
only if

9(Dan, a) =0, (7)
for any 1-form a € QY(M).
Proof. Since 1 € Q'(M) and D is the contravariant Levi-Civita connection, then

(Lo, B) = g(Dan, B) + gla, Dgn), 8)
for any a, p € Q}(M). Putting a = 8 in (8), we have

(L)@, @) = 29(Dan, @),
for any a € Q'(M). Thus the result follows. [

In the preceding two propositions, we will provide a result on contravariant warped product space M =
M; x f Mo,, gf ) and Riemannian Poisson warped product space (M = M; x r My, gf ,IT), which are helpful to
describe the Killing 1-form. Here we will consider = 1 + 1% and a = o + o,



B. Pal, P. Kumar / Filomat 36:17 (2022), 5957-5972 5963

Proposition 3.4. Let (M = M; Xy My, /) be a contravariant warped product space and D is the contravariant
Levi-Civita connection associated with pair (¢, TT) on M. Then for any n,a € Q'(M), we have

9 (Do, @) = g1(Dy,m, )" + (W)h(llazlli)v + (fi)zgz(f)ﬁzﬂz, )’
Proof. From Proposition 2.3, for any 1, « € Q!'(M), we have
Da = (DL ) + (gl(hfff/ 011))’1 n (!Jl(hf;f, 771)>’10Cg
- Gt 1 () + (D) ©)

Since g/ (Dan, @) = g/ (Dan, al) + g/ (Dan, a3), thus from (5) and (9), the result follows. [

Proposition 3.5. Let (M = M, x 7 Mo, gf ,IT) be a Riemannian Poisson warped product space and f is a Casimir
function on My. Then for any 1, « € QY(M), we have

1
7 (Dan, a) = g1(DL, mi, 1) + (]T)zgz(@iznz,az)”. (10)

Proof. As, f is Casimir function if and only if [;df = 0. After applying this criterion in Proposition 3.4,
provides the result. [

In the following theorem, we have to prove the necessary and sufficient conditions for Killing 1-form on
Riemannian Poisson warped product space.

Theorem 3.6. Let (M = M; x 7 Mz,gf ,IT) be a Riemannian Poisson warped product space and f is a Casimir
function on My. Then 1-form n € QY(M) is Killing 1-form if and only if the following conditions holds:

(1). 1 is a Killing 1-form on M;.

(2). 2 is a Killing 1-form on M.

Proof. The if” part is obvious. For the “only if part”, let n € Q'(M) is Killing 1-form. Putting 1 = 7 and
n = nj in (10), provide (1) and (2) respectively. [

3.1. Parallel 1-form
Let (M",IT) be the n-dimensional Poisson manifold and D is the contravariant Levi-Civita connection
associated to (g,I1), then

(i) In ([35],eqn. 5), authors provided contravariant derivative of a multivector field P of degree r i.e.,
P € X"(M) = [(A'TM) with respect to 1-form a € Q!(M), given by

(DaP)@r, ) = n(@(P(@r, @) = Y Qa1 oy Datti .y ty), (11)

i=1

where ay, ..., a, € QY(M).

(ii) Let Q be any tensor field on M. In ([33],p. 9), author provided contravariant Laplacian operator
corresponding to D over Q by

AP(Q ==Y D} ,Q (12)
i=1

where {0y, ..., 0,} is any local coframe field on M, and
D5 = DaDy — Do g,

is the second order contravariant derivative.
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Definition 3.7. Let D be the contravariant Levi-Civita connection associated to (I1, g) on Poisson manifold (M, TT).
A tensor field S is said to be parallel with respect to contravariant Levi-Civita connection D if

DS =0. (13)
Remark 3.8. Ifwe take S = g, then it is always parallel.

From Corollary 4.2, Lemma 4.3 and Corollary 4.7 of [33], we conclude the following lemma. This will be
useful later on.

Lemma 3.9. Let (M", g,T1) be a compact Riemannian Poisson manifold and a smooth function f on M satisfies
AP(f) > 0, then AP(f) = 0.

Bochner [10], provided a result for compact oriented Riemannian manifold M, that if Ricci curvature of M
is non-positive then every Killing vector field on M is parallel. Later H. H. Wu studied this result in detail
(see, [38],p. 324). Now we will prove similar result for Killing 1-form on compact Riemannian Poisson
manifold.

Theorem 3.10. Let 1) is a Killing 1-form on n-dimensional compact Riemannian Poisson manifold (M", g, T1) with
vanishing Dyn. If Ric(n, 1) < 0, then 1 is parallel.

Proof. Since 1 is a Killing 1-form, equation (8) implies that
9(Dan, ) + g(Dpn,a) =0, (14)
forany a,f € QYM). Let {01, ..., 0,) is any local coframe field on M, then from (12), we have

AP( - %mﬁ) = Y 1Do(Do,g(n, 1) = Doy, 0,90, )

i=1

= ) 1Do¢(Do,n,m) - (Do, 0, 1)

i=1

=Dl - g(A® (), 1), (15)

where [Dn? = Y., 9(De.n, Do,n). Now we will calculate the second term of (15). For any i € {1, ..., n}, we
have

9(Dg, 611 = 9(De, Do, 1) = 9(Doy,01,1)- (16)

The second term of L. H. S. of the above equation equal to —g(D;n, De,0;) by (14), and vanishes as D,1.
Hence (16), conclude that

9(Dj,0.1,1) = 9(De,Do,1n,1)
= g(Z)Q,'DI]Gi/ T]) + g(DGi[Qi, U]H/ T])

= 9(De,D,,0;, 1) + #r1(6:)9([0:, Nl 1) — 9([64, N1, De,n)- 17)
Since, «a is Killing 1-form therefore
9([0:, ], 1) = —Hn(m)g(0:, 1) (18)

and

(14)
96, nln, Den) = —9(0i, Die, ™)
= —#n([6;, nlm)g(n, 0:) + 9(n, Do, 1, 6))- (19)
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After using (18) and (19) in (17), we obtain
g(Déueﬂr T]) = g(DQiZ)UGI'/ T]) + {_ﬁn(ez)ﬁn(ﬂ) + ﬁl‘[([ei/ T]]l‘[)}g(ﬂ/ 61)
= 9(Dro, 01,0, 1)

@1
=" 9(Dy,Dy0;,1) — (i (0:)9(n, 6;) — 9(Do, 1, 6 M)- (20)
The second term of (20), follows by vanishing of D1

Bn(min(0:)g(n, 6;) = tn(M{g(De,n, 6;) + g(n, De,0:)}

Z tu(g(n, De,6)
= 9(DnDp,0i, ). (21)

Using equation (21) in (20), yields
9(DG,,. 0 1) = g(R(O:, MO, 7).
After taking summation both sides of the above equation conclude that

g(A®(m), 1) = Ric(n, ). (22)
Now using (22) in (15), we have

A?( - %mF) = |Dnl? - Ric(n, 7). (23)

Since Ric(n,1) < 0 then the right hand side of (23) is non-negative and hence vanishes by Lemma 3.9. It
conclude that |Dnf* = 0. This is equivalent to 1) being parallel. []

In the following theorem, we will prove the above result for compact Riemannian Poisson warped product
space.

Theorem 3.11. Let (M = My X¢ My, g/, I1) be a compact Riemannian Poisson warped product space and f is a
Casimir function on My also let 1-form n = ' + 5 € QY(M). Then

(1). n =" + 3 is parallel if the 1-form 1; is a Killing 1-form, Rici(n;, ;) < 0 and Z);']in,- vanishes, i =1,2.

(2). n = 1" is parallel if the 1-form 11 is a Killing 1-form, Ricy (11, m) < 0 and Z)}hm vanishes.

(3). 11 = 15 is parallel if the 1-form 1 is a Killing 1-form, Ricy(112,12) < 0 and DZ 1, vanishes.

2
Proof. Let U; and U, are two open subset of M; and M, respectively. Assume that {dx, ..., dx,, } is a local

g1-coframe on U, and {dyy, ..., dy,,} is a local go-coframe on Uy, then
{do, ... dxl , frdys, .., fldys, )

is a local gf -coframe on open subset U; X U, of M; X M5. Thus for any 1-forms n € QY(M), we have

n 12

D0 =Y ¢/ (Do, D) + (1 Y ¢/ (Dayen, D). (24)

i=1 j=1
Using the condition of Casimir function f in (9) the first term of (24), is given by

1

Y. A Do, Do) = Y ¢ (Dt Do)

i=1 i=1

=) (@, ) @Lm)

i=1

1
5
@ Z (D m, D;xlm)h

i=1

= (D'mP), (25)
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and the second term of (24), is given by

12

("7 Y, o' Dy Day) = (f' Y, ¢ D3, D)
=1 =1
12

= (") 9 (D3, 1), (D3, m2)")

f=

6)

- Z 72D 5% M2, Dﬁy/nz)”
=1

= (1D’ (26)
After using (25) and (26) in (24), provide that
1D = (D' mP)" + (1D o)’ (27)

Thus from Theorem 3.10 and equation (27), follows the result. [

4. 2-Killing 1-form

A 1-form n € Q(M) on a Riemannian Poisson manifold (M, g,11) is said to be 2-Killing 1-form with
corresponding to the metric g if

Lq-qu = 0/ (28)

where £, is the Lie derivative on M corresponding to 1-form 1.
The following proposition is alike to the Proposition 3.1 of ([24],p. 6).

Proposition 4.1. Let (M, g, T1) be a Riemannian Poisson manifold and 1-form n € QY(M). Then
(‘571‘5719)(0‘/@ = g(DWDaTT - z)[muc]n’]/ ﬁ)
+ 9(Dy D1 = Diy i, @) + 29(Dan, Dpn), (29)
for any a, p € Q(M).

The following proposition is helpful to describe the definition of 2-Killing 1-form on the Riemannian Poisson
manifold.

Proposition 4.2. Let (M, g,T1) be a Riemannian Poisson manifold and 1-form n € QY(M). Then n is 2-Killing
1-form if and only if

R, a, a,1m) = g(Dan, Dan) + 9(Da Dy, ), (30)
for any a € QY(M).

Proof. The symmetry of (29) implies that, 1 is 2-Killing 1-form if and only if (£,£,g)(a, @) = 0, for any
a € QY(M). Therefore, we have

9Dy Dan, a) + g(Dyainn, @) + g(Dan), Dan) = 0, (31)
for any & € Q!'(M). The curvature tensor R, is given by
R, a, a,n) = R, m, 1, )
= g(R(a, mn, @)
= g(Da—Z)nn/ @) — g(DnDan/ a) - g(D[a,q]n 1, a). (32)
After using (31) in (32), provides the result (30). O
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There is another characterization for a 2-Killing 1-form 1 on Riemannian Poisson manifold (M, g, IT)
2R(n, o, B,m) = 29(Dan, Dgn) + 9(DaDiyn, B) + 9(Dp Dy, @), (33)

for any a, f € QY(M).
In the following two theorems, we will provide Bochner-type results for 2-Killing 1-form on compact
Riemannian Poisson manifold and compact Riemannian Poisson warped product space.

Theorem 4.3. Let 1) is a 2-Killing 1-form on n-dimensional compact Riemannian Poisson manifold (M, g, 1) with
vanishing Oyn. If Ric(n, 1) < 0, then 1 is parallel.

Proof. Assume that {dx, ...,dx,} is a local g-coframe on an open subset U of M, then from Proposition 4.2,
we obtain

Y Ry, dxi,dxi,n) = Y 9(Das ), D) + Y 9(Diae Dy ).

i=1 i=1 i=1

As D, n vanishes and R is a curvature tensor therefore the last equation implies that
Ric(n,n) = [Dnl* < 0.

This follows the result. [

Theorem 4.4. Let (M = M; X; My, g/,I1) be a compact Riemannian Poisson warped product space and f is a
Casimir function on B also let 1-form 1 = 1 + 3 € Q'(M). Then

(1). n =1l + 13 is parallel if the 1-form n; is a 2-Killing 1-form, Rici(n;, n;) < 0 and Dihm vanishes, i = 1,2.

(2). n =" is parallel if the 1-form 1, is a 2-Killing 1-form, Ricy (11, m) < 0 and @11;1771 vanishes.

(3). n =15 is parallel if the 1-form mn is a 2-Killing 1-form, Ricy(n2,12) < 0 and Z)%an vanishes.

Proof. Proof is similar to the Theorem 3.11. [
In the following two propositions, we will find the expression for 2-Killing 1-form.

Proposition 4.5. Let (M = M; Xy My, g/) be a contravariant warped product space and D is the contravariant
Levi-Civita connection associated with pair (g, TT) on M. Then for any 1-forms n € QY(M), we have

(Lo Lag"ar B) = [(Lh, L (e, )] + ( f}gz [(£n Lhg2e 2]
ooy U, APy
e (f)g}ihdf/ﬁl) , 910, ﬁl}{“’l“’f Y, oY
, (1)},1 <f>g}<4hdf, @) p(hdf, al}gﬂhdf' Y 6, o)
+ 4(W)h(uzgzgzxaz,ﬁz>)v + Z(W)hw(ﬂzf Do)
" 2(%)%(% 0, oy + (24 “I}T DL iy,

for any 1-forms a, B € QY(M).
Proof. See Appendix. [
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Proposition 4.6. Let (M = M; X My, gf,T1) be a Riemannian Poisson warped product space and f is a Casimir
function on My. Then for any 1-forms 1 € QY(M), we have

(Lo Log Y B) = [(Lh L3 g1)(er, B)] + s [ (L2 L2 )02, 8]

(f h)2
for any a, B € QY(M).
Proof. Using the property of Casimir function f in Proposition 4.5, provides this result. [J

In the following theorem, we will provide necessary and sufficient conditions for 2-Killing 1-form on
Riemannian Poisson warped product space.

Theorem 4.7. Let (M = M; Xy My, g/,I1) be a Riemannian Poisson warped product space and f is a Casimir
function on My. Then 1-form n € QY(M) is 2-Killing 1-form if and only if the following conditions holds:

(1). 1 is a 2-Killing 1-form on M.

(2). np is a 2-Killing 1-form on M.

Proof. The if” part is obvious. For the “only if part”, let € Q'(M) is 2-Killing 1-form. Putting = 7/ and
n = 13 in Proposition 4.6 provide (1) and (2) respectively. [

Now, we will provide a theorem for 2-Killing 1-form. From ([30],eqn. 2.5), Christoffel symbols Fjj defined
as

Z)dxidx]- = l"f{jdxk. (34)
Theorem 4.8. Let (IR, g,T1) be a Riemannian Poisson manifold (where g is the cometric of the Riemannian metric

G =(@x")? +@x?)% 1 =112 % A 5%) and 1 = mdx! + nadx® € QY(R?). Then 1 is 2- Killing form if and only if

12 12
2R(n, dx', dx?, e —(2(T1T3 +ToTy) + J(T5IT) 8(T61'I ))/

ax! ox?
where
87]1 oIT'? 8172 oIT'?
12 L g
hi=1 o TP =1 o2~ Mgt
8171 oIT'? 87)2 oI1*?
_edin 12
L=liog —mga h=lligarmos
am om oz, JIt?
Ts = mIT? =73 nzﬂlza MRSt
37‘[2 87}2 oT12 (91—[12
_ 12 12
Te =11 o M il o2 T i oxl’
Proof. Since {dx!,dx?} is orthonormal coframe field on R? therefore (33), implies that
2R(n, dx',dx?, 1) = 29(Dygan), Dae) + 9D D1, dx) + g( D2 Dy, dx*). (35)

The local components of § are given by
1 =G5 ) = 1,
=7 (3 37 ) 37) = (36)
912 9(3x1/ 3x2)
As g is the cometric of the metric § then its local components are given by
gl = gdx!, dx!) =1,

22 = g(dx?,dx?) =1, (37)
g'? = g(dxt,dx*) =0
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Now, from ([39],eqn. 6.2), Christoffel symbols Iﬂ;(j (where i, j, k € {1,2}) defined as

&x, 3X1 ax, —7 ﬁx, * E ka

o1 _dgim _dg™ dgh orUm  9TIMy 1911
o _ il 1 ml li )
rk—zgl E gmk(n a—xl+1'[f——1'[ —-— -9 ] ) .

Therefore from (37) and (3.8), we have

ri'=o, Iy= ’9;};, =0, Y= 3; :2,

= _981;1;2, r?=0 1= —3;;2, 2 =0.
Hence (34) and (39), conclude that

Dygadx! = —%lxizdxz, Dygadx? = (leizdxl,

Dyodx! = —ag;z dx?,  Dygedx® = %l;dxl.

By the properties of contravariant Levi-Civita connection 9 and equation (40), we have

Dyjan = Tydx! + Todx?,
Dy = —Tadx! — Tydx?,
Dyn = Tsdx' — Tedx®.

Equations (41), (42) and (37), provides
9(Dian, D) = =T1Ts — ToTy.

Equations (43) and (37), provides

o112 T,

2y = 29756

g(-@dxlz)nn, d.x ) = —T5W _ Hl axz ,
12

9Dy Dy, dx?) = =T aIr- _ T2 dTs

ox? oxl’

Using equations (44), (45) and (46) in (35), proves this result. [

Appendix. Proof of Proposition 4.5
Equation (29), is given by

(L;ng)(“/ p) = !J(Z)wDaT?r p) + g(DUDﬁn/ a)
= 9 Dmain® B) = 9Dy piat, @) + 29(Dan, Dp1)-

Using (5) and Proposition 2.2 in the first term P; of (47), we have

Py = g(DyDan, )
= 9(DyDan, B + 9(DyDa, 3).

5969

(38)

(39)

(40)

(41)
(42)
(43)

(44)

(45)

(46)

(47)
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Assume that S; = D, D, 1, therefore

S51=

N (91(I1df, m)

_(Whasty,

Dot + Dy Dany

1]‘1

D'lhhdf h gl(hdf/al

= (O, D) + DL D) - (3 )gz<az,nz>”+(f) (D, m)’

3D f) - qi(hdf,
[( ( If) fil(h fnl))hgz(azlnz)v

d v

(gl(flf{ 041)) (I 2”§)v _ (f];l)?’ 92(1)542772/ TYZ)U — —(fi)s (Z)%zgz(azz 772)) ](]uif)h

[gl(]ldf T]])2 }hf)gl(]ldf/ 7?1) " D}hgl(hd-f’ Tll)]hav + [(D}hgl(hdf, al))h
? _mrre

f? f f

b 2 2 o
) (D212 + D2, 0)” +

f

+(!71(]1de 771)) (gl(hdf ,a)g1(hdf, Th)) ((Dl Ngi(hdf, 0‘1))

f f? f?

7i ) gataz, o) |5

Using S in Py, provides

Py

= g1(D}, DLy, P +
df,
. (91(11 f,m)

- 0(%)392(2%2’72, m2)° - (f%(zﬁzth(ab Uz))v]gl(hdf' B +

D! T,df, h
1, ) m;; ! ﬁl))} g2(a2, 12)°

)h 92(D7,m2, o)’

L)zgz(ﬂz D22, B2)” — (

(f"
)hfh(ﬂ M2+ Z),]lez p2)" + (gl(hf—;’al)

@
) G2(M2, a2)° + 3( 12

f3
[(91 (J1df, al)) (|| zlg)v_(gl(hdfﬂh)

f4 Iz f) ga(a2, m2)°

[gl(hdf ,11)

_ Dy Ng(hdf,m) D%g(fdf,n)h L g1(Jdf, an)
AL AL PN ()

(!71(]1df D, 1’71)) N (gl(hdf, a1)g1(1df, 771))h B <(D}z1f)91(]1df/ 0‘1))11
f? f f*

Ihdf IR
-

T) 922, ) |92(n2, )"

After exchanging « and f8 in the last equation provides the second term P, of (47), is given by

P, = g(Z)nDan/ﬁ)

91(Dy, I f, ar)

= 31(D}, D m, )" + (D2, D% o, ) — 7 ) 92(B2, )’

1
"

d
+(!71(]1 f,m))hg( 2+ D3 g, ag)” + (gl(h fﬁl)) 92(D;, 1, @)

f3

f3
Z)l
+[(eED 1}’{ POl - (W)hyzmz,ﬁz)” (2 g

f4
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v df,m)?
(fh 392(1) 12, 12)" = (f1)3 (1)127292([32, 772)) ]gl(]ldfral)h + [!h(hf#
m d mg1(1d DL g1(Jhdf,
~ ;f)g}ih frm) | 91(}{1 fi Th)] a2y + 191(}{; fﬁl))h
n(haf, D) gi(adf, Bgi(hdf, m)ye (OnNarhdf, o) i
N LN A 2
d 2
(%)hgz(ﬁz, T]z)v]gz(nz, a)”.

Again using (5) and Proposition 2.2 in the third term P3 of (47), we have
P3 = g(Drya1at, B)
= 9(Dpyant) B) + 9(Dinaln 1, B3)-
Assume that S, = Dy, 41,1, therefore
S2 = Diyaln M + Digaln s
= Dk, i+ Digs gy, M2 + Dimacly, mh+ Dinaaly, M

df, h
(D%’h ]y Th)} + (D[Uz 0(2]1'1 Z)U + (gl(hff Th)) [T]Z’ aZ]ZT}Iz

df, [, a1l hd
+ (91(]1 ! []:h — )) 2 (}_J)hgz(ﬁzz (12, az]r,)"

Using S, in P3, provides

1
Ps = (D%’h,al]nl Th’ﬁl)h + (fh)2 92(@%712,0!2]1'12 2, ‘BZ)U

daf, af,[m, daf,
o (PO i e (P g, = (PO g,

After exchanging « and f in the last equation provides the fourth term P, of (47), is given by

1
— 1 h 2
Py=m (D[’h,ﬁl]r{1 m,a1)" + (fh)z gZ(D[Uzrﬁzlnz "2, @)’

df, df, [m, faln, af,
. (g1(f1f3f_771))hgz([n2, Balm,, a2)” + (gl(h fj[[;h Al ))hgz(ﬂzraz)v (5]1(]1f{ 1)) 922, 2, ol )"

Same as above manipulations the fifth term Ps of (47), is given by

df,a1)\h
Ps = gl(D}hTh/D}glrll)h (fh)ng(Daznz' ;zﬂz)v + (%) 92(D5, 12, )’

i IdfIR
(!71(hf3f ﬁl)) 72(D 0, o)’ +(hf—£1)hgz(az, 12)°92(B2, m2)°

df, df, af,m)?
+( g1(hdf, U‘l}fl(h fﬁl))h(nnzné)v+(f71(hf#)hgz(az,ﬁz)v
d d d Z)L’kl v
[91(]1 f “1}21(]1 frm) _ 91 J;S 771)] 92(B2,m2)
[91(]1 fﬁlle(h f m) _ I f ﬁ : ] g2z, m2)°
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+ (91(]1;{1 n1) o

Using terms Py, P>, P3, P4 and Ps in (47) and after some manipulations provide the result.

)h(gz(Diﬂzl B2) + 92(D5, 12, az))
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