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Existence of Solution for a Singular Fractional Boundary Value
Problem of Kirchhoff Type

Maryam Ahmed Alyami?
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Abstract. In this work, we investigate the existence of solution for some nonlinear singular problem
of Kirchhoff type involving Riemann-Liouville Fractional Derivative and the p-Laplacian operator. The
main tools are based on the variational method, precisely, we use the minimisation of the corresponding

functional in a suitable fractional spaces. Our main result significantly complement and improves the
previous ones due to [6] and [31] .

1. Introduction

In recent decades, fractional calculus have been investigated extensively. This is due to its importance
and applications in many fields such as physics, aerodynamics, chemistry, electro dynamics of complex
medium (see [17, 22, 27, 29]). Among all these subjects, there has been significant development boundary
value problems involving different fractional operators. For details and examples, one can see the papers
[12-14, 18, 19, 21, 24, 28] and references therein.

By using the mountain pass theorem, Torres [31] proved the existence of at least one nontrivial solution for
the following problem

{ —D% oDu(t) = f(t,u(t)), t € (0,T) )
u(0) =u(T) =0,

where tD‘l" and oD} are the right and left Riemann Liouville fractional derivatives. Note that, using the
varitional aproach, the first paper studying such problem is the paper of Jiao and Zhou [23]. After this,
many authors studied several works by using different methods we refere the readers to [3, 4, 14, 16, 18-21].
In particular, César [16] investigated the following p-Laplacian Dirichlet problem with mixed derivatives

{ ~D§ (pp (oDFu(t)) = f(t,u(), t € (0, T) ?
u(0) =u(T) =0,

where 0 < %7 <a<land f:[0,T] xR — Ris a Carathéodory function. Under some suitable conditions on
the function f and by means of the direct variational method combined with the mountain pass theorem,
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the author has proves that problem (2) admits a nontrivial weak solution.
Kratou in [25] concidered the following problem

(a+b [ D3ty at)’ N DY@, (Dsu() = AZE + f(t,u(t), t € (0, T),
3)

u(0) =u(T) =0,

where A is a positive parameter, }17 <a<1<a,y€(01),and ®, : R — R, is the p—Laplacian defined as

follows: )
| IsF™%s, if s #0,
®() ‘{ 0, if s=0.

Using the Nehari manifold method combined with the fibering maps analysis, the author proved that for
A small enough, problem (3) possesses at least two nontrivial positive solutions. Problem (3) was studied
by Chen et al. [7], in the case when g = 0.

Motivated by the above mentioned papers, in this work, we want to contribute with the development
of this new area on singular fractional differential equations involving both the Riemann Liouville and the
p-Laplacian operators . Precisely, we will study the existence of nontrivial weak solutions for the following
system:

S(u(H)(:DY(Pp0Dfu()) + ME)D (0D u(t) = L& + Agt, u(t), t € (0,T),

(4)
u(0) =u(T) =0,

where .
-1
S) = (a+0 [ 1DJuP + MOuoF ),
0
A is a positive parameter, 0 < % <a<1l0<p<1, feC(0T]),and g € C([0,T] xR, R) is positively
homogeneous of degree r — 1, that is g(x, tu) = "1 g(x, u) holds for all (x, ) € [0, T] x R. Moreover, if we put
G(x,s) := fos g(x, t)dt, then we assume the following:
(Hy) G:[0,T] x R — R is homogeneous of degree r that is
G(x, tu) = £'G(x,u) (t > 0) forall x€[0,T], ueR.
(H,) The function M € C([0, T], R) is such that

0 < min M(t) := My < max M(t) := M.
te[0,T] te[0,T]

Note that, from (H;), g leads to the so-called Euler identity
ug(t, u) = rG(t, u).
Moreover, there exists Cy > 0, such that
IG(t, u)l < Colul". (5)

In this paper, we want to use the mountain pass geometry combined with the variational method, in
order to prove the following result.
Theorem 1.1. Assume that0 <1 - <1<r<pand % < a < 1. If the hypotheses (Hy)-(Hy) are satisfied. Then
there exists Ay > 0, such that for all A € (0, Ag), problem (4) admits a nontrivial weak solution.
The rest of this paper is organized as follows. In Section 2, we present some preliminaries and results on

the fractional calculus. In Section 3, the variational setting of the problem (4) is given. Moreover, in this
section, we prove the main result of this work (Theorem 1.1).
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2. Preliminaries

This section is devoted to present some background theory and results on the concept of fractional
Riemann operators. In the following definitions, we introduce the definition of the Riemann-Liouville
fractional integral respectively the Riemann-Liouville fractional derivative.

Definition 2.1. Let o > Qand let ¢ be a real function defined a.e. on (0, T). The Left ( resp. right ) Riemann-Liouville
fractional integral with inferior limit O (resp. superior limit T) of order o of ¢ is given by

t
olf p(t) = % L (t- s)"_l(p(s)ds, te(0,T],

respectively
Iy (t) - Fl T(t )0_1 ( ) t [ )
tio @ _(O') , —S P\s dS, €[0,7),

provided that the right sides are pointwise defined on [0, T1, where I denotes Euler’s Gamma function.
We note that If ¢ € L'(0, T), then, oI¢ ¢ and (15¢ are defined a.e. on (0, T).

Definition 2.2. Let 0 < ¢ < 1. Then, the Left ( resp. right ) Riemann-Liouville fractional derivative of order o of @
is defined as follows:

d -0
oDip(t) = (ofi ) (1), ¥ t € (0, T],
respectively

5 d 1-0
Dip(t) = - (I7°9) (1), ¥ t€[0,T],

provided that the right sides are pointwise defined on [0, T].

Remark 2.3. From [24], if ¢ is an absolutely continuous function in [0, T]. Then (D ¢ and ;D¢ are defined a.e. on
(0, T). Moreover, we have

¢(0)

o _ 1-0
ODt (P(t) - Olt (P (t) + tgr(l _ G),

(6)

and

15 — _ ql-o, (P(T)
tDT(p(t) = tIT (p (t) + —(T — t)Ul"(l — 0') .

Moreover, if (0) = @(T) = 0, then

oDfp(t) =0 ;@' (t) and D7g(t) = —I; ¢’ (¢).

We notes that from the above equations, we have the equality of Riemann-Liouville fractional derivative and Caputo
derivative.

In the following, we collect from [5], some properties concerning the left Riemann-Liouville fractional
operators. One can easily derive the analogous version for the right one.

Proposition 2.4. If 01, 0y > 0, then for any ¢ € L'(0,T), we have

01 02 _ 01+02
OIt o OIt P = OIt @.
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From Proposition 2.4, Equations (6) and (7), it is not difficult to deduce the following results concerning the
composition between fractional integral and fractional derivative. Thatis, if 0 < 0 < 1, and ¢ € L(0, T),
then we have

oDy o olip =g,
and if ¢ is absolutely continuous with ¢(0) = 0. Then, we get

off © oDjp = ¢.

Proposition 2.5. For each o > 0 and for any p > 1, the operator oI} : LP(0,T) — LF(0, T), is linear and continuous.
Moreover for all ¢ € LF(0, T), we have

(o)

T
0 < - .
lof7 gl < Fr55 el

Now, we give another classical result on the boundness of the left fractional integral in the sens of the
supremum norm.

Proposition 2.6. Let 0 < !1—] <o<landqg= ;%. Then, for each ¢ € LP(0,T), oI{ ¢ is Holder continuous on (0, T]

with exponent ¢ — % > 0, moreover, oIj ¢ can be continuously extended by 0 at t = 0. Also, oIfp € Co(0,T), and

o1

@l < LE—T. ®)
I(0) (0 - 1) + 1)}

Finally, in order to introduce the variational setting associated to the main problem, we will need the
following formula for integration by parts:

Proposition 2.7. Let 0 < 0 < 1and p, q are such that
1 1 1 1
pzl,qzland5+a<1+o or p¢1,q¢1and;+§=1+a

Then, for all € LP(0, T) and all Y € L9(0, T), we have

T T
f Y(t) ol p(t)dt = f () ol Y(t)dt, )
0 0

and

T T
fo @(t) Dy (Hdt = lp(t)tl%_”(p(t)lio + fo () D] p(t)dt. (10)

Moreover, if 1(0) = (T) = O, then, one we get

T T
f @(t) o DY YP(t)dt = f Y(t) D] p(t)dt. (11)
0 0

Now, we are in a position to discuss the variational setting associated with the problem (4). We denote by
Cy ([0, T], R) the set of all functions v € C*([0, T], R) such that v(0) = v(T) = 0. For,c > 0and p > 1, we
denoted by Ej the closure of C°([0, T], R) under the norm

1
lll = (1l + 15D ull)’ (12)

Remark 2.8. The following properties are useful for the rest of the paper:

(i) The fractional derivative space E is the space of functions u € LF([0, T]) having an o-order Caputo fractional
derivative (D{u € LF([0, T]) and u(0) = u(T) = 0.
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(i1) If v € EY is such that u(0) = 0, then the left and right Riemann-Liouville fractional derivatives of order o are
equivalent to the left and right Caputo fractional derivatives of order . That is

oDju(t) = oDju(t), t € [0, T].
(iii) The fractional space E is a reflexive and a separable Banach space.

Lemma 2.9. Forany v € E?, we have

()

T
lloll, < m”onU“p- (13)

Moreover, if % < 0 <1, then we get

T
llulloo < — oDy ully, (14)
[(o)((c = Dp+1)”

Remark 2.10. From Equation (13), we can consider E] with respect to the following equivalent norm
llllop = lloDf ully-
Also from hypothesis (Hy), can be equipped with the following equivalent norm
1 1
lull = (IEDulfy + IMPulfy) .
Moreover, we have
min(1, Mo)llulls, < llullyr < max(L, Meo)llullop- (15)
Lemma 2.11. If 11—7 <0 <1, and the sequence {u,} — u weakly in E]. Then {u,} — u strongly in C([0, T1), that is

[, — t]lw = 0 asn — oo.

3. Proof of the main result

In this section we will prove the main result of this paper (Theorem 1.1). So we begin by introduce the
variational setting for problem (4). Associated to the problem (4), we define the functional @, : Ej — R, as
follows:

1 AT 1 (T p
Dy(p) = o (a + bll(plli,f)p - ?j(; G(t, p(t))dt — mjo‘ FOlp®Pdt - ;_pz'

Note that, a function ¢ € Ej is said to be a weak solution of problem (4), if for any ¢ € Ej we have:

T T
S(@(®) fo | oDY (P2 0Dfp(t) o DY (1) + () () dt - = fo fOQ@B) T (t)dt

+

T
A dt.
fo g(t, p(B))p(b)at

Now, in order to prove Theorem 1.1, we need to prove two lemmas.

Lemma 3.1. Under assumptions (Hy)-(Hp). If0 <1 -8 <1 <r < p*and % < a < 1, then the functional @, is
coercive in Ej.
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Proof. let ¢ € EJ with [|¢lls, > 1, then from Equations (5), (13), (14), and Remark 2.10, we have

T T
fo Gttt < G fo (O dt

CoTllplles
C0T1+r(a_%’)

A

IA

Il (16)
(r@ (@ - v+ 1)7)

On the other hand, from Equations (13), (14), and Remark 2.10, we get

T T
f FOlp®Pdt < |l f lp(®)I'F dt
0 0

< NflleTlglle?

1 Flleo T1+(1 ﬁ)(a—*
< W el (17)

(r@ (@ -5+ 1))

A

Finally, by combining (16) with (17), and using Equation (15), we obtain

T
() bipz(a+b||qon§4)”—% fo G, p(t)dt — - f f<t>|qo(t>|1-ﬂdt——

\%

oo AT _
“ o= [ ctpnit- 1 [ sorpora

pr-1 . 2 C /\T1+r(a—%)
— min(1, MO)”@”Z,;J - - 1
p r(r@ (@ -7+ 1}

I flleoTH+0-Pe=)

(1) (T(@ (@ = D+ 1

\%

el

1_
gl

-
S~~———

Since 0 < 1 -8 <1 < r < p?, then we infer that | |llim @, (p) = oo. That is @, is coercive and bounded
Pllap—00
bellow on Ej. O

Lemma 3.2. Assume that assumptions (Hy)-(Hy) hold. If0 <1 -B <1 <r < pand % < a < 1, then there exist
Ao > 0and € Ef with ¢ >0, ¢ # 0, such that for each A € (0, Ag) we have

D, (ty) <0, for t>0, smallenough.

Proof. Let ¢ € C ([0, T], R) such that supp(y) C [0, T] with ¢ = 1 in a sub-interval of [0, T]and 0 < ¢ < 1in
[0,T]. Let 0 < t < 1, then we have

r T 1-8 T
Pl = bl?(“bfp”‘/’”mp‘&f Gl pOME = 3= ﬁf FOIROI ﬁdt‘b_;;
1 poAL tl‘
< g o ormil,) -5 f G, ()t - f ot - 2
r 1-8
< - f Glt, YNt~ - f OO, (18)
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p
where h(f) = 7 (a + btrlglly, ) - .
Using the convexity of the function 4, it is not difficult to prove that

h(t) < th'(¢).

So from (18), we obtain

r T 1-B T
o) < - [ Gy -1 [ oo
_ Ar (T e _
< ¥ 1||1p||’;’w(a+bt7’||yb||§4)p - fo G(t, ()it ~ 7 ; fo fOpe)Fat
b A (T
< ﬂ@wm@+wwm)—;i:anwmw)
e .
—1_ﬁkﬂ.ﬂm¢mﬂﬁw. (19)
Put
) I, (a + oliglt, )
0= ’
kGt w(eydt
and
s o fORp@-Par

(1—mQWﬁ4a+wme—éij@¢mmﬂ

From (19), we see that if 0 < A < Ag and 0 < t < 0, then @, (ty) < 0. This ends the proof of Lemma 3.2. [

From Lemmas 3.1, 3.2, we can define m, < 0 as follows:
my = inf q),\(v).
veE]
Proposition 3.3. Under assertions (Hy)-(Hp). If0 <1-B <1 <r <pand % < a < 1. Then the function ®,
reaches its global minimizer in ES, which means that there there exists 1. € ES, such that, ®,(¢.) = m) < 0.
Proof. Let {1} be a minimising sequence, so @, (i,,) = m, < 0.
First, we clame that {1,,} is bounded in Ej. If not, up to a subsequence, we can assume that [[i),,[| — oo as

n tends to infinity. From Lemma 3.1, we get ®,(1,,) — oo which is a contradiction. Since {i),} is bounded
then, from Remark 2.8, there exist a subsequence still denoted by {4}, and . € Ej such that

Yn — ., weaklyin Ef,
P — Y., strongly in L'([0,T] R),
Yy — ¥, ae. in[0,T].

Now, let us prove that

T T
;gﬁﬂW$%3£mmWﬂ (20)
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From Lemma 2.11, as n large enough we have

T T T
1-8 1-8 B
fo FOlpl-at fo FOl. Pt + fo FOln — 1Pt

<
T
shffW¢F%HTmuwwwwww
0
T
< fo FORPdt + o(1).

where o(1) satisfies lim o(1) = 0.

On the other hand, as in the above inequality, we get

T T T
1-p 1-8 _ 1-8
fo FO. Pt fo FOI Pt + fo FOln — 1Pt

<
T

< fo FO Pt + Tl flleolln — .l Pt
T T

< fo FOI Pt + fo FOn - v Fat
T

< fo FOIpa"Pdt + o(1).

Consequently, we obtain

T T
f FOa[ = f FEp Pt + o(1).
0 0

Hence, (20) is valid.
On the other hand, from [15], there exists & € L'([0, T],R) such that for n large enough [¢,(t)] < h(?).
Therefore, the Dominated convergence Theorem implies that

T T
lim fo gt u(t) dt = fo gt (1) dt. (21)

Now, by combining Equations (20), (21) with the weakly lower semi-continuity of the norm, we deduce
that @, is weakly lower semi-continuous. Hence, we get

Qi) < im @y (i) = my.

Also from the definition of m,, we have @, (.) > m,. Finally, the above informations imply that @, (y.) = m,,
which ends the proof of Lemma 3.3. O

Now, we are ready to present and prove the main result of this paper.

Proof of Theorem 1.1

From Proposition 3.3, there exists ¢., such that ®,(i.) = m,. Since . is a global minimizer for ®, in Ef,
then for any ¢ > 0 and any ¢ € Ej we have

Dp (s + tp) — Dy () >0
; >0.

So by letting t tends to zero, we obtain
T T
S@.()) fo LoD PP oDfYu(t) oDf (B dt -+ S(u(t) fo . (OF 2. (Dp(t) dt

T T
: f FOURBTpbdt — A f gt P.(O)p(®dt > 0.
0 0
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Since the function ¢ is arbitrary in Ej. Then we can replace ¢ by —¢ in the least inequality. That is we can
replace the inequality by the equality and deduce that 1. is a weak solution of problem (4). Finally, the fact
that @, (1.) = m, < 0, implies that 1. is nontrivial. This concludes the proof.

Remark 3.4. The result in Theorem 1.1 can be extended to more general problems involving the fractional Riemann
Liouville operator with respect to another function. That is, under suitable conditions, we can give the existence result
for the following problem

S(u(t)) 1Dy (@y(oDy u(t))) + M()D (D () = L0 + Agt, u(®)),t € (0, T);

uf(e)
u(0) =u(T) =0,

where Owa and tD?’l’b are respectively the left and the right fractional derivative with respect to a function 1. The
interested readers can see [24, 30] for more details about these operators.
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