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Abstract. The question of the basis property of a system of eigenfunctions of one spectral problem for a
discontinuous second-order differential operator with a spectral parameter under discontinuity conditions
is considered in the weighted grand-Lebesgue spaces L, ,(0,1),1 < p < +oo, with a general weight p(-).
These spaces are non-separable and therefore it is necessary to define its subspace associated with differential
equation. In this paper, using the shift operator, a subspace G,),(0,1) is considered, in which the basis
property of exponentials and trigonometric systems of sines and cosines is established when the weight
function p(-) satisfies the Muckenhoupt condition. It is proved that the system of eigenfunctions and
associated functions of the discontinuous differential operator corresponding to the given problem forms
a basis in the weighted space G,),(0,1) ® C,1 < p < +oo with the weight p(-) satisfying the Muckenhoupt
condition. The question of the defect basis property of the system of eigenfunctions and associated functions
of the given problem in the weighted spaces G,),(0,1),1 < p < +oo, is considered.

1. Introduction

Consider the following discontinuous spectral problem in weighted grand-Lebesgue spaces L) ,(0,1),1 <
p < +oo, with a general weight p(-)

y'(0) +Ay(x) =0,x€ (0, 1), (1)
y(0) =y(1) =0,
y(2 -0) =y +0), 2)

Y (-0 -y (L +0) = Amy(d),m #0,
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where A is a spectral parameter, 7 is a nonzero complex number. Note that discontinuous spectral problems
of the form (1), (2) arise in the study of problems of oscillation of a loaded string, one or both ends of which
are fixed. These problems have important applications in mathematics, mechanics, physics, and other fields
of science. More details about such problems can be found in monographs [1, 2]. The basis properties of the
system of eigenfunctions of problem (1), (2) in Lebesgue spaces were studied by various methods in [3-7].
In [3], using the method of the theory of close bases, the basis property of the system of eigenfunctions and
associated functions of problem (1), (2) in the spaces L,(0, 1) is proved.

In [4, 5] the authors showed that, the problem (1), (2) has two series of eigenvalues Ay, = (Pl,n)z, n €N,
and Ay, = (p2n)% 1 € N U {0}, where

?in+2+(—1) +O(1),

1, =3mn 20 = -y
P ! P2 2 TImn n?

the corresponding eigenfunctions are expressed by the formulas

Y1,n(x) = sin 3mnx, x €[0,1], neN, 3)
_ [ sinpyu(x—3) +sinpru(x + 1), x€[0,1]
Yan() = { sin pa,(1 - ), x € [4,1] @

Problem (1), (2) in weighted Lebesgue spaces with power weights was studied in [7]. Spectral problems
with a discontinuity point and with a spectral parameter in the boundary conditions were also studied in
[8-12].

Recently, in connection with important applications in various areas of mathematics, such as the theory
of partial differential equations, approximation theory, interpolation theory, harmonic analysis, etc., interest
in non-standard function spaces has increased greatly. Among such spaces, we can mention the Lebesgue
space with variable summability exponent, Morrey space, grand-Lebesgue space, etc. Many classical facts
of harmonic analysis, namely, the questions of the boundedness of a singular operator with the Cauchy
kernel, maximal function, Hilbert transforms are studied in non-standard spaces. Numerous articles, survey
papers and monographs of various mathematicians are known in this direction (see [13-26]). Taking into
account the non-separability of the grand-Lebesgue space, when studying problems of differential equations
in them, one has to consider their appropriate subspaces (see [20]) dictated by differential equations. This
idea was applied to problem (1) and (2) in Morrey-type spaces in [13, 15, 34-36].

The presented work is devoted to the study of the question of the basis property of the system of
eigenfunctions of the spectral problem (1) and (2) in weighted spaces Ly),(0,1),1 < p < +oco, with a
general weight p(-). Section 2 provides the necessary information from the theory of bases and the grand-
Lebesgue space. In Section 3, we prove the basis property of the system of exponentials and the system
of eigenfunctions of the spectral problem (1) and (2) in the weighted spaces G;),(0,1) ® C,1 < p < +0o0,
when the weight function p(-) satisfies the Muckenhoupt condition. Finally, in Section 4, we study the basis
property of the system of eigenfunctions and associated functions of problem (1), (2) with a finite defect in
the spaces Gy ,(0,1),1 < p < +oo.

2. Preliminaries and Auxiliary Facts

Throughout the paper, IN is the set of natural numbers, Z, = {0} U N is the set of non-negative integers,
R, is the set of non-negative real numbers, C is the set of complex numbers, 0, is the Kronecker symbol,
[I] is the Lebesgue measure on the line of the set I.

Let us present some concepts and facts concerning the theory of grand Lebesgue spaces. By L(a,b),1 <
p < +oo, we denote the grand-Lebesgue space of measurable on [, b] functions f satisfying the condition

. b o
W= 500 (555 [ rorae) <o
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The space Ly)(a, b) is a non-separable Banach space with the norm ” f H L@h) (see [26]).
p\&
We define a separable subspace of the space L)(a, b) as follows. Consider for Y6 > 0 the shift operator

5), x+oelabl,
DJ@*:{f@J r ek,  felab)

and denote by G,)(a, b) the linear manifold of functions f € L(a, b) satisfying the condition

”T@f—f”p) -0, 06-0.

Let Gy)(a, b) be the closure of Gp) (a,b)in Ly(a, b). There is a continuous embedding L,(a, b) C Gp)(a, b), and the
inclusion is strict, that is, G)(a, b)\L,(a,b) # 0. The space G)(a, b) is separable in which the set of infinitely
differentiable functions with compact support on the interval [g, b] is dense (see [27, 28]).

Let us present some concepts and facts from the theory of bases in Banach spaces.

Definition 2.1. A system {¢;}ien of a Banach space X is called a basis with parentheses in X if there is a sequence of
integers {Nilez, , Mo = 0,k < Myy1, k € Z,, such that for Vx € X there is a unique decomposition

+00 My

=), ), aon

k=0 i=n+1
Obviously, a basis with parentheses for which ny = k, k € Z, is an ordinary basis.
We need the following theorem.
Theorem 2.2. ([3]) Let the system {thion}y Ty e form a basis in the space X with the biorthogonal system

R —_ n . .
{vk”}kzl,m,n oN nd assume Ay, = (aik) n € N, is a matrix of scalars such that

ik=1,mneN’
A, =detA, #0.
Then the system {pinb_17; ,en Siven by the equality
m

(Pkn = ag:)uin/ k = 1/ m, ne IN/

i

forms a basis with parentheses in X. In addition, if the conditions

-1
sup{llAull, |45} < +eo, sup{lltullx , [opllx-} < +00,
n n

then the system {Pi} is an ordinary basis in X, ||A,|| is some norm of the matrix A,,.

k=1,m,neN

Let the system {7, },en form a basis in the space X ® C" with the biorthogonal system {9, },en and

f, = (un;a(ln),a(zn),...,aig)), Op = (vn; g”), w.. 5,':)) (5)
In the following statement, for an arbitrary set | = {1, na, ..., n,,} of m numbers, we study the basis property
of the system {u,},enyy in X obtained from the system {u,},en excluding vectors uy,, un,, . . ., Un,,.
Theorem 2.3. ([29]) Let the system {{i,},en) form a basis in the space X @ C™ with the biorthogonal system {9, },enN,
and equalities (5) hold. Let | = {nq,ny,...,ny} be an arbitrary collection of m natural numbers. Then the system
{tutnenyy forms a basis in X if and only if the condition

5 =06(]) = det(B"). # 0,k = 1,m. (6)
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Moreover, the system {u,}nenyy has the following biorthogonal system

Uy Upy ... Up,
(n) (nl) ("m)
o = 1] P1 1 o P
n— < .
¢
(Vl) (711) (”m)
m m e m

For 6 = 0, the system {u,},eny; is not complete and not minimal in X.
It is known that the closeness in a certain sense of a system to a basis under certain conditions ensures
its isomorphic basis property. Let us give the concepts of basis and p—close systems.

Definition 2.4. Systems {¢;}ien and {;}ien of vectors of the space X are called p-close if the condition

+00
2 lloi=wnll < +oo.
i=1

Definition 2.5. A basis {u;}ien 0of a space X is called a p -basis in X if there exists a number M > 0 such that Vx € X
satisfies the relation

1

+00 P
[2 < x,0; >|P] < Mlillx,

i=1
where {v;}ieN is a biorthogonal system to {u;}ien.

The next statement gives equivalent conditions when a system p—close to a basis forms a basis isomorphic
to it.

Theorem 2.6. Let the system {¢;}ien form a p—basis in X, the system {i;}ien C X is g-close to {¢;}ien, where

% + % = 1. Then the following properties are equivalent:

1. the system {{;}ien is complete in X;
2. the system {Yi}ien is minimal in X;
3. the system {{;}ien forms a basis isomorphic to {¢;}ien.

More details about these and other facts can be found in [30].

We also need the following theorem on the relation between the Lebesgue space function Ly(a,b) and
its Fourier coefficients with respect to the system of functions ¢;(t),i € IN, orthonormal and uniformly
bounded on the interval (g, b):

()] < M, te(ab), ieN.
Theorem 2.7. (ERiesz)([31]) Let 1 <p <2, + % = 1. Then

1. if f € Ly(a, b), then the Fourier coefficients c; = fa ! F(t)i(t)dt of the function f satisfy the inequality

oo i -
[Z |Ci|”’] <MV ”f“L;,(u,b)"
i1

2. if Y57 leilP < +oo0 holds for a sequence of numbers c;, then there exists a function f € Ly(a, b), such that

¢ = [ FO (Dt and

2 [y '
1,00 < M5 (Z w] |

i=1
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3. On the basis property of a system of exponentials and trigonometric systems in weighted grand
Lebesgue spaces

Let p : [a,b] — R, be some weight function. A,(a,b),1 < p < +oo, denotes the Muckenhoupt class, that
is, the class of weight functions p(t) satisfying the condition

1 1 o\
sup —fpp(t)dt —fp(t) 1t < 400,
1ctan) M1 Jr 1 Jr

Let L,),(a,b) be the weighted grand-Lebesgue Banach space of measurable functions f on [a, b] with
finite norm

If )‘L,,),p(a,b) =|fe “Lp)(a,b) g

and W;)p(a, b),1 < p < +oo be the weighted grand-Sobolev space of measurable functions on [a, b] with
finite norm

“f“W;),P(a,b) = “pf”W:)(u,b)l

where WZ) (a, b) shows grand-Sobolev space of the functions f € Ly(a, b) such that f”” € Ly)(a, b).
We need the following

Lemma 3.1. Let the weight function p belong to the class Ay(0,1),1 < p < +oco. Then there is a number ry € (1, +00)
such that for ¥r € (1, ro) there is a continuous embedding Ly ,(0,1) C L,(0, 1).

Proof. To begin with, we prove the theorem for the case of the space L, ,(0,1). From the known result on
the class A,(0, 1), there is a number 0 < ¢ < p — 1, which is true for the inclusion p € A,_(0, 1).
Now we choose g € (1,p) : % =1+ %7 - lﬁ. Then

p-¢& _ Ph
p—e-1 p-ry @
From (7) we obtain
—€ r
I% > ppTr VYr e (1, 7’0). (8)

Since the inclusion p~! € (LP_E(O, 1))* is valid, it follows from (8) that the inclusion p™ € (Lg (0, 1))* also
holds for ¥r € (1,70). Then for Vf € L, ,(0,1) from [f(t)]" = |f(t)p(t)]"'p~"(t), belonging to |f(t)p(t)]" € Lx(0,1)
and p™" € (Lg(O,l))* it follows that f € L,(0,1), for Vr € (1,r9). Indeed, using Holder’s inequality with

exponent £, we obtain

1

1 g 1 L 1 1
( f If(t)l’dt) =( f |f<t>p<t>|fp‘*(t)dt) Scp,r(p)( f If(t)p(t)l”dt) < +oo, ©)
0 0 0

pr
where ¢;,.(p) = (fol p(t)ft%dt) " < foo.

Further, let the number 0 < ¢ < p — 1, be such that the inclusion p € A, .(0,1) is true. Moreover, let a
number such that the inclusion is true. By what was proved, there exists ry € (1, +c0) such that for Vr € (1, rp),
the embedding L, ,(0,1) C L,(0, 1) takes place. Thus, according to the embedding L) ,(0,1) € L, ,(0,1),
we obtain the embedding L) ,(0,1) c L,(0, 1). Finally, taking into account (9), we obtain

If

that is, the embedding is continuous. [

‘L,(O,l) < ¢pr(p) ”f“Lp,é,p(O,l) = CW(P){”% ”fHL,,),p(o,l) ’
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Let Gp),(a, b) denote the subspace of the space Ly ,(a, b) of functions f such that pf € Gy)(a,b). Let us
prove that the classical system of exponentials is a basis in the spaces Gy ,(-1,1).

Theorem 3.2. Let the weight function p belong to the class A,(=1,1). Then the system of exponentials (€Y ez
forms a basis in the space Gp),(=1,1),1 < p < +oo.

Proof. 1t is easy to show that the system of functionals {v,,},cz given by the equality

1 ,
< f,v, >= > f fx)e "™ dx, nez,
-1

is a biorthogonal system of the system {¢"™},cz. It is known ([32, 33]) that if p € Ap(=1,1) belongs, the
system of exponentials {¢"""},cz forms a basis in the space L, ,(~1,1). Then from the density of L, ,(-1,1)
in Gp),(-1,1), taking into account the continuous embedding of L, ,(~1,1) C Gy ,(-1,1), we obtain that the
system {¢""},cz is complete in Gy ,(-1,1). Indeed, let f € G;),(-1,1) and 6 > 0. Then from the density
Ly o(=1,1) in Gp) ,(—1,1) there exists g € L, ,(—1,1) such that

o)
”f - -‘7“Lp),,3(—1,1) <3 (10)
Since the system (e}, is complete in L, ,(—1, 1), there exists an i € span{ei””" }nez such that
o)
lg - h“LW(—l,l) < 50 a1

where the number ¢ > 0 is such that ”f”L) 1y S€ ||fHL 11) , f € Lp(=1,1). Then using (10) and (11) we
p.p— L pp\ L
obtain

If - hHL,,),p(—m) <|f- -‘7”L,,),,,(—1,1) +lg - h“LW(—l,l) <9,
ie. ("), - is complete in G) ,(—1,1). It remains to show that the sequence of projectors

S = Y, < fo0> "N f € Gy p(-1,1),m € Z,,

n=-m

is uniformly bounded. Since {¢"™}, e is basis in the space L,,,(—1,1), there exists a ¢, > 0 such that

”S'”(f)”Lp,p(—l,l) <G ”f“Lp,p(—m) : (12)
Since p € A, there exists an &g € (0,p — 1) such that p € A,_,. Then there is ¢, ¢, > 0 such that

”S’”(f ) |Lpﬂo,p<—1,1> < Cp-zo ”f ”Lpﬂo,p(—l,l) ) (13)
Using (12) and (13) according to the Riesz-Thorin theorem for € : ¢g < ¢ <p — 1 we get

||Sm(f)”L,,_[,P(—1,1) <a(p, €o) ”f“Lp_{,p(—Ln : (14)
In other case for € : 0 < ¢ < &9, using Holder’s inequality and (12), we have

||5m(f)”Lp,L,p<—1,1) < c2(p, €0) ”f“Lp,aO,,,(—l,l) : (15)
Therefore, taking into account (14) and (15), we obtain

Su(Pll;

1 1
||5m(f)||Lp),p(_1,1) < eo:ig_l ers pep(-1) T oilf; ere “Sm(f)”Lp_é.,p(—l,l) S

< au(p, o) ”f”LP),P(—l,l) +c3(p, ) ”f”L,,,,p(—l,l) = c(p, €0) ”f”Lp),p(—m) ’

i.e. [ISull < c(p, €0). The theorem is proved. [
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Now let us establish the basicity of trigonometric systems of sines and cosines in the weighted grand-
Lebesgue spaces.

Theorem 3.3. Let the weight function p belong to the class Ay(0,1). Then the system of sines {sin mnx},en and
cosines {cos mnx},cz, form a basis in the space Gp),(0,1),1 <p < +oo.

Proof. Let O(x) be an even extension of the function p(x) to [-1, 1], that is,

_ | p),te]0,1]
“”‘{peatekLm

Let us show that from p € A,(0, 1) it follows that 6 € A,(-1,1). For an arbitrary interval I C [-1,1],] = [[ U,
where; =INJ[0,1] and I, = I N [-1,0], consider the set

I = I, 1| < L
* I, L] < |

Let | = I, U I, where L is the set of numbers opposite to the numbers in the set L. It is obvious that
IcJc[-1,1]. We have

p-1 1 1 p Pl
sup f@p(t)dt( f@(t) p- 1dt) < sup —f@”(t)dt(— f@(t)_r’ldt) =
-1,1] |I| 1| I[-1,1] L, i |1, i

2 2 o VT 1 1 o VT
= sup Qp(t)dt o)y P idt| =2 sup — | pP(dt| = | p(t) r1dt < +o00.
Lrid] L] L L 1ctony 1 Jr 1 J;

Let us take an arbltrary function f € Gy ,(0,1) and extend it in an odd way, namely, let
_ ] f®,tel0]
H”‘{—ﬂutekLm
We have
e 1 ‘ =
IFllL,, 011 = sup ( f IF(O(t)~ sdt) = sup (ef |f(t)p(t)|l’—édt) = |I£l, op <
0<a<p 1 0<e<p-1 0 o

ie. F € Lyg(=1,1). It follows immediately that F € Gp)¢(~1,1) (see Lemma 2.3, [27]). Then F can be
expanded in the basis {¢"™},cz in the form

+00

F(x) = Z cpe™

n=-—o0

For the coefficients ¢, we have

1 : 1! : 1
e =7 f F(t)e ™™dt = = f f(te ™ dt — = f f(t)e"™ dt =
2J4 2 Jo 2 Jo

1 1
= _%f £ (ei"”t - e‘i””t) dt = %f f(t) sinmntdt = 211 <f,ga>neN
0 0

where < f,g, >= 2 fol f(x)sinmtnxdx. It is clear that the system {g,},en is a biorthogonal system to the
system {sin nnt},en. Taking into account the equality c_, = —c,, n € IN, and ¢y = 0 for Vm € IN, we obtain

m

m m m
2 mnt Z Cnemnt 2 Cne—mnt — 2 Cn (eznnt _ e—zrmt) —

n=—m n=1 n=1 n=1
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m

m
= ZiZ cupsinmnt = Z < f,gn > sinmnt.

n=1 n=1

It is easy to show that F(t) — Y, c,e™ is an odd extension of f(t) — Y., < f,g, > sinmnt to [-1,1].
Therefore, as m — oo, we obtain

m
Hf— Z < f,gn > sinmnt
n=1

Lp),0(0,1) n=-m Ly),e(-1,1)

that is, the system {sin ntnt},cn forms a basis in the space Gy ,(0, 1).
The system of cosines {cos mnt},cz, in the space Gp),(0,1) is proved in a similar way. The theorem is
proved. O

Remark 3.4. i) Let the weight function p belong to the class Ap(=1,1). Then there exists a number r > 2 such
that the system of exponentials {e"), forms an r-basis in the space Gp) ,(=1,1),1 <p < +oo.
it) Let the weight function p belong to the class Ay(0,1). Then there is a number r > 2 such that the trigonometric
systems {sin mtnx},en and {cos mnx},cz, form an r—basis in the space Gy ,(0,1),1 < p < +oo.

Indeed, by Lemma 3.1, there exists a number r > 2 such that there is a continuous embedding G, ,(0,1) C
L.(0,1),7r =5
Therefore, by the Hausdorff-Young Theorem, for Y f € G, ,(0, 1), the following inequality holds:

[Z |cn|’]1 <cllf

nez.

L (0,1) <M ”f HL},W(O,l) ’

where ¢, = % f_ 11 f (x)e~™™*dx. Therefore, the system {¢"™},cz is an r—basis in Gp),p(0,1). The r—basicity of
systems of sines and cosines in Gp),(0, 1) is established similarly.

4. On the basis property of the system of eigenfunctions of the differential operator of the corresponding
problem (1),(2)

Let GW;)(a, b),1 < p < +oo denote the grand-Sobolev subspace of the space WZ)(a, b) (see [29]) of the
functions f € W;f)(u, b) for which f” € Gy)(a, b). Consider the following direct sum

o (oo &) v o o 1)
Consider the operator L in the space G)(0, 1) ® C by the formula
L(@) = (—y”;y’ (1 - 0) A (1 + 0)), (16)
3 3
which domain Dj)(L) consists of

o=(om(Z) e o3)o(3)ec

satisfying the conditions

y(0)=y1) =0, y(%—O):y(%+O).
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It follows from the results of [3, 4] that the operator L defined by equality (16) with the domain D,(L)
consisting of §j = (y, my (%)) such that

(ool w0s=osf-d=(i+o

is a closed densely defined operator in the space L,(0,1) ® C, with a compact resolvent. Moreover, the
eigenvalues of the operator L and problem (1), (2) coincide, and the system {fi,},en Of eigenfunctions
and associated functions of the operator L are expressed by the system of eigenfunctions and associated
functions {y}nez, of problem (1), (2) in the form

R 1
Yn = (yn;myn (5)) . 17)
These facts also hold for the operator L, with the domain of definition D)(L) in the space G)(0,1) ® C. The

following takes place.

Theorem 4.1. Let L be an operator defined in Gp)(0,1) @ C,1 < p < +o0 by formula (16) with domain Dy)(L). Then
the operator L is a closed densely defined operator in the space G,)(0, 1) ®C, with a compact resolvent. The eigenvalues
of the operator L and problem (1),(2) coincide, and the corresponding eigenvectors are

Pn(x) = (ym(x); my1u (%)), nelN

Pon(x) = (yz,zn(x);myz,zn (%)), nez, (18)

1
D3 n(x) = (yz,zn—1(x); MY22n-1 (5)), nelN
where the systems {1 n}neN and {Yo,nlnez, are expressed by formulas (3) and (4), respectively.

Proof. Obviously, there is a continuous embedding
Dy(L) € Dy(L) € DpelL), €€ (O,p—1)

Take arbitrary € G,)(0,1) ® C and a positive number 6 > 0. Due to the density L,(0,1) ® Cin G,(0,1) ® C,
there exists i1 € L,(0, 1) ® C such that

g—1 <6 (19)

Since Dy(L) is dense in L,(0, 1) ® C, there exists o € D,(L) such that

L,)(0,1)8C

it = 2l 0,10c <O
The continuity of the embedding L,(0,1) C L,)(0, 1) implies that there exists a number ¢ > 0 such that
It = 2l 0,98 < It =Dl 018 < O (20)

Therefore, from (19) and (20) we obtain

7=, omec < o - a(|Lm omec 1=l o nec <6+ 06 = (1+0)6.
Hence, taking into account Dy, (L) C Dp)(L), we conclude that § € Dj(L).

Let us establish the closedness of the operator L in G)(0,1) ® C. Let the sequences £, € D,)(L) and
L(%,) = Z, converge in G, (0,1)®C to £ € G)(0,1) ®C and 2 € G)(0,1) ®C, respectively. Let us fix a number
¢ € (0,p —1). From £, € D,_(L) and the continuity of the embedding D,)(L) C D, (L) we obtain that %,
converges to £ in L, .(0,1) ® C. Since the operator L is closed (see [4]) in L, .(0,1) ® C, we obtain that
% € Dy-(L) and L(%) = 2. It follows from 2 € G)(0,1) ® C and L(%) = 2 that x”” € G)(0,1), and therefore
% € Dp)(L), that is, the operator L is closed in Gp)(0,1) ® C. The rest of the proof is clear. The theorem is
proved. O
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As is known ([4]), the system of eigenvectors and associated vectors of the operator L with domain D, (L)
forms a basis in the space L,(0, 1) @ C and its biorthogonally conjugate system has the form

— (1
Zn = \zZnsmzy | 5 )], 21
o= (7 (5) @
where {z,},ez, is the system of eigenfunctions of the corresponding adjoint spectral problem
. 1 1
Z'"(x) + Az(x) = 0, xe(O,g)U(g,l),

z(0) =z(1) =0,
+(3-0)=z(3+9),

(3-0)-=(3e0) -l

The system {z,},cz, is determined by the formulas

Ziu(x) =2sin3mnx  x€[0,1], mnelN. (22)
3 1 .3 1 1 1
(x) = cz,,,(sm$(x—5)+sm%”<x+§))+0(z), x€ (0,3 <z 23)
Zz,n X) = . ?ﬂ 1 _ O l l /n +
o 8in (1 — x) + (n), XE€|3,

where ¢, are normalizing numbers for which the asymptotic relations are valid

2+ (=1)" 1
Copn = # +O(E)’ nez,.

Let us prove that a similar fact holds for the operator L with domain D,)(L) in the space G ,(0,1) & C.

Theorem 4.2. Let the weight function p belong to the class Ay(0,1). Then the system {§j,}nez, of eigenvectors and
associated vectors of the operator L forms a basis in the space Gp),(0,1) ®C,1 <p < +oo.

Proof. It follows from Theorem 4.1 that the system {f,}.cz, of eigenvectors and associated vectors of the
operator L is defined by formulas (17) and (18). It is not difficult to show that the system {Z,},cz, is also a
biorthogonal system for {§/,},cz, in G)(0,1) ® C. Consider the following system of functions

1 ,(x) =sin3mnx, x€[0,1], nel,

2(-1)"sin3mnx, x €0, 1
Up u(x) = ) 1 , mnelN, (24)
sin 37tnx, X €|3, 1
® 0, xel0,2 N
Uz ,(x) = , n .
3 —cos3n(n—%)x, xelil

Comparing formulas (4) and (24), we obtain

Yu(x) = uyn(x) + O(%), neN,

o) =ws0+0(5), meN, 25)
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1
Y2.21-1(X) = uz u(x) + O(;), neN.
We put

sin 3mnx, 0, 3
€1n (x) = 0, 19
3/

0,
e (x) =
2n(x) { sin 3mnx,

@ 0, xe|0,1

e3n(x) =

K —cos3n(n—%)x, xelil

Theorem 3.3 immediately implies that the system {sin 3mtnx},en forms a basis in G, (0 l) Changing the

3x—1

variable in the form ¢ = , the basis property of the system {sin 3mnx; — cos3n (n ;)}neN in Gy ( , 1)
reduces to the basis property of the system {sin tnt},en in G ,(0,1). Therefore, the system {e,n}Z TEneN
forms a basis in Gy),,(0,1). According to (24), the system {ujn};_13 ¢ is transformed through the system

{ein}i—13 nen DY the formula

3
() = Y aleu(), =123 neN (26)
j=1

The matrix of transformation coefficients (26) has the form

1 10
2-1" 1 0 |,

0 01

Ay =

and detA, = 1-2(-1)" # 0. Hence, by Theorem 2.2, the system {u; ,,}1 T3neN also forms a basis in Gp),p(O, 1).
Then it is obvious that the system {lo} U {il;},_5 3 neN forms a basis in G,,) 0(0,1), where

fo(x) = (0;1),  fjn(x) = (Uin(x);0), =13 nelN.

Further, take an arbitrary vector f = (f; @) € L)p(0,1)®C. By Lemma 3.1, there exists anumber r € (1,2) such
that L) ,(0, 1) is continuously embedded in L,(0, 1). Then f € L,(0, 1) and, according to the Hausdorff-Young
inequality and the continuity of the embedding L, ,(0,1) c L,(0,1), we have

1
3 too 7
LY T ”

i=1 n=1

where M; > 0 is some number, % +1 =1 Ttis easy to show that the system {v; .},
the system {e; ,}, N in the form

i=T3.1eN transforms through

i=1,3,n€

3
vi,?’l(x) = Z bl(‘;l)ej,fl(x)/ l = 1/ 2/ 3/ ne lN/

where the transformation matrix is B, = (bf’?) = (A;l)* . Then

| < f,o> 1 < (Z |b<”>|f] Z| <frep>1.

j=1
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Hence, taking into accou(27), we obtain

3+ r ; 3 4o 4
[Z | < f,0in > |7'] < sup [Z Ib(")lr] [Z | < f,ein> |r,] <
i=1 n=1 i=1 n=1
<M sup [Z |b(n)|r] “f ”L,,W(o,n =M ”f ”Lﬂ),p(o,n : (28)
j=1

Thus, taking into account (28) and that < f, vy >= a, we obtain

3 +o0 v 3
[ZZ|<f,vi,,,>|r’+|<f,vo>|”] S[Z

i=1 n=1 i=1 n=1

+00

7
|<flvl‘,n>|r] -"-|<_f/’00>|rS

<M ”fHL},)/p(o,n +lal < My (”f“L,,),p(o,n + |‘X|) =M, ”fA”Lp),P(o,n '
This inequality implies that the system {flo} U {flin},_13 )y is an 1’ —basis in Gp),,(0,1) & C. We put

Po(x) = (yo(x); 1) = (0;1),
Jin(x) = (yl,n(x); My, (%))
Pou(x) = (yz,zn(x)} MY22n (%)),

1
Pan(x) = (yz,zn—l(x)} My 21 (5))
It follows from (25) that for Vr : v > 1 the condition

)yi,n - ui’n”Lp),p(O,l)@C < 400,

and hence the systems {fjo} U {1}, T3 neN and {do} U{diu};,_13 3 neN Are T close. It follows from the results of [4]

that the system {§o} U {#lin};_13 e 1 ‘minimal in L »(0,1)® C and its biorthogonal system {d} U {9 ,}.

i=1,3, ,3,neN
has the form

Do(x) = (0;1), Diu(x) = (Vin(x);0), i=1,23 nelN,

where

_6 1
o102 = e 3nnx, 0, 3
v — LV sin3mnx L1’
T—2(-1) ’ 37
__ 6 1
D2(1) = o5 Sin 3nnx, €0, 3 ,
' ﬁ sin 3mnx, % 1

0/
vS,n(x) = {

—3cos3n(n— %)x, x€

3 1]

Taking into account the embedding of L,(0,1) c L,(0,1) c L,-.(0,1),0 < ¢ < p —1, we see that the
system {9y} U {U,n}l T3neN 1S @ system of linear continuous functionals in L,)(0,1) ® C, that is, the system
(Dot UlTinl i=TAneN is minimal in Ly)(0,1)®C. Thus, since {fio} U {il; } i=TAneN isan’'—basisin G ,(0,1)®C and
the system {fo} U { yi,n}l.zﬁn o 18 r—close to {fio} U {1}, 13N it follows from the minimality of the system
{Do} U {yir”}i:ﬁ,nen\f by Theorem 2.6 that it forms a basis in Gy ,(0,1) ® C isomorphic to {flo} U {il;,} i=TAneN
The theorem is proved. O
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In the next theorem, we study the basic properties of the system of eigenvectors and associated vectors
{vo} U {Yintiz1,2nen of problem (1), (2) in the space G ,(0,1),1 <p < +oo.

Theorem 4.3. Let the weight function p belong to the class A,(0,1). The following statements are true:

i) if from the system {yo} U {Yin}iz12,nen we discard an arbitrary function ys,(x) corresponding to a simple
eigenvalue, then the resulting system forms a basis in the space Gp),(0,1),1 < p < +oo;

ii) if from the system {yo} U {Yinliz12,nen we discard an arbitrary function vy, ,,(x), then the resulting system is
not a basis in Gy ,(0,1),1 < p < +o0. Moreover, this system is incomplete and not minimal in G),(0,1),1 <
p < +co.

PTOOf. By Theorem 4.2, the system {90} U {9i,n}i:1,2,n€]N/

Ho() = (0;1),

. 1 ,
Pin(x) = (yi,n(x); MYin (5)) i=1,2,

forms a basis in Gy ,(0, 1) ® C and has a biorthogonal system {Zo} U {Z; ,}i=12nen given by formulas (22) and
(23). Let y4,(x) be an arbitrary eigenfunction of problem (1), (2) corresponding to a simple eigenvalue.

Since 6 = mzy (%) # 0 holds for the system {yo} U {1 n}i=1,2,nen Without 17 ,,(x), by virtue of Theorem 2.3 it
forms a basis in Gy ,(0, 1), i.e., assertion 7) holds.
Next, take an arbitrary function y;,,(x) and consider the question of the basis property of the system

{yo} U {inli=z1,2,nen With the discarded function i ,,(x). For this system, we have 6 = mzy,, (%) = 0. Then,
by Theorem 2.3, the resulting system is not complete and not minimal in Gy ,(0,1). O
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