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Modified Bernstein-Kantorovich Operators Reproducing Affine
Functions
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Abstract. In the present paper, we introduce a new variant of Bernstein-Kantorovich operators which

reproduce affine functions. The approximation rate of the new operators for continuous functions and
Voronovskaja’s asymptotic estimate are obtained.

1. Introduction

Let C[0, 1] be the class of all continuous functions on [0, 1]. For any given f(x) € C[0, 1], the well-known
Bernstein operator is defined by

Bulf,x) =) | f(g)pn,k(x), xe[0,1],
k=0

where p, i(x) := (HxF(1 —x)"*, k=0,1,--- ,n.

There are lots of different generalizations of Bernstein operators. Among them, the Kantorovich type
variant and Durrmeyer type variant are most well known, which are defined by

k+1

Ka(f,2) 1= Y (14 D) f " o,
k=0 n+l

n 1
D(f,3)3= Y 1+ Dpus) [ puatosot.
k=0 0

K, (f, x) and D, (f, x) are called Bernstein-Kantorovich operators and Bernstein-Durrmeyer operators respec-
tively. Both K, (f, x) and D,(f, x) are positive operators, but neither K, (f, x) nor D,(f, x) can reproduce the

affine functions, which is different from classical Bernstein operators. Chen [3], Goodman and Sharma [10]
firstly introduced the genuine Bernstein-Durrmeyer defined as follows:

n—1 1
D3, = FOpaala) + FOpa(s) + (1= Y, pus(s) [ purasarfos
k=1
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The operators D;,(f, x) are limits of the Bernstein-Durrmeyer operators with Jacobi weights. Comparing
with the usual Bernstem -Durrmeyer operators, one of the advantages of Dj,(f, x) is that D;,(f, x) reproduce
the affine functions. Lots of authors have done many excellent works on both the direct and converse
results,Voronovskaja’s asymptotic estimate of the approximation by D;,(f, x) and its generalizations (see [1],
[6]-[11], [16]-[19]).

Analogue constructions of various families of approximation operators such as Szdsz-Mirakjan oper-
ators, Szdsz-Mirakjan Beta type operators, Srivastava-Gupta operators, Bleimann-Butzer-Hann operators,
and so on, were given by many authors ([12], [20]-[25]). The approximation properties of these operators
are well investigated.

Recently, Bustamante ([2]) introduced a very interesting modification of the Szdsz-Mirakjan-Kantorovich
operators which reproduce the affine functions. The most important idea in the modification is to replace
the integral flnk f(t)dt with fl,,k f(axt)dt in the definition of the usual Szész-Mirakjan-Kantorovich operators,

where I = [k/n, (k + 1)/n] and ax = 2k/(2k + 1) is a scaling factor. The new modified operators have many
excellent approximation properties.

Motivated by the constructions of the genuine Bernstein-Durrmeyer operators and the ideas of Busta-
mante, we introduce a new variant of the classical Bernstein-Kantorovich operators which reproduce the
affine functions. Our new modified Bernstein-Kantorovich operators are define as follows:

k+1

Ki(f,2) = FOpno() + F)pun(x) + Z(n + Dpas(r) f  fandydt,

n+1

where the scaling factor a,; := ”71 2,3f1,k 0,1,---;n=1,2,---
Obviously, K;,(f, x) is positive linear operator. We will show that K (f, x) reproduce the affine functions
(see Lemma 2). For the approximation rate of K},(f,x) for f € C[0, 1], we have the following Ditzian-Totik

type estimates which includes both the uniform estimates and pointwise estimates.

Theorem 1.1. Let 0 < A < 1 be a fixed number. For any f € C[0, 1], there is a positive constant only depending on
A such that

o (%) )
)

where 6,(x) = @(x) + \LM’ o(x) = \x(1 —x), and

K0~ F] < Caf

\(ft =sup sup ‘A ‘f(x)|.

0<h<t x+hp(x)€[0,1]
We also have the following Voronovskaja’s asymptotic estimate of K, (f, x):

Theorem 1.2. Let f € C[0,1]. If f” exists at a point x € [0,1], then
lim 1 (K; (£, ) ~ f() = @)1 ()

Throughout the paper, C denotes either a positive absolute constant or a positive constant may depend
on some parameters but not on f, x and n. Their values may be deferent in different situations.

2. Auxiliary Lemmas

We need the following some auxiliary lemmas.
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Lemma 2.1. ([26]) It holds that

Pnk(x) = n2 n2

Y

(n—-1n- 2)x3 N 3(n — 1)x+

nm-1n-2)(n- 3)x4 N 6(n—1)(n— 2)x3 N 7(n — 1)x2 N 1

1

P

4Pnk(x) = 7’[3

Lemma 2.2. It holds that

(i). K,(1,x)=1;

(ii). K\(t,x) = x;

(ifi). K;(#2,%) = x> + L(x = x%) + 5By (gu(t), x) —
(iv).

nd nd nd

1 n.

22 +12n43 % 7

(v).
Ki(H, ) = (n-— 1)(nn—32)(n =3) 4, 6= 11)3(71 ~2) 5, 15(;1; Do, % .
62,4 3 2
+x" # B % B ﬁ N +(;fln+ -I)Zn + ”] + Z%Bn (gn(t),x)-
where

0= (22 )
I = \onx 1) 7
7o) o= 4n’x* + nx
Gn'X) = (2nx +1)27
_ Enixt +16n°x + 7n*x? + nx
gn(x) = 4
(2nx + 1)
Proof. (i) is obvious. By (1), we have
= w4l 2k
§ B n+1 n )
Kn(t/ x) - pn,n(x) + ;(Vl + 1)pn,k(x) fﬁl n 2k +1 tdt
n-1
B n+1 2k 1({(k+1)> k2
- pn,n(x) + kZl‘(n + 1)pn,k(x) n 2k+1 2 ((Tl + 1)2 (71 + 1)2

1 2 1

2k +1

n-1

n+

Pun(3) + Y (1 + Dpus() - —
k=1

n-1
k
pn,n(x) + Z Epnk(x)
k=1

= X.

2%k+1 2 (n+1y

X.

6189

In+1

T n+1)2

|
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By (1) and (2), we have

K; (£, x)

(X)+Z(”+1) (X)fm n+1 2 2t2dt
Prn Prk 2K+ 1

n+1

pm(x)+Z:3 5 (2k+1) -(3k2+3k+1)p,,,k(x)

— n—1
2k k 1 k2
pnn(x)+2 zpnk(x)+ ( ) [ ﬁJrﬁ—;

k=1 -1
2
;no %pnk(x) (2k 1 ) BL - pn (%)
- 2
L fl_zpnk(x) 1211’12 ; (2 Zné f_ 1) Pri(X)
PO ﬁBn (gn(t), %) — mxn_

By (1)-(3), we have

K(t%, %)

By (1)-(4), we have

K,(thx) =

k+1

n+l 3
Prn(X) + Z(n + 1)Pnk(X)f (n s 1) (2sz 1) Pt

n

n+l

k4

3 k 4
p""(x)+z(n+1)p"k(x)(n+l) (Zszl) '}1(((n:?)4—

2% Vo1 1
Pun(X) + ;‘pn,k(x) (m) ‘1 (2k + 1)(2k2 +2k+1)- =

n-1
K 202Kk + 2k +1)
Pun(X) + ;‘ ) ke

n-1 13 n-1 K3 1
pn,n(x) + Z Epn,k(x) + ;Pn,k(x) . 1? : (Zk + 1)2

k=1

=k (2k+17-4k-1
n

n k3 1
Pun(X) + Z Epn,k(x) + 2 2k + 1)

k=1 k=
IS \
pnn(x)+Z 3Pk x)+m

n-1n-2) 5 3(n-1)

pn,k(x)

(n+1)*

4k% + k
pn,k X 47’13 Z (Zk N 1)2 5 Pn, k( )

(2k+1) ]pnk(x)

4K + k

n? v n2 a —x+—(x Prn) = 4n32(2k+1)

(n-D(n=2) 5 -1, 5 1 1
n2 n2 4n? 4n?

4
pnn<x)+2<n+1>pnk<x> f ) (2sz 1) it

— 1
X+ —x—-—x"- RBn (ga(8), x) + yPe (1 -

ank( )

n+1

(2n + 1)?

6190
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n+1 2k \' 1{(k+1yY K5
= Pn"(x)+z(”+1p"k(")( ) (2k+1) '5((n+1)5_(n+1)5

-1
= punx) + Z 16 % 5k% + 10k + 102 + 5k + 1

1
) 2k

pn,k(x)

okt sk +8k+ Y
;E 2k + 1)*

I
= Pn,n(x) + Z Epn,k(x)
k=1

n—1
K2 2K*8K* + 8k + 1)
Z ) pn,k(x)

n—1
K 1
= P ; aAPr D 5 ) E T T ke 1)

n—-1 4

k
= Pn,n(x) + Z _4pn,k(x)
k=1 n k=1

Pn, k(%)

k2 16K +24K2 — 2k + 8k + 1
Yy s Pux(®)
1

o 2k + 1)4

;a

1§k 1§
= pnn<x>++z_] AP0 5 ) ) = 35 )

n14 n—

N

Pn,k(x)

S| =

o~
Il

pn,k(x)

1 %= 2K+ 16K + 7K + k
_4; 2k + 1)*

(n —1)(n - )( =3 4 6-DHn=-2) 5 7n-1) , 1
n n oy - nsn By - x2+$

1
2n?

21’13 (X pnn x))

1 1 Sn*+16n’+7n% +n

7B (3.00.%) = 7.7 v Pm®

_ (n=1)(n-2)(n-3) Ay 6(n—1)(n-2) B4 15m-1) , 1
B n3 nd s Tt
x”(l 1 1 &nt+16n° +7n +n

1.
- —_B,(7.(0,x).
28 2 ot Qn+ 1) ] 2 (7,0.%)

n

n—l , 1
( x +;x—pm(x))
—B

O

Lemma 2.3. It holds that

x—x2 1 1
K ((t=x)%,x) = ——B, S
(=053 = ==+ b 0O - ©)

3n—-6 12 —6n 5n—-15 1
. 4 _ 4 P 2
K (t—x)*x) = e X+ pe o X+ n3x

1-n x Sn*+16n°+7n*+n  (4n+1)x 2x2 )

—_— + — —
2w 20+t @2+ne  @n+ 12"

+

+

1 _
ﬁBn (gn(t), x) B (gn(t), x) + B (gn(t),x). (6)
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Proof. By using (i)-(iii) of Lemma 2, we have

Ko ((t —x)%, x K (£, x) — 2xK: (t, x) + x°
n n n

2
s X=X 1 1 w0
= — B, (g, - -
v * T Br 000, = o 3
x —x2 1 1
= + ——B, (g,(t),x) - ————x"
e GO T w2

which proves (5).
By using (i)-(iii) of Lemma 2, we we deduce that

K((t—x)%x) = Ki(t*,x) — 4xK, (£, x) + 6x°K (1, x) — 4K, (£, x) + x*
_ 3n—-6 Ao 12—6nx3+5n—15szr 1 1,
n3 n3 2n3 n3
1-n x Snt+16n°+7n*+n  (dn+1)x 2x2 .
( 2 n? 2(2n2 + n)* T @nZ+n2  (n+ 1) :

+214 (gn(t) x) + —B (gn(t), x) toa B (gn(t),x)

(n-1)n- 2)3 3n-1), 5 1, 1. _
( n2 2 X +4n2x 4n2x 4n3Bn(gn(t),x)

1 3n+1 x—x2 1
+—[1- ——|x"|+6 ——B, (g.(t
4n3( (2n+1)2)x) x( 7+ 1l @n®),%)
~ 4n?
48n* + 4813 + 12n2

_ ((n— Do-2e=3) _dr-n=2) 6 +3)x4

x”) —4x3 4+ ¥

(6(n—1)(n 2) 12(n—1)+§)x3+(7(n—1) 5+n—1)x2
n

nd n? nd nz = 21
1 1 1 x  SZnt+len®+7n’+n o 3 +1
+_ R — —_— —_—— —_——_—,—,—
n3 2n3  2n?2  n? 2(2n% + n)* n3 (2n+1)?

2x? 1 _
T 2nr 1y 1)2)xn + @Bn (gn(t),x) B (gn (1), x) t o B (gn(t), x)
3n-6 4 12-6n 5 51-15, 1

= 3 + 3 X+ e + ﬁx
1-n x Sn*+16n®+7n+n  (4n+1)x 2x2 .
+ —_— —_— —_ —_
2n3  n? 2(2n? + n)* (2n2+n)?2  (2n+1)?

+21?Bn(§n(t),x) =B, (Gu(t), x)+ B (gn(1),%).
|

3. Proof of results

3.1. Proof of Theorem 1
It is obvious that

IO < If1l, (7)
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where ||f]| is the uniform norm of f in C{0, 1].
Define

Ko (f, 1) = {nf — gll+ Pllp? 9"l + tléng"n}.

inf
geD?
where D3 := {f € Cpoap, f* € ACuoe, lg** f7/1l < +o0, || f7| < 0 : It is well known that (see [4]) K;A(f, ) ~
a)é (f, 1). Therefore, for any fixed nn, A and x, we may choose a g, (t) € Df\ such that

&, (%)
If = gll < Cal, (f, 7 ) (8)
0 V@) o, o1 ()
————llp*'g"ll < Ca, (f, 7 ) )
I e
[T] llg”|l < Ca)é,\ (f, Nz ) (10)
By (7) and (8), we have

KL (f, ) = fl < [KL(f — g, )]+ [ f(x) = g()| + K, (g, x) — ()]

< 20f = gl + 1K (g, %) — g(x)]

Ca? ( f 6%_A(x)) K (9, %) — 900 (11)
S ", :

By using Taylor’s expansion

t
90 = 9(x) + g ()t - 2) + f (t - u)g” (),

Lemma 3, and the following inequality (see [5]):

[t —ul  |t—x
&M u) ~ 63N w)

K (f (t—w)g” (u)du, x)

, for any u between x and ¢,

we have

IK:(9, %) = g(x)]

t— x)?
< C 62/\ "MK ( , )
1529 n(éiﬁ(x) x
—x2 1 1
< C 62)\ ’’ u — B, (g,(t .
s Sl ”( n 1l OO0 - e
)
< Coaghnl (% * %)
llg” 8% 1 1
< C 62/\(3() E qD(X)-Fﬁ
62(1—A)(x) 1\
< C n 2A+(_) ’”
g )
<

C 6%(1—)\)(3() ||(P2/\g,,” + 63[(1—/\)(:)() L 2A ||g”||
n n \Vn
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2 Y
8@y (@) T (@) T (Y
n vy n n \a !
B B % A(1=7)
_ 31(1 A)(x)||gomg"||+ 5%(1 A)(x) 31 1 )2/\ 1
z z n-520)
A1-7)
5209 ) 5209 ) ) 1 =
< Cl—= gl +| llg”l
L " n- (92(x) + 1)
B B 2 A(1-7)
— C %(1 A)(x)“ 27 l/||+ 6§(1 A)(x) = 1 = “gl/“
n ¢y n ne?(x) +1
W, (EVT
< C T()H(PM{]' |+ T() llg”l
61—/\
S szl‘ (f, n (x)),
oV

where in the last inequality, (9) and (10) are applied.
By combining (11) and (12), we obtain Theorem 1.

3.2. Proof of Theorem 2
Using Taylor’s expansion of f:

’ 1 ’’
FO) = £+ f)E =)+ S ()t =2 +e(t, 1)(t - 2%,
where e(t, x) — 0 as t — x. By using linearity of the operators K},(f, x), we have

K.(f,x) = fx)+f (K, Ft-xx) + %f"(x)K;((t —x)%, %) + K, (e(t, x)(t — x)?, x)

By (5), we have

K- f@) = (24 LB u0,1) - o) 0
D=0 = S\ = b O - e )

+ K (e(t,x)(t—x)z,x).
By using Cauchy-Schwarz’s inequality, we have

nIK; (e(t, )t - 02, %)1 < (K€, 0),9)  (n2Kyt - 0%, x)

It follows from (6) that
1
+ 4.\ _
K (£ - )%, x) = o(ﬁ).
Therefore, we have
lim n|Kj, (e(t, x)(t — x)z,x) |=0
By (13) and (14), we have
. . P*@) L,
lim 1 (Ki(f, ) = f(0) = T2 £ (0.

we complete the proof of Theorem 2.

6194

(12)

(13)

(14)
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