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Abstract. In this paper, we introduce the notion of (α,F)-contractive multi-valued mappings in the setting
of uniform spaces. Some fixed point and common fixed point theorems for (α,F)-contractive mappings
endowed with the uniform spaces are established. The existence and uniqueness of fixed points by using
the structure of uniform spaces is discussed in detail. We set up a non-trivial example for the elaboration of
these novel results. eventually, an application is also provided to elaborate the applicability of our results.

1. Introduction

There are many extensions of metric spaces out of which u. f .s. is a widely known. Some important fixed
point results in u. f .s. are established by [5] and [38]. The famous Nadler’s [28] set valued contraction map-
pings results provided the researcher a strong platform to start the investigation of fixed point in the context
of multi-valued mappings. By using this platform, many results are developed for existence and unique-
ness of fixed point and common fixed point. (see for examples; [3, 4, 6, 11–13, 15, 17, 22–25, 31, 32, 35, 36]).
Since then uniform spaces has become a focus of interest for many researchers for the establishment of fixed
point theorems by using various contractions [10, 20, 22, 26, 27, 38–40].
Fixed point theory provides a strong tool to develope the iterative schemes for the solution of various
differential and integral equations. Recently, Olatinwo and Omidire [30] focuses on the convergence
of generalized pseudo-contractive operators with regard to a unique fixed point. In this article a new
Jungck–Kirk–Mann type fixed point iterative algorithm as well as the general Kirk–Mann type iterative
algorithms are used to find a unique common fixed point. Similarly one can find a self-adaptive projection
method for finding a common element in the solution set of variational inequalities and fixed point set for
relatively non-expansive mappings in 2-uniformly convex and uniformly smooth real Banach spaces [29].
The idea of F-contraction was initiated by Wardowski [41]. Many mathematicians are intrigued by this new
notion and proved existence and uniqueness of the fixed point of single valued and multivalued mappings.
One can find a lot of literature on existence of fixed point by using the concept of F-mappings in different
contractions. Some of the interesting results can be found in [9, 12, 13, 23, 33]. Ali et al. [7] introduced the
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notion of (α,F)-admissible type mappings in the setting of u. f .s. By using the notions of (α,F)-admissible
type mappings many motivating and important results are established on the platform of metric spaces
[7, 12, 13, 21]. Some results are proved on the notion of (α,F)-admissible type multi-valued mappings by
Ali et al. [8], Hussain et al. [21] and Rasham et al. [34].
In this article, some new fixed point theorems for a multi-valued mapping from a complete u. f .s. to its hy-
perspace are established. For this purpose, we used the notion of (α,F)-contractive mappings accompanied
with u. f .s. For the comprehensive understanding of u. f .s. and (α,F)-contractive mappings, the readers are
referred to see ([1–3, 6, 7, 9, 12, 13, 16, 20, 21, 25–27, 34, 38–40]).
The rest of the article is organized as: In Section 2, we collected some basic definitions and results that are
related to our main work. Section 3 consists of our main contributions and in Section 4, an application of
the main result is presented to show the existence of a solution of a nonlinear integral equation.

2. Preliminaries

In this section, we recall some fundamental definitions which will help in understanding the rest of the
sections.

Definition 2.1. [2] Let (X, v) be a uniform space and p be an A-distance on X.

(i) X is S-complete if every p-Cauchy sequence {xn}, there exists x in X with
limn→∞ p(xn, x) = 0.

(ii) X is p-Cauchy complete if every p-Cauchy sequence {xn}, there exists x in X with limn→∞ xn = x with respect to
τ(v).

(iii) T : X→ X is p-continuous if limn→∞ p(xn, x) = 0 implies limn→∞ p(Txn,Tx) = 0.

Following definition is crucial for our next discussion. From now on, R is set of real numbers and R+ is set
of positive reals.

Definition 2.2. A mapping F : R+ → R is said to be an F-mapping [41], if the following conditions are observed:

(i) F is strictly increasing function, that is, as for all z1, z2 ∈ R+, if z1 < z2 then F(z1) < F(z2).

(ii) For each sequence {zn} of the positive real numbers R+,

lim
n→∞

(zn) = 0 if and only if lim
n→∞

F(zn) = −∞.

(iii) There is a real number c ∈ (0, 1) such as
lim

z→ 0+
zcF(z) = 0.

The family of F-functions will be denoted by ▲ throughout this research.

Theorem 2.3. [8] Consider an S-complete Hausdorff u. f .s., (Y, v) and p an E-distance on the nonempty set Y. Let
the self-mapping T on Y be an (α,F)-contractive which fulfills the following assertions:

(i) the T is an α-admissible;

(ii) for some x0 ∈ Y, α(x0,Tx0) ≥ 1 and α(Tx0, x0) ≥ 1;

(iii) T is p-continuous mapping,

then T has a fixed point.
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In a u. f .s., (Y, v), denote Q = {pi : i ∈ I} by a family of pseudo-metrics on Y where I is an an indexing set.
This family is known as an associated family for the uniformity v of the family.
ϱ = {V(i, r) : i ∈ I, r > 0}, where V(i, r) = {(x1, x2) : x1, x2 ∈ Y; pi(x1, x2) < r}, is a sub-base for the uniformity v.
We can consider ϱ itself to be a base by including the finite intersections of the members of ϱ, if needed. The
related family of pseudo-metrics is called an augmented associated family for v. This family for v will be
denoted by Q∗. For the more details, one can consider [38]. Now, we will denote Y the u. f .s., (Y, v) defined
by Q∗.
For a nonempty subset M of a u. f .s., define

δ∗(M) = sup{pi(x1, x2) : x1, x2 ∈ Y, i ∈ I};

where {pi(x1, x2) : i ∈ I} = Q∗. Then we shall say that δ∗(M) is an augmented diameter of M. Furthermore, M
is called Q∗-bounded if δ∗(M) < ∞ (see [26]). Let

2Y = {M : M is a nonempty Q∗ − bounded subset of Y}.

For two nonempty M,N ⊆ Y, define

pi(x,M) = inf{pi(x,m) : m ∈M, i ∈ I},

and
d◦i (M,N) = sup{pi(m,n) : m ∈M,n ∈ N, i ∈ I},

and
H◦i (M,N) = max{sup

m∈M
pi(m,N), sup

n∈N
pi(M,n)}.

For a u. f .s., (Y, v), consider V ∈ v as an arbitrary entourage. The uniformity 2v on 2Y can be generated by
the base 2ϱ = {V⋇ : V ∈ v}, where

V⋇ = {(M,N) ∈ 2Y
× 2Y : M ×N ⊆ V} ∪ δ,

with δ the diagonal of Y × Y. Q⋇ induces a uniformity v⋇ on 2Y defined by the base

ϱ∗ = {V∗(i, r) : i ∈ I, r > 0},

where
V∗(i, r) = {(M,N) ∈ 2Y

× 2Y : di(M,N) < ϵ} ∪ δ.

The uniformities 2vand v∗ on 2Y are uniformly isomorphic. The space (2Y, v∗) is thus a u. f .s. and it is said to
be a hyperspace of (Y, v). The uniformities on Y and 2Y can be generated by any other basis as well. [(see,
for details: [14, 32])].
Some necessary definitions and notations are taken from ([18, 19]).
A sequence Mn ⊆ 2Y is said to convergent to the subset M of Y if the following two conditions are satisfied:

(i) ∀ m ∈M there is a sequence mn ⊆Mn for all n and mn → m.

(ii) ∀ ϵ > 0, ∃ N ∈ N, such that Mn ⊆ Mϵ for n ⩾ N where Mϵ = ∪x∈M ∪ (x) = {y ∈ Y : pi(x, y) <
ϵ for some x ∈M, i ∈ I}.
Here M is called the limit of the sequence Mn or symbolically one can write lim

n→∞
Mn =M.

(iii) T : Y → 2Y is said to be continuous at x0 ∈ Y if for any sequence xn ∈ Y which converges to x, the
sequence Txn ∈ 2Y converges to Tx in 2Y. The mapping T is a continuous on Y if it is continuous at
each point x ∈ Y.
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3. Main Results

Definition 3.1. Consider a u. f .s., (Y, v) with p an E-distance on Y. A mapping T : Y → 2Y is said to be an (α,F)-
contractive mapping if there exists a function α : Y × Y→ [0,∞), F ∈ ▲ and τ > 0 such that for every x1, x2 ∈ Y, we
have

τ + F (α(x1, x2)H(Tx1,Tx2)) ≤ F(M(x1, x2)), (1)

where
min{α(x1, x2)H(Tx1,Tx2)),M(x1, x2)} > 0,

and

M(x1, x2) = max
{

p(x1, x2),
p(x1,Tx1) + p(x2,Tx2)

2
,

p(x1,Tx2) + p(x2,Tx1)
2

}
.

Theorem 3.2. Let p be an E-distance on S-complete Hausdorff u. f .s., (Y, v). Let T : Y→ 2Y be an (α,F)-contractive
multi-valued mapping and it satisfies the following assertions:

(a) T is an α-admissible,

(b) There exists an x0 ∈ Y such that α(x0,Tx0) ≥ 1 and α(Tx0, x0) ≥ 1,

(c) the T is p-continuous,

then T has a fixed point η ∈ Y.

Proof. From assertion (b) there exists x0 ∈ Y such that α(x0,Tx0) ≥ 1. Now define a sequence {xn} in Y by
ϕ , Txn for all n ∈N∪{0}. If xn0 ∈ xn0+1 for some n0, then T has a fixed point. Therefore, we can assume that
xn < T(xn) for all n. Since T is α-admissible, we have α(x0, x1) = α(x0,Tx0) ≥ 1⇒ α(x1, x2) = α(Tx0,Tx1) ≥ 1.
So, we conclude inductively the nth iteration

α(xn, xn+1) ≥ 1, ∀ n ∈N ∪ {0}. (2)

(1) and (2) implies

τ + F(α(xn, xn+1)H(Txn,Txn+1))

≤ F
(
max

{
p(xn, xn+1),

p(xn,Txn) + p(xn+1,Txn+1)
2

,
p(xn,Txn+1) + p(xn+1,Txn)

2

})
≤ F(max

{
p(xn, xn+1), p(xn+1,Txn+1)

}
)

≤ F(p(xn,Txn)) ≤ F(p(xn, xn+1)) ∀ xn, xn+1 ∈ Y.

Inductively, we conclude its nth iteration

nτ + F(p(xn, xn+1)) ≤ F(p(x0, x1))

F(p(xn, xn+1)) ≤ F(p(x0, x1)) − nτ. (3)

Taking limit n→∞ on both sides

lim
n→∞

F(p(xn, xn+1)) ≤ lim
n→∞

[F(p(x0, x1)) − nτ]

⇒ lim
n→∞

F(p(xn, xn+1)) = −∞.

By using Definition 2.2, we have

lim
n→∞

p(xn, xn+1) = 0. (4)
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Suppose pn = p(xn, xn+1).
From Definition 2.2, there exists k ∈ (0, 1) such that (4) becomes

lim
n→∞

pk
nF(pn) = 0. (5)

Therefore (3) reduces to

F(pn) − F(p0) ≤ −nτ

pk
nF(pn) − pk

nF(p0) ≤ pk
n(F(p0) − nτ) − pk

nF(p0) = −npk
nτ ≤ 0

lim
n→∞

[pk
nF(pn) − pk

nF(p0)] ≤ lim
n→∞
−pk

nnτ

lim
n→∞
−npk

nτ ≥ 0

lim
n→∞

npk
n = 0 as τ > 0.

There exists n0 ∈N such that npk
n ≤ 1 for all n ≥ n0,

⇒ pk
n ≤

1
n
⇒ pn ≤

1

n
1
k

.

For m > n, consider

p(xn, xm) ≤ p(xn, pn+1) + p(xn+1, xn+2) + . . . + p(xm−1, xm) ≤
∞∑

i=n

pi

≤

∞∑
i=n

1

i
1
k

. (6)

Taking limit n→∞ on both sides and from (6), we get

lim
n→∞

p(xn, xm) ≤ lim
n→∞

∞∑
i=n

1

i
1
k

= 0.

Since p, doesn’t posses symmetry hence by repeating the process, we can obtain

lim
n→∞

p(xm, xn) = 0.

Therefore, {xn} is a p-Cauchy sequence.
Thus by completeness, there exists an η ∈ Y such that

lim
n→∞

p(xn, η) = 0.

Applying assertion (c) we have

lim
n→∞

p(Txn,Tη) ≤ lim
n→∞

H(Txn,Tη) = 0

and

lim
n→∞

p(xn+1,Tη) = 0,

which implies lim
n→∞

p(xn, η) = 0 and lim
n→∞

p(xn,Tη) = 0.
Consequently T has a fixed point.

In the next theorem, p-continuity is replaced with a suitable limiting condition on the iterative sequence.
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Theorem 3.3. Let p be an E-distance on S-complete Hausdorff u. f .s., (Y, v). Further consider a multi-valued
(α,F)-contractive mapping T : Y→ 2Y. If T satisfies the following assertions:

(a) T is α-admissible,

(b) There exists x0 ∈ Y such that α(x0,Tx0) ≥ 1 and α(Tx0, x0) ≥ 1,

(c) For any sequence {xn} in Y with xn → x as n → ∞ and α(xn, xn+1) ≥ 1 for all, n ∈ N ∪ {0}, such that
α(xn, x) ≥ 1, for all, n ∈N ∪ {0},

then mapping T has a fixed point.

Proof. The proof of the first part of the result is analogous to Theorem 3.2. Hence one can prove in the same
way that {xn} is a p-Cauchy in the S-complete space Y. Thus, there exists η ∈ Y such that

lim
n→∞

p(xn, η) = 0,

implies that lim
n→∞

xn = η. Using assertion (c) and the assumption that T is (α,F) contractive we obtain

p(xn,Tη) ≤ p(xn, xn+1) + p(xn+1,Tη)
≤ p(xn, xn+1) + (τ + F(α(xn, η)H(Txn,Tη)))
≤ p(xn, xn+1) + F(M(xn, η)).

Applying limit n→∞, we get

lim
n→∞

p(xn,Tη) = 0.

Hence, it follows

lim
n→∞

p(xn, η) = 0

and

lim
n→∞

p(xn,Tη) = 0.

Consequently T has a fixed point.

Example 3.4. Let Y =
{ 1

2n : n ∈N
}
∪ {0, 1} along with the usual metric p. Define v = {∪ϵ : ϵ > 0}. It is simple to

see that (Y, v) is a u. f .s. Now define T : Y→ 2Y on u. f .s. as

Ta =


{ 1

2n , 1
}
, if a ∈ {

1
2n−1 : n ∈N},

{0}, if a = 0,

and α : Y × Y→ [0,∞) as

α(a, b) =

1, if a, b ∈ {
1

2n−1 : n ∈N},

0, otherwise,

where
min{α(a, b)H(Ta,Tb)),M(a, b)} > 0.
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Let F(a) = ln a, for all, a > 0. Now through the following way, T can be easily seen as an (α,F)-contractive and

α-admissible mapping. Let a =
1
2n and b =

1
2m , such that m > n ≥ 1. Then, by Definition 3.1,

F(α(a, b)H(Ta,Tb)) − F(p(a, b)) = ln
∣∣∣∣∣2m−n

− 1
2m+1

∣∣∣∣∣ − ln
∣∣∣∣∣2m−n

− 1
2m

∣∣∣∣∣
= ln

1
2
< −

1
2
∀ a, b ∈ Y.

Therefore, T is a multi-valued (α,F)-contractive mapping with τ =
1
2

. Hence all the conditions of Theorem 3.2 are
satisfied and 0, 1 are fixed points of T.

For the uniqueness of the fixed point, we include the following condition:
(∇) : For all ζ, η ∈ Fix(T), there exists b ∈ Y such that α(b, ζ) ≥ 1 and α(b, η) ≥ 1, where Fix(T) is set of all fixed
points of T.

Theorem 3.5. Assume that all hypothesis of Theorem 3.3 are true with an addition of condition (∇), then T has a
unique fixed point.

Proof. Suppose that there exists two fixed point u and v for T. From the imposed condition (∇), there exists
η ∈ Y such that

α(η,u) ≥ 1 and α(η, v) ≥ 1. (7)

Since T is α-admissible mapping, therefore from (7),

α(Tnη,u) ≥ 1 and α(Tnη, v) ≥ 1, for all, n ∈N ∪ {0}. (8)

Now define a sequence ηn ∈ Y by ηn+1 = Tηn = Tnη0, for all, n ∈N ∪ {0}.
From above both inequalities (1) and (7),

p(ηn+1,u) = p(Tηn,Tu) ≤ τ + F(α(ηn,u)H(Tηn,Tu)) (9)
≤ F(M(ηn,u)) ≤ F(p(ηn,u)), for all, n ∈N ∪ {0}. (10)

Inductively, its nth iteration is written as

p(ηn,u) ≤ nτ + F(p(η0,u)), for all, n ∈N ∪ {0}.

⇒ lim
n→∞

p(ηn,u) = 0. (11)

Likewise,

lim
n→∞

p(ηn, v) = 0, ⇒ u = v. (12)

It follows that u = v.

Definition 3.6. [4] A pair of self mappings (T,S) on Y is said to be α-admissible if for any x1, x2 ∈ Y with
α(x1, x2) ≥ 1, we have α(Tx1,Sx2) ≥ 1 and α(Sx1,Tx2) ≥ 1.
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Definition 3.7. Let p be an E-distance on S-complete Hausdorff u. f .s., (Y, v). A pair of multi-valued mappings
T,S : Y→ 2Y is said to be (α,F)-contractive, if there exists a function α : Y × Y→ [0,∞), F ∈ ▲ and τ > 0 such that

τ + F(α(x, y) max{H(Tx,Sy),H(Sx,Ty)}) ≤ F(M(x, y)), (13)

for all x, y ∈ Y with max{α(x, y) max{H(Tx,Sy),H(Sx,Ty)},M(x, y)} > 0 and

M(x, y) = max
{

p(x, y),
p(x,Tx) + p(y,Sy)

2
,

p(x,Sy) + p(y,Tx)
2

}
.

Theorem 3.8. Let p be an E-distance onS-complete Hausdorffu. f .s., (Y, v). Consider a pair of multi-valued mappings
T,S : Y→ 2Y which are (α,F)-contractive and if this pair satisfies the following conditions:

(a) The pair (T,S) is α-admissible,

(b) There exists x0 ∈ Y such that α(x0,Tx0) ≥ 1 and α(Tx0, x0) ≥ 1,

(c) For any sequence {xn} in Y with xn → x as n → ∞ and α(xn, xn+1) ≥ 1 for each n ∈ N ∪ {0}, then α(xn, x) ≥ 1
for each n ∈N ∪ {0},

then (T,S) pair has a common fixed point.

Proof. From assertion (b), let x0 ∈ Y such that α(x0,Tx0) ≥ 1 and α(Tx0, x0) ≥ 1. As (T,S) is an α-admissible,
we can construct a sequence such that Tx2n = x2n+1, Sx2n+1 = x2n+2 and α(xn, xn+1) ≥ 1 and for n ∈ N ∪ {0}
we have α(xn+1, xn) ≥ 1. From (13) and n ∈N ∪ {0}, we will get

τ + F(p(x2n+1, x2n+2)) = τ + F(p(Tx2n,Sx2n+1))
≤ τ + F(α(x2n, x2n+1) ×max{H(Tx2n,Sx2n+1),H(Sx2n,Tx2n+1)})
≤ τ + F(α(x2n, x2n+1) ×max{H(Tx2n,Sx2n+1),H(Sx2n,Tx2n+1)})

≤ F
(
max

{
p(x2n+1, x2n+2),

p(x2n+1,Tx2n+1) + p(x2n+2,Sx2n+2)
2

,

p(x2n+1,Sx2n+2) + p(x2n+2,Tx2n+1)
2

})
≤ F(p(x2n, x2n+1)).

⇒ τ + F(p(Tx2n,Tx2n+1)) ≤ F(p(x2n, x2n+1)).

Further, we can write it as:

τ + F(p(x2n+1, x2n+2)) ≤ F(p(x2n, x2n+1)). (14)

Likewise, we can get that

τ + F(p(x2n+2, x2n+3)) =τ + F(p(Sx2n+1,Tx2n+2))
≤ τ + F(α(x2n+1, x2n+2) ×max{H(Tx2n+1,Sx2n+2),H(Sx2n+1,Tx2n+2)})
≤ τ + F(α(x2n+1, x2n+2) ×max{H(Tx2n+1,Sx2n+2),H(Sx2n+1,Tx2n+2)})
≤ F(p(x2n+1, x2n+2)).

It follows that

τ + F(p(Tx2n+1,Tx2n+2)) ≤ F(p(x2n+1, x2n+2)).

Similarly, we can obtain:

τ + F(p(x2n+2, x2n+3)) ≤ F(p(x2n+2, x2n+3)). (15)
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Thus from (14) and (15), and by running the iteration, we get

nτ + F(p(xn, xn+1)) ≤ F(p(x0, x1))

F(p(xn, xn+1)) ≤ F(p(x0, x1)) − nτ for all n ∈N ∪ {0}. (16)

Taking limit n→∞ on both sides

lim
n→∞

F(p(xn, xn+1)) ≤ lim
n→∞

[F(p(x0, x1)) − nτ]

⇒ lim
n→∞

F(p(xn, xn+1)) = −∞.

By using Definition 2.2, we have

lim
n→∞

p(xn, xn+1) = 0. (17)

Let us denote pn = p(xn, xn+1) and using Definition 2.2, ∃ k ∈ (0, 1) such that

lim
n→∞

pk
nF(pn) = 0. (18)

From (16) we have

F(pn) − F(p0) ≤ −nτ

⇒ pk
nF(pn) − pk

nF(p0) ≤ pk
n(F(p0) − nτ) − pk

nF(p0)

= −npk
nτ ≤ 0

⇒ lim
n→∞

[pk
nF(pn) − pk

nF(p0)] ≤ lim
n→∞
−npk

nτ

⇒ lim
n→∞
−npk

nτ ≥ 0

⇒ lim
n→∞

npk
n = 0, since τ > 0.

Therefore ∃ n0 ∈N such that

npk
n ≤ 1, ∀ n ≥ n0

⇒ pk
n ≤

1
n

⇒pn ≤
1

n1/k
.

To prove that {xn} is a p-Cauchy sequence consider m > n

p(xn, xm) ≤ p(xn, pn+1) + p(xn+1, xn+2) + . . . + p(xm−1, xm)

≤

∞∑
i=n

pi

≤

∞∑
i=n

1
i1/k

.

Taking limit n→∞ on both sides, we get

lim
n→∞

p(xn, xm) ≤ lim
n→∞

∞∑
i=n

1
i1/k

⇒ lim
n→∞

p(xn, xm) = 0.
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By repeating the same process for the other pair since p is not symmetric, we obtain lim
n→∞

p(xm, xn) = 0.
Therefore, {xn} is a p-Cauchy sequence. Thus, ∃, η ∈ Y such that

lim
n→∞

p(xn, η) = 0;

which implies lim
n→∞

Tx2n = lim
n→∞

Sx2n+1 = η. From (13) and from condition (c) , we get

p(xn,Tη) ≤p(xn, x2n+2) + p(x2n+2,Tη)
= p(xn, x2n+2) + p(Sx2n+1,Tη)
≤ p(xn, x2n+2) + (τ + F(α(x2n+1, η) max{H(Tx2n+1,Sη),H(Sx2n+1,Tη)}))
≤ p(xn, x2n+2) + (τ + F(p(x2n+1, η))
≤ p(xn, x2n+2) + F(p(x2n+1, η).

Taking limit on the both sides we obtain lim
n→∞

p(xn,Tη) = 0.

⇒ lim
n→∞

p(xn, η) = 0

and

lim
n→∞

p(xn,Tη) = 0.

Thus, we have η ∈ Tη . Analogously, we can prove that η ∈ Sη. Hence, η ∈ Tη ∩ Sη. Consequently T and
S have a common fixed point.

Remark 3.9. Theorem 3.8 is valid if we replace assertion (b) in following way:
∃, x0 ∈ Y such that α(Tx0, x0) ≥ 1 and α(x0,Tx0) ≥ 1.

By taking S = T in Theorem 3.8 we obtain the following.

Corollary 3.10. Let p be an E-distance on S-complete Hausdorff u. f .s., (Y, v). Let T : Y → 2Y be a multi-valued
mapping such that

τ + F(α(x, y) max{H(Tx, y),H(x,Ty)}) ≤ F(M(x, y)), (19)

for any x, y ∈ Y and T is F-contraction with
max{α(x, y) max{H(Tx, y),H(x,Ty)},M(x, y)} > 0,
which satisfying the following assertions:

(i) T is α-admissible,

(ii) ∃, x0 ∈ Y ∋, α(Tx0, x0) ≥ 1, and α(x0,Tx0) ≥ 1.

(iii) For any sequence {xn} ⊆ Y with xn → x as n → ∞ and α(xn, xn+1) ≥ 1 for each n ∈ N ∪ {0},such that
α(xn, x) ≥ 1 for each n ∈N ∪ {0}.

Then T has a fixed point.

Example 3.11. Let Y =
{ 1

n + 1
: n ∈N

}
∪ {0, 1}, along with the usual metric p.Define v = {∪ϵ : ϵ > 0}. It is simple

to see that (Y, v) is a u. f .s. Now define T : Y→ 2Y as:

Ta =


0, if a = 0;
1

2n + 1
, if a =

1
n + 1

,n ≥ 1;

1, if a = 1,
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Sa =


0, if a = 0;
1

2n + 1
, if a =

1
n + 1

,n ≥ 1;

1, if a = 1,

and α : Y × Y→ [0,∞) as

α(a, b) =

 1, if a, b ∈ Y − {1},
0, otherwise.

where
max{α(a, b) max{H(Ta,Sb),H(Sa,Tb)},M(a, b)} > 0.

Let F(a) = ln a for all a > 0. Now to prove that T and S are (α,F)-contractive and α-admissible mappings. Let a =
1
3

and b =
1
4

, such that m > n ≥ 1. Then, by using Definition 3.7.

F(α(a, b) max{H(Ta,Sb),H(Sa,Tb)}) − F(p(a, b)) = ln
∣∣∣∣∣15 − 1

7

∣∣∣∣∣ − ln
∣∣∣∣∣13 − 1

4

∣∣∣∣∣
= ln

∣∣∣∣∣24
35

∣∣∣∣∣ < −1
4
∀ a, b ∈ Y,

with max{α(a, b) max{H(Ta,Sb),H(Sa,Tb)},M(a, b)} > 0. Therefore, T and S are multi-valued (α,F)-contractive

mappings with τ =
1
4

. Hence all the conditions of Theorem 3.8 are satisfied and 0 is a common fixed point of T and S.

Theorem 3.12. Suppose all the assumptions of Theorem 3.8 holds with an additional condition (∇), then T and S
have a unique common fixed point.

Proof. Assume u, v ∈ Y are two different fixed points of T and S. From the above assertion (∇) and from
previous Theorem 3.8, we have

p(u, v) ≤ τ + F(α(u, v) max{H(Tu,Sv),H(Su,Tv)})
≤ τ + F(M(u, v)) ≤ F(M(u, v)) < p(u, v),

which is not possible for p(u, v) > 0 and as a result, we get p(u, v) = 0. Similarly p(v,u) = 0. Therefore, we
get u = v which is contradiction to our supposition. Hence T and S have a unique common fixed point.

Choosing α(x, y) = 1 for all x, y ∈ Y in Theorem 3.5, we obtain the following corollary.

Corollary 3.13. Let (Y, v) be a S-complete Hausdorff u. f .s. such that p be an E-distance on Y. Let T : Y → 2Y be a
multi-valued F-contractive mapping that is

τ + F(H(Tx,Ty)) ≤ F(M(x, y)),

∀ x, y ∈ Y, with min{H(Tx,Ty),M(x, y)} > 0.
Then T has a unique fixed point.

If we replace F(t) = kt such that k ∈ (0, 1) in the Corollary 3.13, we obtain the following.

Corollary 3.14. Consider a S-complete Hausdorff u. f .s.(Y, v) such that p be an E-distance on Y . Let T : Y→ 2Y be
a multi-valued mapping that satisfies the following condition:

τ + k(H(Tx,Ty)) ≤ k(M(x, y)),

∀ x, y ∈ Y, with min{H(Tx,Ty),M(x, y)} > 0.
Then T has a unique fixed point.
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Choosing α(x, y) = 1 for all x, y ∈ Y in Theorem 4.1, we obtain the following.

Corollary 3.15. Let (Y, v) be a S-complete Hausdorff u. f .s. such that p be an E-distance on Y. Let T,S : Y→ 2Y be
multi-valued F-contractive mapping that is

τ + F(max{H(Tx,Sy),H(Sx,Ty)}) ≤ F(M(x, y)),

∀ x, y ∈ Y,
with max{max{H(Tx,Sy),H(Sx,Ty)},M(x, y)} > 0.
Then T and S have a unique common fixed point.

Corollary 3.16. Let (Y, v) be a S-complete Hausdorff u. f .s. such that p be an E-distance on Y. Let M1,M2 be non-
empty closed subsets of Y with respect to the topological space (Y, τ(v)). Let T : N→ N be a mapping and N = ∪2

i=1Mi
and suppose that it satisfies the following assertions:

(i) T(M1) ⊆M2 and T(M2) ⊆M1;

(ii) ∃ an F-mapping such that

τ + F(H(Tx,Ty)) ≤ F(M(x, y)), for all, (x, y) ∈M1 ×M2,

then T has a unique fixed point that belongs to M1 ∩M2.

Proof. As M1 and M2 are two closed subsets of Y and (N, d) is an S-complete Hausdorff u. f .s. Define a
mapping α : N ×N→ [0,∞) as

α(x, y) =

1 if x, y ∈ (M1 ×M2) ∪ (M2 ×M1)
0 otherwise,

By assertion (ii) and from the definition of α, we can express

τ + F(α(x, y)H(Tx,Ty)) ≤ F(M(x, y)), ∀ x, y ∈ N,

then T is an (α,F)-contractive mapping.
Suppose (x, y) ∈ N × N such that α(x, y) ≥ 1. Now if (x, y) ∈ M1 ×M2, by assertion (i) (Tx,Ty) ∈ M2 ×M1,
which implies that α(Tx,Ty) ≥ 1 and if (x, y) ∈M2 ×M1, by assertion (ii) (Tx,Ty) ∈M1 ×M2, which implies
that α(Tx,Ty) ≥ 1. Thus by both ways, we have α(Tx,Ty) ≥ 1. This proves that T is α-admissible.
Further, by assertion (i), for any z ∈M1, we have (z,Tz) ∈M1 ×M2, which implies that α(z,Tz) ≥ 1. Now for
any sequence {xn} in Y such that α(xn, xn+1) ≥ 1 for all n and xn → x ∈ Y as n → ∞. So, from the definition
of α it follows that

(xn, xn+1) ∈ (M1,M2) ∪ (M2,M1), for all n ∈N.

As (M1,M2) ∪ (M2,M1) for all n ∈ N, is a closed subset of Y with respect to the topological space (Y, τ(v)),
we obtained

(x, x) ∈ (M1,M2) ∪ (M2,M1), for all n ∈N,

which shows that x ∈ (M1 ∩M2). Thus, it can be easily obtained from the definition of α that α(xn, x) ≥ 1 for
all n. Lastly, let x, y ∈ Fix(T). By assertion (i), it follows that x, y ∈ (M1 ∩M2). Therefore, for any a ∈ N, we
have α(a, x) ≥ 1 and α(a, y) ≥ 1. Thus condition (∇) is satisfied. Now, all the hypotheses of Theorem 3.5 are
satisfied, T has a unique fixed point in (M1 ∩M2).
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4. Applications:

In this section established results are applied to prove the existence of the solution of integral equation.
To provide an existence theorem for Volterra-type integral inclusion. Let Y = C([0, 1],R), the space of all

continuous real valued functions on [0, 1]. Then Y isS-complete u. f .s.with respect to p(a, b) = sup
t∈[0,1]

|a(t)−b(t)|.

Consider the Volterra-type integral inclusion as

a(t) =
∫ t

0
N(t, s, a(s))ds + f (t) (20)

such that for all t, s ∈ [0, 1] along with the continuous functions f : [0, 1]→ R+ and N : [0, 1]×[0, 1]×R→ R+.
For each a ∈ C([0, 1],R), the operator N(t, s, a(s)) is lower semi-continuous. For the above integral equation
, we define a multi-valued operator T : Y→ CL(Y) by as below:

T(a(t)) = {u ∈ C([0, 1],R) : u ∈
∫ t

0
N(t, s, a(s))ds + f (t), t ∈ [0, 1]}.

Let a ∈ C([0, 1],R), and denote Na = N(t, s, a(s)) for each t, s ∈ [0, 1]. Now for Na : [0, 1] × [0, 1]→ Pcv(R+), by
Michael’s selection theorem, there exists a continuous operator na : [0, 1] × [0, 1] → R+ such that na(t, s) ∈
Na(t, s) for all t, s ∈ [0, 1]. This shows that∫ t

0
na(t, s)ds + f (t) ∈ T(a(t)).

Thus the operator Ta is non-empty and closed.

Theorem 4.1. Let Y = C([0, 1],R) be the space of all continuous real valued functions on [0, 1]. Let T : Y→ CL(Y)
be a multi-valued operator defined by as below:

T(a(t)) = {u ∈ C([0, 1],R) : u ∈
∫ t

0
N(t, s, a(s))ds + f (t), t ∈ [0, 1]}.

with the continuous functions f : [0, 1] → R+ and N : [0, 1] × [0, 1] × R → Pcv(R+) is such that for each a ∈
C([0, 1],R), the operator N(t, s, a(s)) is lower semi-continuous along with the following assumptions

(i) there exists
tau > 0 and α : Y × Y→ [0,∞) for each a, b ∈ Y, we have

|N(t, s, a(s)) −N(t, s, b(s))| ≤
τM(a, b)

(α(a, b))2(
√
|M(a, b)| + 1)2

,

where
|a|τ = sup

t∈[0,1]
|a(t)e−τt

|

such that
|a − b|τ = sup

t∈[0,1]
|a(t) − b(t)e−τt

|

(ii) there exists a0 ∈ Y and a1 ∈ Ta0 with α(a0, a1) ≥ 1;

(iii) if a ∈ Y and b ∈ τ such that α(a, b) ≥ 1, then we have α(b, c) ≥ 1 for each c ∈ Tb;

(iv) for any sequence an ∈ Y such that an → u as n→ ∞ and α(an+1, an) ≥ 1 for each n ∈ N, we have α(an,u) ≥ 1
for each n ∈N;
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then Volterra integral equation has a solution.

Proof. Define

T(a(t)) =
{

u ∈ C([0, 1],R) : u ∈
∫ t

0
N(t, s, a(s))ds + f (t), t ∈ [0, 1]

}
.

We show that the operator T satisfies all conditions of Theorem 3.2. Let a, b ∈ Y such that u ∈ Ta. On the
other hand, from hypothesis (iii), we follow as:

|Ta − Tb| =
∫ t

0
(|N(t, s, a(s)) −N(t, s, b(s))|)ds

≤

∫ t

0
(α(a, b))2 τM(a, b)

(τ
√

M(a, b)τ + 1)2
ds

≤

∫ t

0
(α(a, b))2 τ(M(a, b)e−τs)eτsds

(τ
√

M(a, b)τ + 1)2

≤ (α(a, b))2 τ(M(a, b)e−τs)

(τ
√

M(a, b)τ + 1)2

∫ t

0
eτsds

≤ (α(a, b))2 M(a, b)τeτt

(τ
√

M(a, b)τ + 1)2

Furthermore, it follows:

|Ta − Tb| ≤
(α(a, b))2M(a, b)τeτt

(τ
√

M(a, b)τ + 1)2

|Ta − Tb|e−τt
≤

(α(a, b))2M(a, b)τ
(τ

√
M(a, b)τ + 1)2

M(Ta,Tb)τ ≤
(α(a, b))2M(a, b)τ
(τ

√
M(a, b)τ + 1)2

(τ
√

M(a, b)τ + 1)2

M(a, b)τ
≤ (α(a, b))2 1

M(Ta,Tb)τ
(τ

√
M(a, b)τ + 1)√

M(a, b)τ
≤ α(a, b)

1√
M(Ta,Tb)τ

(τ +
1√

M(a, b)τ
) ≤ α(a, b)

1√
M(Ta,Tb)τ

τ − α(a, b)
1√

M(aT,Tb)τ
≤ −

1√
M(a, b)τ

So, we can conclude:

τ + F(α(a, b)H(Ta,Tb)) ≤ F(M(a, b)) for all a, b ∈ Y,

where as
min{α(a, b)H(Ta,Tb),M(a, b)} > 0.

So, T is an (α,F)-contractive mapping for F(a) = −
1
√

a
; a > 0. Therefore all the conditions of Theorem 3.2

holds. Hence T has a fixed point and integral equation has a solution.
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5. Conclusion

Following the approaches of ([8], [41]) a new notion of (α,F)-contractive multi-valued mappings has
been introduced on S complete u. f .s. in this article. Using new concept some fixed point and common fixed
point results are established. Some interesting consequences of these results are presented as corollaries.
The obtained results are elaborated by endorsing examples along with application that can be a good con-
tributions towards fixed point theory.
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